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Abstract

Traditional methods of estimating the frequency of sinusoids from noisy data include the peri-

odogram maximization and the nonlinear least squares. It is well-known that these methods lead

to efficient frequency estimates whose asymptotic standard error is of orderO(n−3/2). To actually

compute the estimates, some sort of iterative search procedures must be employed in view of the

high nonlinearity in the parameters. The presence of many local extrema in this problem requires

iterative search algorithms to be started with an accurate initial guess—the required precision of

the starting values is typicallyO(n−1), which is not readily available. In this paper we investigate a

recent promising approach, contraction-mapping (CM) method for frequency estimation. The CM

method is based on an iterative filtering idea in which the estimated first-order autocorrelation of

the filtered process contracts to a fixed point. The CM frequency estimator is derived from this

fixed point. The critical issue of how the accuracy of the initial guess for the fixed-point iteration

controls the precision of the CM estimator is studied, and the asymptotic relationship between the

initial estimator and the CM estimator is quantified together with the limiting distributions and

almost sure convergence of the fixed points. It is shown that we can start this CM algorithm with

poor initial values of precisionO(1) and end with a final estimator whose precision can be made

arbitrarily close toO(n−3/2). Moreover, this procedure is guaranteed to converge.
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1 Introduction

Let {y1, · · · , yn} be a time series of lengthn obtained from a zero-mean stationary random process

of the form

yt = β cos(ω0t + φ) + εt, (1.1)

whereβ > 0 andω0 ∈ (0, π) are unknown constants,φ is a uniformly distributed random variable

in (−π, π], and{εt} is a zero-mean stationary ergodic process which is independent ofφ. In

this paper, we consider the problem of estimating the unknown frequencyω0 on the basis of the

observed data record{y1, · · · , yn}.
The problem of frequency estimation has been an important subject in statistical signal process-

ing and time series analysis [e.g., Kay (1988), Priestley (1981)]. Traditional methods of frequency

estimation include the periodogram maximization (PM) [Walker (1971)] and the nonlinear least

squares (NLS) (which is maximum likelihood if{εt} is Gaussian) [Hannan (1971), Rao and Zhao

(1993)]. Although these methods lead to efficient frequency estimates whose asymptotic standard

error can be expressed asO(n−3/2), it is not a trivial task to actually compute the estimates. Be-

cause the problems are highly nonlinear, iterative search procedures are usually required. However,

the presence of many spurious local extrema in the vicinity of the solutions makes the iteration ex-

tremely sensitive to the starting values—the required precision of the starting values is typically

O(n−1) [Rice and Rosenblatt (1988), Stoica, Moses, Friedlander and Söderstr̈om (1989)]. There-

fore, to fully understand the problem of frequency estimation, the issue of initial values must be

taken into consideration.

An alternative approach for frequency estimation is called iterative filtering (IF) [e.g., Kay

(1984), Nehorai (1985), Stoica and Nehorai (1988), Dragoševìc and Stankovìc (1989)]. This ap-

proach is favored in many engineering applications because of its effectiveness and simplicity. The

contraction mapping(CM) method proposed by Li and Kedem (1993a) is based on the iterative

filtering approach. The CM method alternates the following steps: (a) pass the observed time se-

ries through a parametric filter whose parameter is determined by the previous frequency estimate;

(b) compute the lag-one autocorrelation coefficient of the output time series to obtain an improved

frequency estimate. As such, the CM method can be unified under the general concept ofparamet-

ric filtering (PF) which advocates the combination of linear parametric filters with simple output
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(b)

Figure 1:Trajectory of the CM iterations with different initial values. The solid lines represent the CM frequency

estimatesf̂ (m)
n := ω̂

(m)
n /(2π) plotted as functions of the iteration numberm, the dashed line indicates the true

frequencyf0 := ω0/(2π), and the dotted lines stand for the Fourier frequencies separated byn−1. (a) With a small

η = 0.75, the algorithm is less sensitive to initial values for convergence, but the final frequency estimates are less

accurate. (b) With a largeη = 0.98, the algorithm is more sensitive to initial values for convergence to the desired

solution, but if converges the frequency estimates are more accurate. In this example,n = 128, f0 = 20.5n−1 =

0.1601562, andφ = 0.2π. The noise{εt} is white Gaussian with the signal-to-noise ratio equal to−3 dB.

summary statistics for time series analysis [Kedem (1994), Li (1996), (1997)].

The parametric filter employed by Li and Kedem (1993a) is a second-order autoregressive

(AR) filter endowed with an extra regularization parameterη ∈ (0, 1) which stabilizes the filter

by restricting its poles (the conjugate pair of roots of the second-degree AR polynomial) outside

the unit circle of the complex plane. An important benefit of the regularization parameter is the

relaxation of the requirements on initial values. Indeed, it can be shown that with a suitable choice

of η the CM method allows poor initial values of precisionO(1) and still manages to converge to

the desired solution [see also Li and Kedem (1993b), (1994)].

The accuracy of the CM estimator depends not only onn but also onη—the closer isη to

unity the more accurate is the resulting frequency estimate. However, asη becomes near unity,
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Figure 2:Similar to Figure 1, except thatη is increased from 0.75 to 0.84 after 13 iterations and then to 0.98 after

3 more iterations. Unlike Figure 1(b), all initial values lead to the desired solution, and unlike Figure 1(a), the final

frequency estimates are very accurate.

more accurate initial values are needed for the CM iterations to converge. Figure 1 presents a

simulated example that demonstrates this phenomenon. Therefore, to effectively implement the

CM method, one should start with a smallη to accommodate possibly poor initial values and

then gradually increaseη toward unity as improved frequency estimates from previous iterations

become accurate enough to initiate the iteration with the increasedη. In so doing, the CM method,

as suggested by the simulation results [Li, Kedem and Yakowitz (1994)], can start with poor initial

values of precisionO(1) and produce, after the iterations, highly accurate frequency estimates

whose precision can be arbitrarily close toO(n−3/2). This idea is illustrated by the example in

Figure 2.

Simulation shows that whenη becomes too close to unity relative to the sample sizen, the

asymptotic results of Li and Kedem (1993a) and Liet al. (1994) are no longer valid. A more

appropriate analysis requiresη to be a function ofn and approach unity at a certain rate asn

tends to infinity. Along these lines, we provide, in this paper, a rigorous theoretical analysis that

vindicates the empirical findings discussed before and extends the asymptotic studies of Li and
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Kedem (1993a) and Liet al. (1994). An important contribution of this analysis is the analytical

formulas that provide refined quantitative relationships between the requirement of initial values

for the CM algorithm to converge and the asymptotic standard error of the resulting frequency

estimates, all in terms of the closeness ofη to unity which now is a function ofn instead of a

constant. These theoretical results provide a useful guide for the selection ofη as demonstrated by

the simulation examples in Section 4.

The rest of the paper is organized as follows. Section 2 describes the CM method and sum-

maries the results of Li and Kedem (1993a) and Liet al. (1994). Section 3 presents the main results

of the paper concerning (a) the requirement of initial values that ensure the convergence of the CM

iterations and (b) the asymptotic distributions of the CM estimators under different assumptions

aboutη. Section 4 provides the results from some simulation experiments which intent to vali-

date the asymptotic analysis. The theorems are proved in Section 5 based on some preliminary

results whose proofs are detailed in Section 6. The paper is ended with Section 7 that contains the

technical lemmas required by the proofs.

2 The CM Frequency Estimator

For anyη ∈ (0, 1) andα := cos ω ∈ A := (−2η(1+η2)−1, 2η(1+η2)−1) , let{yt(α)} be obtained

recursively from the observed time series{y1, · · · , yn} according to

yt(α) + 2 θ(α) η yt−1(α) + η2yt−2(α) = yt (t = 1, · · · , n), (2.2)

with y−1(α) = y0(α) := 0. In other words, with{yt} as the input, the series{yt(α)} is the output

from the second-order autoregressive (AR) filterL(B; α) = (1 + 2 θ(α) η B + η2B2)−1, whereB
represents the backward-shift operator such thatByt = yt−1. In the following, the parameterθ(α)

is always taken to be [Li and Kedem (1993a)]

θ(α) := − 1 + η2

2η
α := − cos λ. (2.3)

Note that the variableλ ∈ (0, π) always exists and is uniquely determined byη andα from (2.3)

for anyη ∈ (0, 1) andα ∈ A.
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Let the lag-one autocorrelation coefficient of the filtered process{yt(α)} be estimated by the

least-squares estimator

ρn(α) =

∑n
t=1 yt−1(α) {yt(α) + η2yt−2(α)}

(1 + η2)
∑n

t=1 y2
t−1(α)

, (2.4)

which minimizes the weighted sum of forward and backward prediction error sums of squares

e2
n(ρ) :=

n∑

t=1

{yt(α)− ρ yt−1(α)}2 + η2
n∑

t=1

{yt−2(α)− ρ yt−1(α)}2.

The contraction mapping (CM) method proposed by Li and Kedem (1993a) estimates the frequency

ω0 in (1.1) using the following iterative procedure:

α̂(m)
n := ρn(α̂(m−1)

n ), (m = 1, 2, · · ·). (2.5)

Suppose that with a suitable initial guessα̂(0)
n the CM iteration (2.5) converges tôαn, i.e.,α̂(m)

n →
α̂n asm →∞. Then, a frequency estimator is obtained from the transformation

ω̂n := arccos(α̂n). (2.6)

Clearly, one can regard̂αn as an estimator of the parameterα0 := cos ω0, and regard̂ω(m)
n :=

arccos(α̂(m)
n ) as intermediate frequency estimates.

Some convergence properties of the CM algorithm (2.5) and asymptotic properties of the CM

frequency estimator (2.6) were investigated by Li and Kedem (1993a) and Liet al. (1994) under

the assumption thatη is a constant and is independent of the sample sizen. It was shown that for

sufficiently largen the sequence{α̂(m)
n } converges to somêαn almost surely asm → ∞ if the

iteration is initiated by any initial valuêα(0)
n such that|α̂(0)

n − α0| ≤ c for some constantc > 0.

It was also shown that the resulting CM frequency estimatorω̂n converges toω0 almost surely as

n → ∞ and is asymptotically normal with the standard error((1 − η2)/(1 + η2))3/2γ−1n−1/2,

whereγ := 1
2
β2/σ2

ε is the signal-to-noise ratio of{yt} andσ2
ε is the variance of{εt}.

This expression of standard error suggests that improved accuracy can be achieved by making

η close to unity. However, simulation shows that whenη is too close to unity relative to the sample

size, the foregoing standard error expression is no longer accurate [Liet al. (1994)]. Furthermore,

when η is too close to unity relative to the sample size, the initial precision ofO(1) becomes

insufficient to ensure convergence. The main objective of this paper is to study the convergence

and asymptotic properties of the CM method under the condition thatη is a function ofn that

approaches unity asn →∞.

5



3 Main Results

For anyη ∈ (0, 1), one can always write

η = 1− δ, δ ∈ (0, 1). (3.1)

In the following, unless stated otherwise, we always assume thatη, and henceδ, are functions of

the sample sizen such thatη → 1, or equivalently,δ = 1 − η → 0, asn → ∞. For technical

reasons, we also assume that{εt} is a martingale difference sequence with respect to a filtration

{Ft} such thatE{ε2
t |Ft−1} = σ2

ε almost surely andE{ε4
t} < ∞.

Theorem 1 Let An := {α : |α − α0| ≤ κ (1 − η)ε} ⊂ A be a neighborhood ofα0, where

κ > 0 and ε ∈ (1, 3
2
) are constants, andη ∈ (0, 1) is a function ofn such thatnηn = O(1)

and (1 − η)3−2ε log n → 0 as n → ∞. Then, for sufficiently largen, the mappingα 7→ ρn(α)

has a unique fixed point̂αn in An almost surely, such thatρn(α̂n) = α̂n. Furthermore, for any

α̂(0)
n ∈ An, the sequence{α̂(m)

n } defined by(2.5) converges tôαn almost surely asm → ∞,

providedn is sufficiently large.

It is easy to see thatnηn = n(1 − δ)n = O(1) implies δn → ∞ because(1 − δ)n = (1 −
δn/n)n ≈ e−δn. Therefore, to satisfynηn = O(1), it is required that the rate at whichδ tends to

zero be lower than that ofn−1. On the other hand, the condition thatδ3−2ε log n → 0 is equivalent

to the requirement that the convergence rate ofδ be greater than that of(log n)−1/(3−2ε), which

automatically rules out the case of constantη. For anyν ∈ (0, 1), the choice ofδ = O(n−ν)

satisfies all the conditions in Theorem 1.

Depending on how quicklyδ tends to zero, different rates of weak convergence to normality

can be established for the CM frequency estimatorω̂n. Two useful cases are considered in the

following.

Theorem 2 Assume that the conditions in Theorem 1 are satisfied so that the CM algorithm defined

by(2.5) converges to the fixed pointα̂n ∈ An. Letω̂n be the resulting frequency estimator obtained

from (2.6). If η is chosen such that(1 − η)2n → ∞ and (1 − η)5n → 0 as n → ∞, then

(1− η)−3/2n1/2 (ω̂n − ω0)
D→ N (0, γ−2) asn →∞.
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The requirements in Theorem 2 can be satisfied by the choice of1 − η = O(n−ν) for any

ν ∈ (1
5
, 1

2
). The required initial precision for the CM algorithm to converge can then be expressed

asO(n−εν) which can be made arbitrarily close toO(n−1/5) by choosingν close to1
5

andε close to

unity. Therefore, any initial guesŝα(0)
n of precisionO(n−1/5) or better, which can be obtained from

the CM algorithm with a constantη, is accurate enough to initiate the CM algorithm in Theorem 2.

The algorithm is guaranteed to converge to the desired estimatorω̂n whose asymptotic standard

error takes the formOP (n−(1+3ν)/2) which is at least as good asOP (n−4/5).

Theorem 3 Under the conditions in Theorem 1, ifη is chosen such that(1−η)2n → 0 asn →∞,

then(1− η)−1/2n (ω̂n − ω0)
D→ N (0, γ−1) asn →∞.

The conditions in Theorem 3 can be satisfied by the choice of1 − η = O(n−ν) for any

ν ∈ (1
2
, 1). With this choice, the resulting asymptotic standard error ofω̂n can be expressed as

OP (n−1−ν/2) and the required initial precision can be expressed asO(n−εν). Clearly, asν takes

values near unity, the error rate can be made arbitrarily close toOP (n−3/2)—the optimal error rate

achieved by the PM and NLS methods.

The above theorems suggest a practical and computationally efficient procedure. Start the CM

algorithm with a smallη away from unity, use the resulting estimate to initiate the CM algorithm

with a newη that satistifes the conditions in Theorem 2. The result, in turn, is sufficiently accurate

to initial the CM algorithm with a largerη required by Theorem 3.

Truong-Van (1990) and Quinn and Fernandes (1991) discussed some iterative procedures of

frequency estimation which attain the optimal error rate ofO(n−3/2). These algorithms, similarly

to the PM and NLS methods, require initial values of precisionO(n−1). The algorithm discussed

by Quinn and Fernandes (1991) happens to be a special case of the CM method withη = 1 [i.e.,

AR(2) filter without the regularization parameter].

4 Numerical Experiments

To confirm the theoretical findings in the previous section, we conducted some simulation experi-

ments. The simulation results are presented in Table 1.
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Table 1:Simulated and Theoretical Standard Errors (φ = 0, γ = 1)

η n = 50 n = 100 n = 300 n = 500 n = 700 n = 900

η1 1.698E-02 1.009E-02 5.701E-03 4.448E-03 3.864E-03 3.136E-03

LKY 1.387E-02 9.807E-03 5.662E-03 4.386E-03 3.707E-03 3.269E-03

η2 6.100E-03 2.550E-03 8.063E-04 4.975E-04 3.598E-04 2.667E-04

Thm2 3.871E-03 2.004E-03 7.056E-04 4.343E-04 3.155E-04 2.485E-04

η3 2.184E-03 7.007E-04 1.331E-04 6.632E-05 4.243E-05 2.899E-05

Thm3 9.844E-04 3.998E-04 9.584E-05 4.934E-05 3.186E-05 2.298E-05

η4 1.815E-03 5.647E-04 1.112E-04 5.040E-05 2.965E-05 1.939E-05

Thm3 5.474E-04 2.004E-04 4.074E-05 1.942E-05 1.192E-05 8.283E-06

NLS 1.559E-03 5.513E-04 1.061E-04 4.931E-05 2.977E-05 2.041E-05

In these experiments, the noise{εt} is white Gaussian, the amplitudeβ of the sinusoid equals

unity, the phaseφ equals zero, and the varianceσ2
ε of the noise is chosen for each realization to

attain the desired signal-to-noise ratio ofγ = 1. The true frequency isf0 := ω0/(2π) = 0.21.

Presented in Table 1 are the root mean-squared errors (RMSEs) of the CM frequency estimator

f̂n := ω̂n/(2π) based on 200 independent realizations of{yt} in which the phase is held fixed. For

each sample sizen, four values ofη are used, namelyη1 = 0.4, η2 = 1 − n−0.3, η3 = 1 − n−0.6,

andη4 = 1− n−0.9.

For each value ofη and each sample sizen, the theoretical (asymptotic) standard error is also

given in Table 1 immediately below the corresponding RMSE from the simulation. Note that the

first value ofη is a constant and away from unity. Therefore, the theoretical standard errors (labeled

LKY) are obtained from the results of Liet al. (1994). The second and third values ofη depend

on n with the choice ofν satisfying the conditions of Theorem 2 and Theorem 3 respectively, so

that the theoretical standard errors can be obtained from these results. Similar remarks apply to the

fourth value ofη. In the last row of Table 1 are the theoretical standard errors of the PM and NLS

(or maximum likelihood) estimators whose asymptotic distribution coincides with the asymptotic

distribution of the CM estimator withη = 1, namelyn3/2(ω̂n − ω0)
D→ N (0, 12γ−1) [Quinn and

Fernandes (1991)].

Note that the same initial valuêω(0)
n = 0.05 × 2π is used in the simulation for all sample

sizes, hence the initial precision isO(1). Starting with this initial value and withη = η1, the

8



CM algorithm employs the increasing values ofη sequentially. As the value ofη increases, the

previous frequency estimates are used to initiate the CM algorithm with the next value ofη. The

convergence of this procedure is ensured theoretically by Theorem 1–3 and the results of Li and

Kedem (1993a) and Liet al. (1994), and is also confirmed by the simulation. Furthermore, the

RMSE of the final frequency estimates withη = η4 closely approximates the theoretical standard

error of the PM and NLS estimators, namely12γ−1n−3/2 = O(n−3/2).

5 Proof of the Theorems

According to (2.2) and (2.3), one can write

yt(α) + η2yt−2(α) = yt + (1 + η2) α yt−1(α).

Therefore,ρn(α) in (2.4) can be expressed as

ρn(α) = α + (1 + η2)−1 sin λ
Un(λ)

Vn(λ)
, (5.1)

where

Vn(λ) := sin2 λ
n∑

t=1

y2
t−1(α), (5.2)

Un(λ) := sin λ
n∑

t=1

yt yt−1(α). (5.3)

In these expressionsλ is determined byα according to (2.3). In order to investigate the properties

of the random mappingα 7→ ρn(α) in the neighborhood ofα0, it is necessary to understand the

behavior ofVn(λ) andUn(λ) in a neighborhood ofλ0, whereλ0 ∈ (0, π) is determined by

cos λ0 =
1 + η2

2η
α0. (5.4)

This is the main focus of the following section.

5.1 Preliminary Results

LetΛn be the set ofλ ∈ (0, π) determined by (2.3) withα ∈ An ⊂ A. Sinceη → 1 and henceA →
(−1, 1) asn →∞, it follows thatα0 becomes an interior point ofA for largen. Further, since the
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size ofAn decreases with the increase ofn, the intervalAn, being a shrinking neighborhood ofα0,

can be contained, for largen, in a closed subinterval ofA which is independent ofn. As a result,

the intervalΛn, with sufficiently largen, can be contained by a closed subinterval of(0, π), say

Λ ⊂ (0, π), which are independent ofn. This implies that anyλ ∈ Λn can be uniformly bounded

away from 0 andπ for largen.

The following propositions and corollaries describe some asymptotic characteristics ofVn(λ)

andUn(λ) as functions ofλ ∈ Λn. The proofs of all these results are given in Section 6.

Proposition 1 LetVn(λ) be defined by(5.2) with λ ∈ Λn andα ∈ An. Assume thatδ = 1−η → 0

asn →∞, butnηn = n(1− δ)n = O(1). Then, one obtains

Vn(λ) = 1
8
β2η−2δ−2n +O(δ−3) +O(δ−3/2n

√
log n ) +O(δ−1n log n)

+





(λ− λ0) {O(δ2ε−5n) +O(δ−3)

+ O(δ−5/2n
√

log n ) +O(δ−2n log n)}, if 0 < ε ≤ 1,

(λ− λ0) {O(δε−4n) +O(δ−3)

+ O(δ−5/2n
√

log n ) +O(δ−2n log n)}, if 1 < ε < 2,

(λ− λ0) {O(δ−2n) +O(δ−3)

+ O(δ−5/2n
√

log n ) +O(δ−2n log n)}, if ε ≥ 2,

(5.5)

almost surely and uniformly inλ ∈ Λn for sufficiently largen. Under the same conditions, one

also obtains

Vn(λ)− Vn(λ′)

=





(λ− λ′) {O(δ2ε−5n) +O(δ−3)

+O(δ−5/2n
√

log n ) +O(δ−2n log n)} if 0 < ε ≤ 1,

(λ− λ′) {O(δε−4n) +O(δ−3)

+O(δ−5/2n
√

log n ) +O(δ−2n log n)} if 1 < ε < 2,

(λ− λ′) {O(δ−2n) +O(δ−3)

+O(δ−5/2n
√

log n ) +O(δ−2n log n)} if ε ≥ 2,

(5.6)

almost surely and uniformly inλ, λ′ ∈ Λn.

Proposition 2 LetUn(λ) be defined by(5.3). If the conditions in Proposition 1 are satisfied, then

one obtains

Un(λ) = O(δ−1/2n
√

log n ) +O(δ−1
√

n log n ) +O(δ−3/2
√

log n )
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+





(λ− λ0) {1
4
β2δ−2n +O(δ−3) +O(δ−3/2n

√
log n )

+ O(δε−3n) +O(δε−3
√

n log n ) +O(δε−7/2
√

log n )}, if 0 < ε ≤ 1,

(λ− λ0) {1
4
β2δ−2n +O(δ−3) +O(δ−3/2n

√
log n )

+ O(δε−3n) +O(δ−2
√

n log n ) +O(δ−5/2
√

log n )}, if 1 < ε ≤ 2,

(λ− λ0) {1
4
β2δ−2n +O(δ−3) +O(δ−3/2n

√
log n )

+ O(δ−1n) +O(δ−2
√

n log n ) +O(δ−5/2
√

log n )}, if ε > 2,

(5.7)

almost surely and uniformly inλ ∈ Λn for sufficiently largen. Under the same conditions, one

also obtains

Un(λ)− Un(λ′)

=





(λ− λ′) {1
4
β2δ−2n +O(δ−3) +O(δ−3/2n

√
log n )

+ O(δε−3n) +O(δε−3
√

n log n ) +O(δε−7/2
√

log n )}, if 0 < ε ≤ 1,

(λ− λ′) {1
4
β2δ−2n +O(δ−3) +O(δ−3/2n

√
log n )

+ O(δε−3n) +O(δ−2
√

n log n ) +O(δ−5/2
√

log n )}, if 1 < ε ≤ 2,

(λ− λ′) {1
4
β2δ−2n +O(δ−3) +O(δ−3/2n

√
log n )

+ O(δ−1n) +O(δ−2
√

n log n ) +O(δ−5/2
√

log n )}, if ε > 2,

(5.8)

almost surely and uniformly inλ, λ′ ∈ Λn.

As a corollary to Proposition 1 under more strict conditions, we have the following results that

are instrumental to the proof of Theorem 1.

Corollary 1 Let the conditions in Proposition 1 be satisfied. Assume further thatε ∈ (1, 3
2
) and

δ3−2ε log n → 0. Then, it follows that

Vn(λ) = 1
8
β2η−2δ−2n {1 +O(δ−1n−1) +O(δ1/2

√
log n ) +O(δ2ε−2)},

Vn(λ0) = 1
8
β2η−2δ−2n {1 +O(δ−1n−1) +O(δ1/2

√
log n )},

Vn(λ) Vn(λ′) = 1
64

β4η−4δ−4n2 {1 +O(δ−1n−1) +O(δ1/2
√

log n ) +O(δ2ε−2)},
Vn(λ)− Vn(λ′) = (λ− λ′)O(δε−4n),

almost surely and uniformly inλ, λ′ ∈ Λn for sufficiently largen.

For the proof of Theorem 1, we also need the following corollary concerningUn(λ) that directly

results from Proposition 2.
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Corollary 2 Assume that the conditions in Corollary 1 are satisfied. Then, it follows that

Un(λ) = O(δε−2n),

Un(λ0) = O(δ−1/2n
√

log n),

Un(λ)− Un(λ′) = (λ− λ′) 1
4
β2δ−2n {1 +O(δ−1n−1) +O(δ1/2

√
log n ) +O(δε−1)},

almost surely and uniformly inλ, λ′ ∈ Λn for largen.

We also need the following results to establish the asymptotic distribution of the CM frequency

estimator̂ωn.

Proposition 3 Under the conditions of Proposition 1, it follows that

Un(λ0) = Wn,1 + Wn,2 +OP (δ2n) +OP (n1/2) +OP (δ−1),

whereWn,1 andWn,2 are defined by

Wn,1 := 1
2
βg(ζ0)δ

n∑

t=1

εt (ηn−t − ηt−1) sin(tω0 + φ), (5.9)

Wn,2 :=
n∑

t=1

t−1∑

j=0

ηj−1 sin(jλ0) εt εt−j, (5.10)

with g(λ) := (1− 2η cos λ + η2)−1 andζ0 := λ0 − ω0.

Proposition 4 Let Wn,1 be defined by(5.9). If the conditions of Proposition 3 are satisfied, then

δ3/2Wn,1
D→ N (0, 1

8
β2σ2

ε) asn →∞.

Proposition 5 LetWn,2 be defined by(5.10). If the conditions of Proposition 3 are satisfied, then

δ1/2n−1/2Wn,2
D→ N (0, 1

4
σ4

ε) asn →∞.

5.2 Proof of Theorem 1

Equipped with Corollaries 1 and 2, we now turn to the proof of Theorem 1. The objective is to

show thatα 7→ ρn(α) is acontractive mappingin An. This requires two inequalities [e.g., Stoer

and Bulirsch (1980), p. 251, Theorem 5.2.3]:
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(a) There exists a constantc ∈ (0, 1) such that

|ρn(α)− ρn(α′)| ≤ c |α− α′| (5.11)

uniformly for all α, α′ ∈ An.

(b) With the same constantc, it holds that

|ρn(α0)− α0| ≤ (1− c) κ (1− η)ε. (5.12)

Of course, these inequalities need to hold almost surely for sufficiently largen.

A. Proof of Inequality (5.11)

From (5.1) we obtain

ρn(α)− ρn(α′) = α− α′ + Rn, (5.13)

where

Rn := (1 + η2)−1J1 + J2 + J3

Vn(λ) Vn(λ′)
,

with

J1 := (Vn(λ′)− Vn(λ)) Un(λ) sin λ′,

J2 := (Un(λ)− Un(λ′)) Vn(λ) sin λ′,

J3 := (sin λ− sin λ′) Un(λ) Vn(λ′).

According to Corollaries 1 and 2, we can write

J1 = (λ− λ′)O(δ2ε−6n2),

J2 = (λ− λ′) sin λ′ 1
32

β4η−2δ−4n2 {1 +O(δ−1n−1) +O(δ1/2
√

log n ) +O(δε−1)},
J3 = (λ− λ′)O(δε−4n2) {1 +O(δ−1n−1) +O(δ1/2

√
log n ) +O(δ2ε−2)}.

To obtain the third expression, we also use the fact thatsin λ − sin λ′ = (λ − λ′) cos λ
′′
, where

λ
′′

lies betweenλ andλ′. BecauseΛn is contained in a closed subinterval of(0, π), it follows that

sin λ′ can be bounded away from zero uniformly for allλ′ ∈ Λn. Therefore, we can write

J1 + J2 + J3 = (λ− λ′) sin λ′ 1
32

β4η−2δ−4n2 {1 +O(δ−1n−1)

+O(δ1/2
√

log n ) +O(δε−1)}.
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This result, combined with the expression forVn(λ) Vn(λ′) in Corollary 1, leads to

Rn = (λ− λ′) sin λ′ 2η2(1 + η2)−1{1 +O(δ−1n−1) +O(δ1/2
√

log n ) +O(δε−1)}.

Note that Lemma 9(b) provides an expression forλ− λ′ in terms ofα− α′. Using this expression

with the fact thatα− α′ = O(δε), we can write

Rn = − η (α− α′) {1 +O(δ−1n−1) +O(δ1/2
√

log n ) +O(δε−1)}.

Substituting this result in (5.13) yields

ρn(α)− ρn(α′) = Cn (α− α′), (5.14)

where

Cn := δ +O(δ−1n−1) +O(δ1/2
√

log n ) +O(δε−1). (5.15)

The proof is complete upon noting thatCn → 0 almost surely and uniformly inα, α′ ∈ An.

B. Proof of Inequality (5.12)

Using (5.1) we can write

ρn(α0)− α0 = (1 + η2)−1 sin λ0
Un(λ0)

Vn(λ0)
,

whereλ0 is defined by (5.4). According to Corollaries 1 and 2, we obtain

Un(λ0)

Vn(λ0)
=

O(δ3/2
√

log n )

1 +O(δ−1n−1) +O(δ1/2
√

log n )
= O(δ3/2

√
log n ).

Becauseδ3/2−ε
√

log n → 0, it follows thatO(δ3/2
√

log n ) = O(δε). This implies that

ρn(α0)− α0 = O(δε)

almost surely for largen. The proof is thus complete.

5.3 Proof of Theorem 2

Let α̂n be the fixed point ofρn(α) in An. Then, according to (5.14), we can write

α̂n − α0 = ρn(α̂n)− ρn(α0) + ρn(α0)− α0

= Cn (α̂n − α0) + ρn(α0)− α0.

14



This implies that

α̂n − α0 = (1− Cn)−1{ρn(α0)− α0}.

Using (5.1), we obtain

α̂n − α0 = (1 + η2)−1(1− Cn)−1 sin λ0
Un(λ0)

Vn(λ0)
.

Note that Corollary 1 ensures that

δ2n−1Vn(λ0) → 1
8
β2

almost surely asn →∞. Note also thatCn → 0 almost surely andsin λ0 → sin ω0. Therefore, by

Slutsky’s theorem,

δ−3/2n1/2 (α̂n − α0) ∼ 4β−2 sin ω0 δ1/2n−1/2Un(λ0) (5.16)

asymptotically, so that it suffices to consider the distribution ofδ1/2n−1/2Un(λ0).

Note thatWn,1 = Op(δ
−3/2) by Proposition 4. Therefore, under the assumption thatδ2n →∞

andδ5n → 0, one can show from Proposition 3 thatδ1/2n−1/2Un(λ0) has the same asymptotic

distribution asδ1/2n−1/2Wn,2. This result, combined with Proposition 5, leads to

δ−3/2n1/2 (α̂n − α0)
D→ N (0, γ−2 sin2 ω0).

The proof is complete upon noting that, by the delta method,δ−3/2n1/2 (ω̂n − ω0) has the same

asymptotic distribution asδ−3/2n1/2 (α̂n − α0) (sin ω0)
−1.

5.4 Proof of Theorem 3

Using a similar argument as in the proof of Theorem 2, we can show that

δ−1/2n (α̂n − α0) ∼ 4β−2 sin ω0 δ3/2Un(λ0) (5.17)

asymptotically, so that it suffices to consider the distribution ofδ3/2Un(λ0).

To that end, we use the expression ofUn(λ0) given by Proposition 3 together with the asymp-

totic normality ofWn,1 ensured by Proposition 4. According to these results and the assumption
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thatδ2n → 0, it is easy to see thatδ3/2Un(λ0) has the same asymptotic distribution asδ3/2Wn,1 so

thatδ3/2Un(λ0)
D→ N (0, 1

8
β2σ2

ε). Combining this result with (5.17) yields

δ−1/2n (α̂n − α0)
D→ N (0, γ−1 sin2 ω0).

Again, an application of the delta method finishes the proof.

6 Proof of the Preliminary Results

In this lengthy section, we provide proofs of all propositions and corollaries in Section 5.1 which

play an important role in establishing the theorems.

6.1 Proposition 1

With the choice of (2.3), we can writeyt(α) as

yt(α) =
1

sin λ

t∑

j=0

ηj−1 sin(jλ) yt−j+1. (6.1)

This expression can be verified by substituting (6.1) into the left-hand side of (2.2) and proving

that the substitution results inyt, the right-hand side of (2.2).

Forλ ∈ Λn, define

ut(λ) := β
t−1∑

j=0

ηj−1 sin(jλ) cos((t− j)ω0 + φ), (6.2)

vt(λ) :=
t−1∑

j=0

ηj−1 sin(jλ) εt−j. (6.3)

Then, according to (1.1) and (6.1), we can write

y2
t−1(α) =

1

sin2 λ
(u2

t (λ) + 2 ut(λ) vt(λ) + v2
t (λ)). (6.4)

Based on this expression, equations (5.5) and (5.6) in Proposition 1 can be justified as follows.

6.1.1 Proof of Equation (5.5)

Using (6.4) we can write

Vn(λ) =
n∑

t=1

(u2
t (λ) + 2 ut(λ) vt(λ) + v2

t (λ))

:= T1(λ) + T2(λ) + T3(λ). (6.5)
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Therefore, equation (5.5) can be proved if one can establish the fact that the following asymptotic

expressions hold almost surely and uniformly inλ ∈ Λn for sufficiently largen:

T1(λ) = 1
8
β2η−2δ−2n +O(δ−3) +O(δ−1n)

+





(λ− λ0) {O(δ−3) +O(δ2ε−5n)}, if 0 < ε ≤ 1,

(λ− λ0) {O(δ−3) +O(δε−4n)}, if 1 < ε < 2,

(λ− λ0) {O(δ−3) +O(δ−2n)}, if ε ≥ 2,

(6.6)

T2(λ) = O(δ−3/2n
√

log n ) + (λ− λ0)O(δ−5/2n
√

log n ), (6.7)

T3(λ) = O(δ−1n log n) + (λ− λ0)O(δ−2n log n). (6.8)

In the following we justify these expressions using the Taylor series expansion techniques.

A. Proof of(6.6)

Consider the Taylor series expansion ofT1(λ) :=
∑n

t=1 u2
t (λ) atλ0, i.e.,

T1(λ) = T1(λ0) + (λ− λ0) Ṫ1(λ
∗), (6.9)

whereλ∗ lies betweenλ and λ0, and Ṫ1(λ) is the derivative ofT1(λ). It therefore suffices to

evaluateT1(λ0) andṪ1(λ
∗).

From (6.2) we can writeut(λ) = ut,1(λ) + ut,2(λ), where

ut,1(λ) := β cos(tω0 + φ) ft(λ), (6.10)

ut,2(λ) := β sin(tω0 + φ) gt(λ), (6.11)

and

ft(λ) :=
t−1∑

j=0

ηj−1 sin(jλ) cos(jω0), (6.12)

gt(λ) :=
t−1∑

j=0

ηj−1 sin(jλ) sin(jω0). (6.13)

Therefore, we obtain

T1(λ0) =
n∑

t=1

(u2
t,1(λ0) + 2 ut,1(λ0) ut,2(λ0) + u2

t,2(λ0)). (6.14)
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To evaluate this quantity, letζ0 := λ0 − ω0. Then, by the Taylor series expansion, we can

write sin(jλ0) = sin(jω0) + j cos(jλ∗0) ζ0, whereλ∗0 lies betweenλ0 andω0. This, together with

sin(jω0) cos(jω0) = 1
2
sin(j2ω0), implies that

ft(λ0) = 1
2
st(2ω0) + ζ0

t−1∑

j=0

jηj−1 cos(jλ∗0) cos(jω0), (6.15)

wherest(λ) :=
∑t−1

j=0 ηj−1 sin(jλ). By Lemma 4, one can write

st(λ) = g(λ) {sin λ− ηt−1 sin(tλ) + ηt sin((t− 1)λ)}, (6.16)

whereg(λ) = (1 − 2η cos λ + η2)−1. In the second term of (6.15), the factorζ0 takes the form of

O(δ2) according to Lemma 9(a), whereas the sum can be bounded above by
∑∞

j=0 jηj−1, which,

by Lemma 1, can be written asO(δ−2). Therefore, the second term offt(λ0) can be bounded

uniformly by a constant, so that

ft(λ0) = 1
2
st(2ω0) +O(1).

Further, note that0 < g(λ) ≤ max{1, (1−cos λ)−1}, so that|st(2ω0)| is bounded by3 max{1, (1−
cos(2ω0))

−1} < ∞ for all t andη. We can write

ft(λ0) = O(1). (6.17)

This result, according to (6.10), implies that

ut,1(λ0) = O(1).

Therefore, we obtain

n∑

t=1

u2
t,1(λ0) = O(n). (6.18)

Similarly, because
∑t−1

j=0 ηj−1 cos(j2ω0) = O(1),
∑t−1

j=0 ηj−1 = (1 − ηt) η−1δ−1, andsin2(jω0) =

1
2
(1− cos(j2ω0)), it follows that

gt(λ0) = 1
2
(1− ηt) η−1δ−1 +O(1). (6.19)

Therefore, according to (6.11), we have

ut,2(λ0) = 1
2
β sin(tω0 + φ) (1− ηt) η−1δ−1 +O(1).
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Further, by Lemma 5(b),
∑n

t=1 cos(t2ω0 + 2φ) = O(1) and
∑n

t=1 ηt cos(t2ω0 + 2φ) = O(1).

Combining these results withsin2(tω0 + φ) = 1
2
(1− cos(t2ω0 + 2φ)) leads to

n∑

t=1

u2
t,2(λ0) = 1

8
β2η−2δ−2n +O(δ−3) +O(δ−1n). (6.20)

In a similarly way, one can also show that

n∑

t=1

ut,1(λ0) ut,2(λ0) = O(δ−1n). (6.21)

Therefore, by substituting (6.18), (6.20), and (6.21) into (6.14), one obtains

T1(λ0) = 1
8
β2η−2δ−2n +O(δ−3) +O(δ−1n). (6.22)

Now, considerṪ1(λ
∗) in (6.9). We note that

Ṫ1(λ
∗) = 2

n∑

t=1

(u̇∗t,1 u∗t,1 + u̇∗t,1 u∗t,2 + u̇∗t,2 u∗t,1 + u̇∗t,2 u∗t,2)

:= T11 + T12 + T13 + T14, (6.23)

where, for brevity, we denoteu∗t,i := ut,i(λ
∗) andu̇∗t,i := u̇t,i(λ

∗), (i = 1, 2). In the following we

considerT11 andT12 in great detail but only provide an outline for the evaluation of the other two

terms because it can be done in a similar way.

To evaluateT11 := 2
∑n

t=1 u̇∗t,1 u∗t,1, we note that

T11 = 2β2
n∑

t=1

cos2(tω0 + φ)ft(λ
∗)ḟt(λ

∗),

where

ḟt(λ) =
t−1∑

j=0

jηj−1 cos(jλ) cos(jω0). (6.24)

Using the Taylor series expansion, we obtain

ft(λ
∗) = ft(λ0) + ḟt(λ

†) (λ∗ − λ0),

ḟt(λ
∗) = ḟt(λ0) + f̈t(λ

‡) (λ∗ − λ0), (6.25)

where bothλ† andλ‡ lie betweenλ∗ andλ0. According to Lemma 1,|ḟt(λ)| ≤ ∑∞
j=0 jηj−1 =

O(δ−2) uniformly in t, λ, andη. This, combined with (6.17), implies that

n∑

t=1

cos2(tω0 + φ)ft(λ0)ḟt(λ0) = O(δ−2n).
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Similarly, because Lemma 1 also ensures|ḟt(λ)| = O(δ−2) and|f̈t(λ)| = O(δ−3) uniformly in t,

λ, andη, we obtain

n∑

t=1

cos2(tω0 + φ)ft(λ0)f̈t(λ
‡) = O(δ−3n), (6.26)

n∑

t=1

cos2(tω0 + φ)ḟt(λ0)ḟt(λ
†) = O(δ−4n),

n∑

t=1

cos2(tω0 + φ)ḟt(λ
†)f̈t(λ

‡) = O(δ−5n). (6.27)

Combining these results with the fact that|λ∗−λ0| ≤ |λ−λ0| ≤ c δε, as guaranteed by Lemma 9(c),

leads to

T11 = O(δ−2n) +O(δε−3n) +O(δε−4n) +O(δ2ε−5n).

In other words, we can write

T11 =





O(δ2ε−5n), if 0 < ε ≤ 1,

O(δε−4n), if 1 < ε < 2,

O(δ−2n), if ε ≥ 2.

(6.28)

Similarly, for T12 := 2
∑n

t=1 u̇∗t,1 u∗t,2, we can write

T12 = β2
n∑

t=1

sin(t2ω0 + 2φ)ḟt(λ
∗) gt(λ

∗).

To evaluate this quantity, we consider the Taylor series expansion ofḟt(λ
∗) in (6.25) and ofgt(λ

∗)

given by

gt(λ
∗) = gt(λ0) + ġt(λ

∗∗) (λ∗ − λ0). (6.29)

where

ġt(λ) =
t−1∑

j=0

jηj−1 cos(jλ) sin(jω0). (6.30)

Note thatcos(jλ0) = cos(jω0)− j sin(jλ∗0) ζ0, whereλ∗0 lies betweenλ0 andω0. Therefore,ḟt(λ0)

in (6.25) can be expressed as

ḟt(λ0) =
t−1∑

j=0

jηj−1 cos2(jω0)− ζ0

t−1∑

j=0

j2ηj−1 sin(jλ∗0) cos(jω0).
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By Lemma 5(a), the second sum can be uniformly bounded byO(δ−3), and by Lemma 9(a) we

haveζ0 = O(δ2). This implies that

ḟt(λ0) = pt + qt +O(δ−1), (6.31)

where, by Lemma 4,

pt := 1
2

t−1∑

j=0

jηj−1 = 1
2
δ−2{1− tηt−1 + (t− 1)ηt},

qt := 1
2

t−1∑

j=0

jηj−1 cos(j2ω0)

= 1
2
g2(2ω0) {(1 + η2) cos(2ω0)− 2η − t cos(t2ω0) ηt−1

+ ((t− 1) cos((t + 1)2ω0) + 2t cos((t− 1)2ω0)) ηt

− (t cos((t− 1)2ω0) + 2(t− 1) cos(t2ω0)) ηt+1

+ (t− 1) cos((t− 1)2ω0) ηt+2}.

Note thatpt is a linear functiontηt and qt is a linear functiontηt cos(t2ω0) and tηt sin(t2ω0).

Therefore, under the assumption thatnηn = O(1) and using Lemma 5(b), one can show, from

(6.19) and (6.31), that
n∑

t=1

sin(t2ω0 + 2φ) ḟt(λ0) gt(λ0) = O(δ−3) +O(δ−2n).

Further, becausėft(λ) = O(δ−2), f̈t(λ) = O(δ−3), gt(λ) = O(δ−1), andġt(λ) = O(δ−2) uni-

formly in t, λ, andη, it follows that
n∑

t=1

sin(t2ω0 + 2φ) ḟt(λ0) ġt(λ
∗∗) = O(δ−4n),

n∑

t=1

sin(t2ω0 + 2φ) f̈t(λ
‡) gt(λ0) = O(δ−4n),

n∑

t=1

sin(t2ω0 + 2φ) f̈t(λ
‡) ġt(λ

∗∗) = O(δ−5n).

Combining these results with (6.25), (6.29), and with the fact thatλ∗ − λ0 = O(δε), yields

T12 = O(δ−3) +O(δ−2n) +O(δε−4n) +O(δ2ε−5n),

which can also be expressed as

T12 = O(δ−3) +





O(δ2ε−5n), if 0 < ε ≤ 1,

O(δε−4n), if 1 < ε < 2,

O(δ−2n), if ε ≥ 2.

(6.32)
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For the remaining two terms in (6.23), we first note that

ġt(λ0) = 1
2

t−1∑

j=0

jηj−1 sin(j2ω0) +O(δ−1) = q′t +O(δ−1) (6.33)

where, by Lemma 4,

q′t := 1
2

t−1∑

j=0

jηj−1 sin(j2ω0)

= 1
2
g2(2ω0) {(1− η2) sin(2ω0)− t sin(t2ω0) ηt−1

+ ((t− 1) sin((t + 1)2ω0) + 2t sin((t− 1)2ω0)) ηt

− (t sin((t− 2)2ω0) + 2(t− 1) sin(t2ω0)) ηt+1

+ (t− 1) sin((t− 1)2ω0) ηt+2}.

Becauseq′t is also a linear function oftηt cos(t2ω0) and tηt sin(t2ω0), by Lemma 5(b), it is not

surprising that
n∑

t=1

sin(t2ω0 + 2φ) ft(λ0) ġt(λ0) = O(δ−1n).

This result, coupled with (6.17) and suitable Taylor series expansions, leads to

T13 = O(δ−1n) +O(δε−4n) +O(δ2ε−5n),

which can also be expressed as

T13 =





O(δ2ε−5n), if 0 < ε ≤ 1,

O(δε−4n), if 1 < ε ≤ 3,

O(δ−1n), if ε ≥ 3.,

(6.34)

Similarly, it can be shown that
n∑

t=1

sin2(tω0 + φ) gt(λ0) ġt(λ0) = O(δ−2n)

and that

T14 = O(δ−2n) +O(δε−4n) +O(δ2ε−5n).

This last expression can also be written as

T14 =





O(δ2ε−5n), if 0 < ε ≤ 1,

O(δε−4n), if 1 < ε ≤ 2,

O(δ−2n), if ε ≥ 2.
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Substituting this result into (6.23), together with (6.28), (6.32), and (6.34), leads to

Ṫ1(λ
∗) = O(δ−3) +





O(δ2ε−5n), if 0 < ε ≤ 1,

O(δε−4n), if 1 < ε < 2,

O(δ−2n), if ε ≥ 2.

(6.35)

The proof is complete upon substituting (6.35) and (6.22) into (6.9).

B. Proof of(6.7)

By definition,T2(λ) = 2
∑n

t=1 ut(λ) vt(λ). Using the Taylor series expansion atλ0, we obtain

ut(λ) vt(λ) = ut(λ0) vt(λ0) + (u̇t(λ
∗) vt(λ

∗) + ut(λ
∗) v̇t(λ

∗)) (λ− λ0),

whereλ∗ is betweenλ andλ0, and thereforeλ∗ − λ0 = O(δε) as ensured by Lemma 9(c).

According to Lemma 7 one can writevt(λ) = O(δ−1/2
√

log t ) almost surely and uniformly

for larget. This result, combined with (6.17) and (6.19), implies that

n∑

t=1

cos(tω0 + φ) ft(λ0) vt(λ0) = O(δ−1/2n
√

log n ),

n∑

t=1

sin(tω0 + φ) gt(λ0) vt(λ0) = O(δ−3/2n
√

log n ).

Therefore, upon noting thatut(λ0) = β(cos(tω0 + φ) ft(λ0) + sin(tω0 + φ) gt(λ0)), we obtain

n∑

t=1

ut(λ0) vt(λ0) = O(δ−3/2n
√

log n )

almost surely for largen. Further, sinceḟt(λ) = O(δ−2) and ġt(λ) = O(δ−2) uniformly in t, λ,

andη, it follows that

n∑

t=1

u̇t(λ
∗) vt(λ

∗) = O(δ−5/2n
√

log n ). (6.36)

Similarly, we obtain

n∑

t=1

ut(λ
∗) v̇t(λ

∗) = O(δ−5/2n
√

log n ). (6.37)

Equation (6.7) follows immediately.
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C. Proof of(6.8)

The Taylor series expansion ofv2
t (λ) atλ0 can be written as

v2
t (λ) = v2

t (λ0) + 2(λ− λ0) v̇t(λ
∗) vt(λ

∗),

whereλ∗ lies betweenλ andλ0. By Lemma 7, we havevt(λ0) = O(δ−1/2
√

log t ) almost surely

for larget. Therefore,

n∑

t=1

v2
t (λ0) = O(δ−1n log n).

Similarly, since Lemma 7 ensures thatv̇t(λ
∗) = O(δ−3/2

√
log t ) andvt(λ

∗) = O(δ−1/2
√

log t )

for larget, we obtain

n∑

t=1

v̇t(λ
∗) vt(λ

∗) = O(δ−2n log n). (6.38)

Combining these results yields equation (6.8) forT3(λ) :=
∑n

t=1 v2
t (λ).

6.1.2 Proof of Equation (5.6)

By expandingVn(λ) into a Taylor series atλ′, we obtain

Vn(λ)− Vn(λ′) = 2 (λ− λ′)
n∑

t=1

(ut(λ
∗) + vt(λ

∗)) (u̇t(λ
∗) + v̇t(λ

∗)),

whereλ∗ lies betweenλ andλ′ and henceλ∗− λ0 = O(δε) by Lemma 9(c). The assertion follows

immediately upon combining this result with (6.35), (6.36), (6.37), and (6.38).

6.2 Proposition 2

In the following we provide a proof of Proposition 2 using the same technique of Taylor series

expansion that has led to the proof of Proposition 1.

6.2.1 Proof of Equation (5.7)

It is easy to show from (1.1) and (6.1) that

Un(λ) =
n∑

t=1

t−1∑

j=0

ηj−1 sin(jλ) yt yt−j =
4∑

i=1

Si(λ),
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where

S1(λ) :=
n∑

t=1

t−1∑

j=0

ηj−1 sin(jλ) εt εt−j, (6.39)

S2(λ) := β2
n∑

t=1

t−1∑

j=0

ηj−1 sin(jλ) cos(tω0 + φ) cos((t− j)ω0 + φ), (6.40)

S3(λ) := β
n∑

t=1

t−1∑

j=0

ηj−1 sin(jλ) εt cos((t− j)ω0 + φ), (6.41)

S4(λ) := β
n∑

t=1

t−1∑

j=0

ηj−1 sin(jλ) cos(tω0 + φ) εt−j. (6.42)

Therefore, equation (5.7) follows immediately from the following expressions:

S1(λ) = O(δ−1/2n
√

log n ) + (λ− λ0)O(δ−3/2n
√

log n ), (6.43)

S2(λ) = O(n) +O(δ−1)

+





(λ− λ0) {1
4
β2δ−2n +O(δ−3) +O(δε−3n)}, if 0 < ε ≤ 2,

(λ− λ0) {1
4
β2δ−2n +O(δ−3) +O(δ−1n)}, if ε > 2,

(6.44)

S3(λ) = O(δ−1
√

n log n ) +O(δ−3/2
√

log n )

+





(λ− λ0) {O(δε−3
√

n log n ) +O(δε−7/2
√

log n )}, if 0 < ε ≤ 1,

(λ− λ0) {O(δ−2
√

n log n ) +O(δ−5/2
√

log n )}, if ε > 1,
(6.45)

S4(λ) = same as the right-hand side of (6.45). (6.46)

In the sequel we justify these expressions one by one.

A. Proof of(6.43)

Using the Taylor series expansion, we obtain

S1(λ) = S1(λ0) + (λ− λ0) Ṡ1(λ
∗)

whereλ∗ lies betweenλ andλ0. By the Cauchy-Schwarz inequality, we obtain, from (5.10),

|S1(λ0)| ≤
{

n∑

t=1

ε2
t

}1/2{ n∑

t=1

( t−1∑

j=0

ηj−1 sin(jλ0) εt−j

)2
}1/2

= O(δ−1/2n
√

log n )
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almost surely for largen, where the second line follows from Lemma 7 coupled with the fact that
∑n

t=1 ε2
t = O(n). A similar argument leads to

Ṡ1(λ
∗) = O(δ−3/2n

√
log n ). (6.47)

Combining these results proves (6.43).

B. Proof of(6.44)

The Taylor series expansion ofS2(λ) atλ0 can be written as

S2(λ) = S2(λ0) + (λ− λ0) Ṡ2(λ
∗),

whereλ∗ is betweenλ andλ0. It is easy to show from (6.40) that

S2(λ0) = 1
2
β2

n∑

t=1

(1 + cos(t2ω0 + 2φ))ft(λ0) + 1
2
β2

n∑

t=1

sin(t2ω0 + 2φ) gt(λ0), (6.48)

whereft(λ) andgt(λ) are defined by (6.12) and (6.13), respectively. To evaluateS2(λ0) we re-

call the earlier results (6.17) and (6.19), and note that
∑n

t=1 sin(t2ω0 + 2φ) = O(1), and, by

Lemma 5(b),
∑n

t=1 ηt−1 sin(t2ω0 + 2φ) = O(1). Therefore, it follows that

S2(λ0) = O(n) +O(δ−1). (6.49)

Further, by expandinġS2(λ
∗) atλ0, we obtain

Ṡ2(λ
∗) = Ṡ2(λ0) + (λ∗ − λ0) S̈2(λ

∗∗), (6.50)

whereλ∗∗ is betweenλ∗ andλ0. It is easy to see that

Ṡ2(λ0) = 1
2
β2

n∑

t=1

(1 + cos(t2ω0 + 2φ)) ḟt(λ0) + 1
2
β2

n∑

t=1

sin(2tω0 + 2φ) ġt(λ0).

Note thatḟt(λ0) can be expressed as (6.31), wherept can be rewritten aspt = 1
2
δ−2(1−ηt−δtηt−1).

Note also thaṫgt(λ0) is given by (6.33). Therefore, by Lemma 5(b) and Lemma 1, we obtain

Ṡ2(λ0) = 1
4
β2δ−2n +O(δ−3) +O(δ−1n). (6.51)

To evaluatëS2(λ
∗∗), we note that

S̈2(λ
∗∗) = β2

n∑

t=1

cos2(tω0 + φ)f̈t(λ
∗∗) + 1

2
β2

n∑

t=1

sin(t2ω0 + 2φ) g̈t(λ
∗∗).
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It has been shown thaẗft(λ) = O(δ−3) andg̈t(λ) = O(δ−3) uniformly in t, λ, andη. Therefore, it

follows that

S̈2(λ
∗∗) = O(δ−3n). (6.52)

Combining (6.51) and (6.52) with (6.50) and with the fact thatλ∗ − λ0 = O(δε) leads to

Ṡ2(λ
∗) = 1

4
β2δ−2n +O(δ−3) +O(δ−1n) +O(δε−3n),

or equivalently,

Ṡ2(λ
∗) = 1

4
β2δ−2n +O(δ−3) +




O(δε−3n), if 0 < ε ≤ 2,

O(δ−1n), if ε > 2.
(6.53)

The asymptotic expression (6.44) follows immediately from (6.49) and (6.53).

C. Proof of(6.45)

The Taylor series expansion ofS3(λ) takes the form of

S3(λ) = S3(λ0) + (λ− λ0) Ṡ3(λ
∗), (6.54)

whereλ∗ is betweenλ andλ0. It is easy to show from (6.41) that

S3(λ0) = β
n∑

t=1

εt cos(tω0 + φ) ft(λ0) + β
n∑

t=1

εt sin(tω0 + φ) gt(λ0). (6.55)

By Lemma 6(a), we obtain

S3(λ0) = O(δ−1
√

n log n ) +O(δ−3/2
√

log n ). (6.56)

Further, we expanḋS3(λ
∗) into a Taylor series and write

Ṡ3(λ
∗) = Ṡ3(λ0) + (λ∗ − λ0) S̈3(λ

∗∗),

whereλ∗∗ lies betweenλ∗ andλ0. From (6.55), it is easy to see that

Ṡ3(λ0) = β
n∑

t=1

εt cos(tω0 + φ) ḟt(λ0) + β
n∑

t=1

εt sin(tω0 + φ) ġt(λ0),

whereḟt(λ) andġt(λ) are given by (6.24) and (6.30), respectively. By Lemma 6(a), we obtain

Ṡ3(λ0) = O(δ−2
√

n log n ) +O(δ−5/2
√

log n ). (6.57)
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Also by Lemma 6(a), we can write

S̈3(λ
∗∗) = O(δ−3

√
n log n ) +O(δ−7/2

√
log n ). (6.58)

Combining (6.57) and (6.58) with the fact thatλ∗ − λ0 = O(δε) yields

Ṡ3(λ
∗) = O(δ−2

√
n log n ) +O(δ−5/2

√
log n )

+O(δε−3
√

n log n ) +O(δε−7/2
√

log n ),

or equivalently,

Ṡ3(λ
∗) =




O(δε−3

√
n log n ) +O(δε−7/2

√
log n ), if 0 < ε ≤ 1,

O(δ−2
√

n log n ) +O(δ−5/2
√

log n ), if ε > 1.
(6.59)

Substituting (6.56) and (6.59) in (6.54) proves equation (6.45).

D. Proof of(6.46)

After a suitable variable substitution, it can be shown that

S4(λ) = β
n∑

t=1

εn−t+1 cos(tω0 + φ′)ft(λ) + β
n∑

t=1

εn−t+1 sin(tω0 + φ′) gt(λ), (6.60)

whereφ′ := −φ − (n + 1)ω0. Comparing this expression with (6.55), one can see the analogous

betweenS4(λ) and S3(λ). Therefore, it is not surprising thatS4(λ) has the same asymptotic

expression asS3(λ).

6.2.2 Proof of Equation (5.8)

The Taylor series expansion ofUn(λ) atλ′ can be written as

Un(λ)− Un(λ′) = (λ− λ′) (Ṡ1(λ
∗) + Ṡ2(λ

∗) + Ṡ3(λ
∗) + Ṡ4(λ

∗))

whereλ∗ lies betweenλ andλ′. The assertion follows from (6.47), (6.53), (6.59) upon noting that

Ṡ4(λ
∗) has the same asymptotic expression asṠ3(λ

∗) given by (6.59).
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6.3 Proposition 3

BecauseUn(λ0) =
∑4

i=1 Si(λ0) andWn,2 = S1(λ0), Proposition 3 follows immediately if one can

show that

S2(λ0) = O(δ2n) +O(δ−1), (6.61)

S3(λ0) + S4(λ0) = Wn,1 +OP (n1/2) +OP (δ−1/2). (6.62)

These expressions are justified in the following.

A. Proof of(6.61)

To evaluateS2(λ0) in (6.48) we need more refined results than those in (6.17) and (6.19). By a

straightforward calculation, we obtain

ft(λ0) = 1
2
{st(ζ0) + st(λ0 + ω0)}, (6.63)

gt(λ0) = 1
2
{ct(ζ0)− ct(λ0 + ω0)}, (6.64)

wherest(λ) is given by (6.16) andct(λ) is defined by

ct(λ) :=
t−1∑

j=0

ηj−1 cos(jλ)

= g(λ) η−1{1− η cos λ− ηt cos(tλ) + ηt+1 cos((t− 1)λ)} (6.65)

which follows from Lemma 4. It is easy to show, for anyλ ∈ Λn, that

n∑

t=1

st(λ) = g(λ) {n sin λ− (1− η2)sn(λ)− ηn−1 sin(nλ)}. (6.66)

Becauseλ0 + ω0 ∈ (0, 2π) is bounded away from 0 and2π, we haveg(λ0 + ω0) = O(1) and

sn(λ0 + ω0) = O(1). Therefore,

n∑

t=1

st(λ0 + ω0) = n sin(λ0 + ω0) g(λ0 + ω0) +O(δ).

By expandingg(λ+2ω0) into a Taylor series ofλ at zero and then evaluating it atλ = ζ0 = λ0−ω0,

we obtain

g(λ0 + ω0) = g(2ω0)− ζ0 2η sin(ζ∗0 + 2ω0) g2(ζ∗0 + 2ω0),
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whereζ∗0 lies betweenζ0 and zero. Sinceg(ζ∗0 + 2ω0) = O(1), ζ0 = O(δ2), andsin(ζ∗0 + 2ω0) =

O(1), it follows thatg(λ0 + ω0) = g(2ω0) +O(δ2). Moreover, it is easy to show that

g(2ω0) =
1

δ2 + 2η(1− cos(2ω0))
=

1

4η sin2 ω0

+O(δ2).

This result, combined with the fact thatsin(λ0 + ω0) = 2 sin(ω0) cos ω0 +O(δ2), yields

n∑

t=1

st(λ0 + ω0) = 1
2
η−1n cot ω0 +O(nδ2). (6.67)

Further, becauseζ0 = O(δ2) andnηn = O(1), it follows that sin ζ0 = O(δ2), ηn−1 sin(nζ0) =

O(δ2), andηn sin((n − 1)ζ0) = O(δ2). Combining these results with (6.16) andg(ζ0) = O(δ−2)

leads tosn(ζ0) = O(1) and hence, from (6.66),

n∑

t=1

st(ζ0) = n sin ζ0 g(ζ0) +O(δ−1).

Note that, by Lemma 9(a),δ−2ζ0 = −1
2
η−1 cot ω0 +O(δ2) and hence

δ−2 sin ζ0 = δ−2(ζ0 +O(ζ3
0 )) = −1

2
cot ω0 +O(δ2).

Combining this result with the fact thatδ2g(ζ0) = 1 +O(δ2) yields

sin ζ0 g(ζ0) = −1
2
η−1 cot ω0 +O(δ2),

and therefore,

n∑

t=1

st(ζ0) = −1
2
η−1n cot ω0 +O(δ2n) +O(δ−1).

This, combined with (6.67) and (6.63), implies that

n∑

t=1

ft(λ0) = O(δ2n) +O(δ−1). (6.68)

To proceed with the proof, we note, by Lemma 1 and Lemma 5(b), that

n∑

t=1

cos(t2ω0 + 2φ)st(λ0 + ω0) = O(δ−1).

Further, we write

sin(tζ0) = t cos(tζ†0) ζ0, (6.69)
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whereζ†0 lies betweenζ0 and zero. Therefore,

cos(t2ω0 + 2φ) sin(tζ0) = 1
2
tζ0{cos(t(2ω0 + ζ†0) + 2φ) + cos(t(2ω0 − ζ†0) + 2φ)}.

Note that2ω0 ± ζ†0 can be bounded away from 0 and2π for largen becauseζ†0 = O(δ2) → 0

and 2ω0 ∈ (0, 2π). Therefore, by Lemma 5(b),
∑n

t=1 ηt−1 cos(t2ω0 + 2φ) sin(tζ0) = O(δ2).

Similarly, we obtain
∑n

t=1 ηt cos(t2ω0 +2φ) sin((t− 1)ζ0) = O(δ2). Combining these results with

g(ζ0) = O(δ−2) andsin ζ0 = O(δ2) yields

n∑

t=1

cos(t2ω0 + 2φ)st(ζ0) = O(1).

Therefore, by (6.63), we can write

n∑

t=1

cos(t2ω0 + 2φ)ft(λ0) = O(δ−1), (6.70)

and thus finish the evaluation of the first ofS2(λ0).

For the second term ofS2(λ0) in (6.48), it is easy to show, by Lemma 5 and (6.65), that

n∑

t=1

sin(t2ω0 + 2φ) ct(λ0 + ω0) = O(δ−1).

Further, we note that

1− η cos ζ0 = δ + ζ0 η sin ζ∗0 (6.71)

and

− ηt cos(tζ0) + ηt+1 cos((t− 1)ζ0)

= − δηt + ζ0{tηt sin(tζ∗0 )− (t− 1)ηt+1 sin((t− 1)ζ∗0 )},

whereζ∗0 lines betweenζ0 and zero, so that2ω0 ± ζ∗0 can be bounded away from 0 and2π. Under

the condition thatnηn = O(1), it follows from (6.65) and Lemma 5(b) that

n∑

t=1

sin(t2ω0 + 2φ) ct(ζ0) = O(δ−1).

Combining these results with (6.64) leads to

n∑

t=1

sin(t2ω0 + 2φ) gt(λ0) = O(δ−1). (6.72)

The proof is complete upon substituting (6.68), (6.70), and (6.72) into (6.48).
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B. Proof of(6.62)

To evaluateS3(λ0) in (6.55), we note thatft(λ0) andgt(λ0) can be expressed as (6.63) and (6.64).

By Lemma 8, we obtain

n∑

t=1

εt cos(tω0 + φ) st(λ0 + ω0) = OP (n1/2) +OP (δ−1/2),

n∑

t=1

εt sin(tω0 + φ) ct(λ0 + ω0) = OP (n1/2) +OP (δ−1/2).

Further, we note from (6.16) that

st(ζ0) = g(ζ0){sin ζ0 − (1− η cos ζ0) ηt−1 sin(tζ0)− sin ζ0 ηt cos(tζ0)}.

This, combined with (6.71) and then with (6.69), yields

st(ζ0) = g(ζ0){sin ζ0 − δηt−1 sin(tζ0)− ηt(sin(tζ0) ζ0 sin ζ∗0 + cos(tζ0) sin ζ0)}
= g(ζ0){sin ζ0 − δtηt−1 cos(tζ†0) ζ0 − ηt(sin(tζ0) ζ0 sin ζ∗0 − cos(tζ0) sin ζ0)}.

Note thatζ0 = O(δ2), sin ζ0 = O(δ2), and g(ζ0) = O(δ−2). Combining these results with

Lemma 8 leads to

n∑

t=1

εt cos(tω0 + φ)st(ζ0) = O(n1/2) +O(δ−1/2).

Similarly, using (6.71) twice, we can write

ct(ζ0) = g(ζ0)η
−1{δ(1− ηt cos(tζ0))

+ η(1− ηt cos(tζ0)) ζ0 sin ζ∗0 + ηt+1 sin(tζ0) sin ζ0}
= g(ζ0)η

−1{δ(1− ηt) + δηt t sin(tζ∗0∗) ζ0

+ η(1− ηt cos(tζ0)) ζ0 sin ζ∗0 + ηt+1 sin(tζ0) sin ζ0}.

Therefore, by Lemma 8,

n∑

t=1

εt sin(tω0 + φ) ct(ζ0) = 2β−1S ′3(λ0) +O(δ2n1/2) +O(δ−1/2),

where

S ′3(λ0) := 1
2
βg(ζ0)δ

n∑

t=1

εt (η−1 − ηt−1) sin(tω0 + φ). (6.73)
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Combining all these results leads to

S3(λ0) = S ′3(λ0) +O(n1/2) +O(δ−1/2), (6.74)

which concludes the evaluation ofS3(λ0).

Because of the similarity betweenS4(λ0) in (6.60) andS3(λ0) in (6.55), one immediately

obtains

S4(λ0) = S ′4(λ0) +OP (n1/2) +OP (δ−1/2), (6.75)

where

S ′4(λ0) := 1
2
βg(ζ0)δ

n∑

t=1

εn−t+1 (η−1 − ηt−1) sin(tω0 + φ′), (6.76)

andφ′ = −φ− (n + 1)ω0. Finally, we note thatS ′4(λ0) can also be expressed as

S ′4(λ0) := − 1
2
βg(ζ0)δ

n∑

t=1

εt (η−1 − ηn−t) sin(tω0 + φ).

The proof is complete upon noting thatWn,1 = S ′3(λ0) + S ′4(λ0).

6.4 Proposition 4

To prove Proposition 4, we note thatg(ζ0) δ2 → 1 asn → ∞. Therefore, by Slutsky’s theorem,

δ3/2Wn,1 has the same asymptotic distribution asδ1/2W ′
n,1, where

W ′
n,1 := 1

2
β

n∑

t=1

εt (ηn−t − ηt−1) sin(tω0 + φ).

Let Fn,t := σ({εs : s ≤ t}) andXn,t := (2δ)1/2σ−1
ε εt (ηn−t − ηt−1) sin(tω0 + φ). ThenFn,t is

monotone increasing int for everyn andXn,t is Fn,t-measurable. Note thatE{Xn,t|Fn,t−1} = 0

amost surely fort = 1, · · · , n and for everyn. Therefore{Xn,t} is a martingale triangular array.

According to G̈anssler, Strobel and Stute (1978), one obtains

2(2δ)1/2(βσε)
−1W ′

n,1 =
n∑

t=1

Xn,t
D→ N (0, 1)

if one can show that, asn →∞,

n∑

t=1

E{X2
n,t|Fn,t−1} P→ 1 (6.77)
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and

n∑

t=1

E{X2
n,tI(|Xn,t| > a)|Fn,t−1} P→ 0 (6.78)

for everya > 0, whereI(·) is the indicator function.

To verify these conditions, note that

n∑

t=1

E{X2
n,t|Fn,t−1} = δ

n∑

t=1

(ηn−t − ηt−1)2(1− cos(2tω0 + 2φ))

= 2(1 + η)−1 +OP (δ)
P→ 1.

Note also that, withb := 2(2δ)1/2σ−1
ε , we can write

n∑

t=1

E{X2
n,tI(|Xn,t| > a)|Fn,t−1}

≤
n∑

t=1

2δσ−2
ε (ηn−t − ηt−1)2 sin2(tω0 + φ)E{ε2

t I(|εt| > a/b)|Fn,t−1}

=
n∑

t=1

2δσ−2
ε (ηn−t − ηt−1)2E{ε2

t I(|εt| > a/b)|Fn,t−1} P→ 0,

where the limit follows from Markov’s inequality combined with the stationarity of{εt} and the

fact thata/b → ∞ and
∑n

t=1 2δσ−2
ε (ηn−t − ηt−1)2 → 2σ−2

ε . The conditions (6.77) and (6.78) are

thus verified.

Note that if {εt} is given by (6.81) then the asymptotic normality ofW ′
n,1 can be justified

by using the standard truncation technique [e.g., Brockwell and Davis (1991)] followed by an

application of the martingale central limit theorem [see also Liet al. (1994)].

6.5 Proposition 5

To prove Proposition 5, let

Yn,t := 2σ−2
ε δ1/2n−1/2εt

t−1∑

j=1

ηj−1 sin(jλ0) εt−j.

Then, it can be easily shown that{Yn,t} is a martingale triangular array with respect to the filtration

{Fn,t}. Therefore, to conclude that

2σ−2
ε δ1/2n−1/2Wn,2 =

n∑

t=2

Yn,t
D→ N (0, 1),
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it suffices to verify that

Q :=
n∑

t=2

E{Y 2
n,t|Fn,t−1} P→ 1 (6.79)

and
n∑

t=2

E{Y 2
n,tI(|Yn,t| > a)|Fn,t−1} P→ 0 (6.80)

for everya > 0.

To verify (6.79), we note thatQ = Q1 + Q2 + Q3, where

Q1 := 2σ−2
ε δn−1

n∑

t=2

t−1∑

j=1

η2(j−1)ε2
t−j,

Q2 := −2σ−2
ε δn−1

n∑

t=2

t−1∑

j=1

η2(j−1) cos(2jλ0) ε2
t−j,

Q3 := 4σ−2
ε δn−1

n∑

t=2

∑

i6=j

ηi+j−2 sin(iλ0) sin(jλ0) εt−iεt−j.

Therefore it suffices to show thatQ1
P→ 1, Q2

P→ 0, andQ3
P→ 0. To that end, note that

E{Q1} = 2(1 + η)−1{1− 2n−1 − δ−1n−1(η2 − η2n)(1 + η)−1} → 1.

Note also that Var{Q1} = V11 + V12, where

V11 := 4σ−4
ε δ2n−2

n∑

t=2

t−1∑

j=1

t−1∑

k=1

η2(j−1)+2(k−1)(E{ε2
t−jε

2
t−k} − σ4

ε),

V12 := 4σ−4
ε δ2n−2

∑

t6=s

t−1∑

j=1

s−1∑

k=1

η2(j−1)+2(k−1)(E{ε2
t−jε

2
s−k} − σ4

ε).

BecauseE{ε2
t ε

2
s} = σ4

ε if t 6= s, it follows that

V11 = 4σ−4
ε κεδ

2n−2
n∑

t=2

t−1∑

j=1

η4(j−1) ≤ 4σ−4
ε κεδ

2 → 0,

whereκε := E{ε4
t} − σ4

ε . Similarly,

V12 = 8σ−4
ε κεδ

2n−2
n−1∑

t=2

n−t∑

τ=1

t−1∑

j=1

τ+t−1∑

k=τ+j

η2(j−1)+2(k−1)

= 8σ−4
ε κεδ

2n−2
n−1∑

t=2

η2(1− η2(n−t))(1− η4(t−1))

δ2(1 + η)3(1 + η2)

− 8σ−4
ε κεδ

2n−2
n−1∑

t=2

η2(1− η2(n−t))η2(t−1)(1− η2(t−1))

δ2(1 + η)3

= O(δ−1n−1) +O(δ−2n−2) → 0.
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Combining these results yields Var{Q1} → 0. Therefore, we obtainQ1
P→ 1. To proveQ2

P→ 0,

note that, by Lemma 4, we can write

E{Q2} = −2δn−1
n∑

t=2

cos(2λ0)− η2 − η2(t−1) cos(t2λ0) + η2t cos((t− 1)2λ0)

1− 2η2 cos(2λ0) + η4

= O(δ) → 0.

Further, by the same argument as for Var{Q1}, we can show that Var{Q2} = O(δ−1n−1) → 0.

Therefore,Q2
P→ 0. Similarly, we haveQ3

P→ 0.

To verify (6.80), note thatYn,t = 2σ−2
ε δ1/2n−1/2εt vt(λ0), wherevt(λ0) is given by (6.3). Be-

causevt(λ0) depends only onε1, · · · , εt−1 and therefore isFn,t−1-measurable, we can write, with

d := 1
2
σ2

εa
1/2δ−1/2,

n∑

t=2

E{Y 2
n,tI(|Yn,t| > a)|Fn,t−1}

≤ 4σ−4
ε δn−1

n∑

t=2

v2
t (λ0)E{ε2

t I(|εt| > d)|Fn,t−1}

+ 4σ−4
ε δn−1

n∑

t=2

v2
t (λ0)I(|vt(λ0)| > a1/2n1/2) E{ε2

t |Fn,t−1}

≤ 4σ−4
ε ( max

t≤n
|δ1/2vt(λ0)|)2n−1

n∑

t=2

E{ε2
t I(|εt| > d)|Fn,t−1}

+ 4σ−2
ε δn−1I(max

t≤n
|δ1/2vt(λ0)| > a1/2δ1/2n1/2)

n∑

t=2

v2
t (λ0).

Lemma 8(b) and the fact thatδn → ∞ imply that I(maxt≤n |δ1/2vt(λ0)| > a1/2δ1/2n1/2)
P→ 0.

The proof can be finished by an application of Markov’s inequality together with the stationarity

of {εt} and the facts thatd →∞ and4σ−4
ε δn−1 ∑n

t=2 v2
t (λ0)

P→ 1.

6.6 Proof of Corollary 1

According to (5.5) and the fact thatλ− λ0 = O(δε), as ensured by Lemma 9(c), we can write

Vn(λ) = 1
8
β2η−2δ−2n +O(δ−3) +O(δ−3/2n

√
log n ) +O(δ−1n log n)

+ O(δ2ε−4n) +O(δε−3) +O(δε−5/2n
√

log n ) +O(δε−2n log n).

Under the conditions thatδn →∞ andδ3−2ε log n → 0, it can be shown thatO(δ2ε−4n) dominates

all the other terms that involveε, and thatO(δ−3/2n
√

log n ) dominatesO(δ−1n log n). Therefore,
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we obtain

Vn(λ) = 1
8
β2η−2δ−2n +O(δ−3) +O(δ−3/2n

√
log n ) +O(δ2ε−4n),

which immediately leads to the assertions aboutVn(λ) and Vn(λ) Vn(λ′). A similar argument

proves the expression forVn(λ0). The assertion aboutVn(λ) − Vn(λ′) follows from (5.6) and the

fact thatO(δε−4n) dominatesO(δ−3),O(δ−5/2n
√

log n ), andO(δ−2n log n) under the conditions

thatδn →∞ andδ3−2ε log n → 0.

6.7 Proof of Corollary 2

From (5.7) we obtain

Un(λ) = O(δ−1/2n
√

log n ) +O(δ−1
√

n log n ) +O(δ−3/2
√

log n )

+ O(δε−2n) +O(δε−3) +O(δε−3/2n
√

log n ) +O(δ2ε−3n)

+ O(δε−2
√

n log n ) +O(δε−5/2
√

log n ).

Under the conditions thatδn → ∞ and δ3−2ε log n → 0, one can show thatO(δε−2n) is the

dominant term in this expression. Therefore, the assertion aboutUn(λ) is proved. Atλ0, we can

write

Un(λ0) = O(δ−1/2n
√

log n ) +O(δ−1
√

n log n ) +O(δ−3/2
√

log n ).

The assertion aboutUn(λ0) can be proved upon noting that the first term dominates the others

becauseδn → ∞. The expression forUn(λ) − Un(λ′) can be proved by using (5.8) and the fact

thatO(δε−3n) dominatesO(δ−2
√

n log n ) andO(δ−5/2
√

log n ) under the conditions thatδn →∞
andδ3−2ε log n → 0.

6.8 Remarks

Except for Theorem 2 and Proposition 5, all the results in this paper hold under the assumption

that

εt =
∞∑

j=0

ψjzt−j, (6.81)
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where{ψj} is absolutely summable withψ0 = 1 and{zt} is a stationary and ergodic martin-

gale difference sequence with respect toFt = σ({εs : s ≤ t}) such thatE{z2
t |Ft−1} = σ2

almost surely andE{z4
t } < ∞. For discussion on these conditions, see An, Chen and Hannan

(1983) and Quinn and Fernandes (1991). Under these more general assumptions, to obtain lim-

iting distribution results similar to Theorem 2 requires us to look at partial sum process of the

form
∑n

t=1 εt
∑t

j=1 wj(n, η) εt−j wherewj(n, η) are possibly random weights. To the best of the

authors’ knowledge, the existing martingale theory cannot be applied directly to such processes to

obtain a limiting distribution [Chan and Wei (1988)]. This is an open problem for future research.

7 Lemmas

The nine technical lemmas in this section are organized into three groups. These lemmas are

frequently cited in the proof of the preliminary results in Section 6.

The first group consists of five lemmas that proved some algebraic equalities and inequalities.

Lemma 1 Letp ≥ 0 be an integer. Then, the function(1− η)p+1 ∑∞
j=0 jpηj is uniformly bounded

for anyη on (0, 1).

Proof. It is easy to show that
∑∞

j=0 jpηj =
∑p

j=0 aj (dj/dηj)(1 − η)−1, where theai are

independent ofη, with ap = 1. Since (dj/dηj)(1 − η)−1 = j!(1 − η)−j−1, it follows that

δp+1 ∑∞
j=0 jpηj =

∑p
j=0 j! aj δp−j. The proof is complete upon noting that

∑p
j=0 j! aj δp−j is a

uniformly bounded function ofη on (0, 1) because it is a polynomial ofδ = 1− η. Q.E.D.

Lemma 2 For any nonnegative integerp, there exists a constantc > 0, which is independent ofη

andn, such that
n∑

j=1

jpηj
√

j log j ≤ c (1− η)−p−3/2
√

log n

for anyη ∈ (0, 1) and anyn > 0.

Proof. It can be show that
n∑

j=1

jpηj
√

j log j ≤ √
log n

n∑

j=1

jp+1/2ηj

≤ √
log n

{
n∑

j=1

j2p+1ηj

}1/2{ n∑

j=1

ηj

}1/2

,
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where the second line is obtained by the Cauchy-Schwartz inequality. By Lemma 1, there exists a

constantc0 > 0 such thatδ2p+2 ∑∞
j=1 j2p+1ηj ≤ c2

0. Therefore, for anyη ∈ (0, 1) andn > 0, we

have
∑n

j=1 j2p+1ηj ≤ ∑∞
j=1 j2p+1ηj ≤ c2

0δ
−2p−2. The proof is complete upon combining this result

with the fact that
∑n

j=1 ηj ≤ δ−1. Q.E.D.

Lemma 3 Givenz := η exp(iω) with η ∈ (0, 1), the following identities hold for anyn > 0.

(a)
n∑

j=1

zj =
z − zn+1

1− z
,

(b)
n∑

j=1

jzj =
z − (n + 1) zn+1 + n zn+2

(1− z)2
,

(c)
n∑

j=1

j2zj =
z + z2 − (n + 1)2zn+1 + (2n2 + 2n− 1) zn+2 − n2zn+3

(1− z)3
.

Proof. The first identity is trivial. The second and the third identities can be derived from the

first one upon noting that
n∑

j=1

jzj = z
d

dz

n∑

j=1

zj

and
n∑

j=1

j2zj =

(
z2 d2

dz2
+ z

d

dz

)
n∑

j=1

zj.

The proof is thus complete. Q.E.D.

Lemma 4 Withη ∈ (0, 1), the following identities hold for anyω and anyn > 0.
n∑

j=1

ηj sin(jω) =
η sin ω − ηn+1 sin((n + 1)ω) + ηn+2 sin(nω)

1− 2η cos(ω) + η2

n∑

j=1

ηj cos(jω) =
η cos ω − η2 − ηn+1 cos((n + 1)ω) + ηn+2 cos(nω)

1− 2η cos(ω) + η2

n∑

j=1

jηj sin(jω) =
1

(1− 2η cos(ω) + η2)2
{η(1− η2) sin(ω)− (n + 1) ηn+1 sin((n + 1)ω)

+ ηn+2[2(n + 1) sin(nω) + n sin((n + 2)ω)]

− ηn+3[(n + 1) sin((n− 1)ω) + 2n sin((n + 1)ω)] + nηn+4 sin(nω)}
n∑

j=1

jηj cos(jω) =
1

(1− 2η cos(ω) + η2)2
{η(1 + η2) cos(ω)− 2η2 − (n + 1) ηn+1 cos((n + 1)ω)

+ ηn+2[2(n + 1) cos(nω) + n cos((n + 2)ω)]

− ηn+3[(n + 1) cos(nω) + 2n cos((n + 1)ω)] + nηn+4 cos(nω)}

39



n∑

j=1

j2ηj sin(jω) =
(1− η cos ω) [(1− η cos ω)2 − 3η2 sin2 ω]

(1− 2η cos ω + η2)3

×{η sin ω + η2 sin(2ω)− (n + 1)2ηn+1 sin((n + 1)ω)

+ (2n2 + 2n− 1) ηn+2 sin((n + 2)ω)− n2ηn+3 sin((n + 3)ω)}
− η sin ω [η2 sin2 ω − 3(1− η cos ω)2]

(1− 2η cos ω + η2)3

×{η cos ω + η2 cos(2ω)− (n + 1)2ηn+1 cos((n + 1)ω)

+ (2n2 + 2n− 1) ηn+2 cos((n + 2)ω)− n2ηn+3 cos((n + 3)ω)}.

Proof. Direct application of Lemma 3 finishes the proof. Q.E.D.

Lemma 5 (a) For any integerp ≥ 0, there exists a constantc > 0 such that
∣∣∣∣∣

n∑

j=1

jpηj exp(ijω)

∣∣∣∣∣ ≤ c (1− η)−p−1

uniformly inω ∈ (−∞,∞), η ∈ (0, 1), andn > 0. (b) Assume thatω is uniformly bounded away

from2kπ for all k = 0,±1,±2 · · ·. Then, there is a constantc > 0 such that|∑n
j=1 exp(ijω)| ≤ c.

Furthermore, forp = 0, 1, 2, one can find a constantc > 0 such that
∣∣∣∣∣

n∑

j=1

jpηj exp(ijω)

∣∣∣∣∣ ≤ c

for all n > 0 andη ∈ (0, 1) if there exists a constantc0 > 0 such thatnpηn ≤ c0.

Proof. The first assertion follows from Lemma 1, coupled with the fact that
∣∣∣∣∣

n∑

j=1

jpηj exp(ijω)

∣∣∣∣∣ ≤
∞∑

j=1

jpηj.

To prove the second assertion, we note that for anyη ∈ (0, 1) andω 6= 2kπ,

|1− η exp(iω)| =
√

(1− η cos ω)2 + (η sin ω)2

≥ 1− η cos ω

≥ min(1, 1− cos ω) > 0.

Sincemin(1, 1 − cos ω) can be bounded below by a positive constant under the assumption that

ω is uniformly bounded away from2kπ, the proof can be finished by using Lemma 3 withz =
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η exp(iω) and by noting that the absolute value of the numerator of
∑n

j=1 jpzj can be bounded

above by a linear function ofnpηn for anyn > 0 andη ∈ (0, 1). Q.E.D.

The next group consists of three lemmas which deal with the asymptotic bounds and orders of

some quantities involving the noise process{εt}.

Lemma 6 Let {εt} be the random process in(6.81), and letp = 0, 1, 2. (a) For sufficiently large

n, it is true that
∣∣∣∣∣

n∑

t=1

εt exp(itω1)
t∑

j=1

jpηj exp(ijω2)

∣∣∣∣∣

= O((1− η)−p−1
√

n log n ) +O((1− η)−p−3/2
√

log n )

almost surely and uniformly inω1 andω2. (b) For any fixedω2 ∈ (0, 2π), and for sufficiently large

n, it is true that
∣∣∣∣∣

n∑

t=1

εt exp(itω1)
t∑

j=1

jpηj exp(ijω2)

∣∣∣∣∣

= O(
√

n log n ) +O((1− η)−p−1/2
√

log n )

almost surely and uniformly inω1.

Proof. For brevity, we only prove the case ofp = 2. To that end, letz := η exp(iω2), Then, by

Lemma 3(c), we obtain

n∑

t=1

εt exp(itω1)
t∑

j=1

j2zj =
4∑

k=1

Ik

where

I1 := (1− z)−3(z + z2)
n∑

t=1

εt exp(itω1),

I2 := − z(1− z)−1
n∑

t=1

t2ztεt exp(itω1),

I3 := − 2z(1− z)−2
n∑

t=1

t ztεt exp(itω1),

I4 := − z(1− z)−3(1 + z)
n∑

t=1

ztεt exp(itω1).

41



Since|1 − z| ≥ 1 − η cos ω2 ≥ 1 − η for anyω2, and since|z + z2| ≤ 2, it follows that |I1| =

O(δ−3|Fn(ω1)|) = O(δ−3
√

n log n ) almost surely and uniformly inω1 for largen [An, Chen and

Hannan (1982)]. Moreover, forq = 0, 1, 2, Lemma 7 ensures that
∣∣∣∣∣

n∑

t=1

tqηtεt exp(itω)

∣∣∣∣∣ = O(δ−q−1/2
√

log n )

almost surely and uniformly inω for largen. Therefore,|I2|, |I3| and |I4| can be expressed as

O(δ−7/2
√

log n ) almost surely and uniformly inω1 andω2. The first assertion is thus proved. For

the second assertion, it is sufficient to note that with fixedω2 ∈ (0, 2π) one obtains|1 − z| ≥
min(1, 1 − cos ω2) > 0 for anyη ∈ (0, 1) and thusIk = O(δ−4+k−1/2

√
log n ) for k = 2, 3, 4, all

of which are dominated byO(δ−5/2
√

log n ). Q.E.D.

Lemma 7 Let{εt} be the random process in(6.81) andp be a nonnegative integer. Then,

maxω |∑n
j=1 jpηjεj exp(ijω)|

(1− η)−p−1/2
√

log n
= O(1)

almost surely asn →∞ for anyη = η(n) ∈ (0, 1).

Proof. By Abel’s partial sum formula [Fischer (1983), p. 59],

Gn(ω) :=
n∑

j=1

jpηjεj exp(ijω)

= (n + 1)pηn+1Fn(ω)−
n∑

j=1

((j + 1)pηj+1 − jpηj) Fj(ω),

whereFj(ω) :=
∑j

t=1 εt exp (itω) is the Fourier transform of{ε1, · · · , εj}. Therefore,

max
ω
|Gn(ω)| ≤ (n + 1)pηn+1 max

ω
|Fn(ω)|+ δ

n∑

j=1

jpηj max
ω
|Fj(ω)|

+
n∑

j=1

p∑

k=1

Ck
p jp−kηj+1 max

ω
|Fj(ω)|.

It can be shown [An, Chen and Hannan (1982)] that there exist constantsc0 > 0 andn0 > 0

such thatmaxω |Fj(ω)| ≤ c0

√
j log j almost surely for anyj ≥ n0. It can also be shown that

(log n)−1/2 ∑n0
j=1 jpηj maxω |Fj(ω)| → 0 almost surely and uniformly inη asn → ∞. Therefore,

we can write

max
ω
|Gn(ω)| ≤ c0 (n + 1)pηn+1

√
n log n + c0 δ

n∑

j=n0

jpηj
√

j log j

+ c0

p∑

k=1

Ck
p

n∑

j=n0

jp−kηj+1
√

j log j + O(
√

log n ).
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According to Lemma 2, there exists a constantc1 > 0 such that
n∑

j=1

jp−kηj
√

j log j ≤ c1 δ−p+k−3/2
√

log n

for k = 0, 1, · · · , p andη = 1− δ ∈ (0, 1). Therefore, we obtain

max
ω
|Gn(ω)| ≤ c0(n + 1)pηn+1

√
n log n + c0c1δ

−(p+1/2)
√

log n

+ c0c1δ
−(p+3/2)

√
log n

p∑

k=1

Ck
p η δk + O(

√
log n ).

A sufficiently largec1 also ensures that
∑p

k=1 Ck
p η δk ≤ δ

∑p
k=1 Ck

p ≤ c1 δ for anyη = 1 − δ ∈
(0, 1). This result leads to

max
ω
|Gn(ω)| ≤ c0(n + 1)pηn+1

√
n log n

+ c0c1(1 + c1) δ−p−1/2
√

log n + O(
√

log n ).

To finish the proof, we note that the ratio of the first term to the second term in the forgoing

inequality can be expressed asO(bp+1/2
n ηn), wherebn := (1− η)n. If bn = O(1), thenbp+1/2

n ηn =

O(1) becauseηn ∈ (0, 1). On the other hand, ifbn →∞, thenbp+1/2
n ηn = bp+1/2

n (1− bn/n)n → 0.

Therefore, the first term on the right-hand side of the inequality either has the same order as the

second term or is dominated by the second term. The proof is complete upon noting that the second

term always dominates the third one. Q.E.D.

Lemma 8 Let{εt} be the random process in(6.81). Then, one obtains

(a)
n∑

t=1

εt exp(itω) = OP (n1/2),

(b) max
1≤t≤n

|
t∑

j=1

jpηj sin(jω)εj| = OP ((1− η)−p−1/2),

for anyω ∈ (−∞,∞) and any integerp ≥ 0.

Proof. The first assertion follows easily by calculating the variance. To show part (b), we note

that
∑n

j=1 jpηj sin(jω)εj is a martingale. Using the maximal inequality for sub-martingale, we

have

P

{
max
1≤t≤n

|
t∑

j=1

jpηj sin(jω)εj| > M(1− η)−p−1/2

}

≤ (1− η)2p+1

M2
Var

{
n∑

j=1

jpηj sin(jω)εj

}
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The proof is completed by observing that

Var

{
n∑

j=1

jpηj sin(jω)εj

}
= σ2

ε

n∑

j=1

j2pη2j sin2(jω)

≤ σ2
ε

∞∑

j=1

j2pη2j

≤ σ2
ε (1− η)−(2p+1)

together with an application of Lemma 1.

The last lemma concerns the variableλ defined by (2.3).

Lemma 9 Assume thatAn is defined in Theorem 1 withα0 = cos ω0 and ε > 0. If η → 1 as

n →∞, then the following assertions are valid.

(a) Letλ0 defined by(5.4). Then,

λ0 − ω0 = − (1− η)2

2η
α0(1− α2

0)
−1/2 +O((1− η)4),

and there exist constantsc0 > 0 andn0 > 0 such that|λ0 − ω0| ≤ c0(1− η)2 for n > n0.

(b) Letλ, λ′ ∈ Λn be determined byα, α′ ∈ An according to(2.3), Then

λ− λ′ = − 1

sin λ′
1 + η2

2η
(α− α′)

{
1 +

ξ sin λ′

2(1− ξ2)3/2

1 + η2

2η
(α− α′)

}

whereξ ∈ (−1, 1) depends onλ andλ′ and there exist constants0 < c < 1 andn0 > 0 such

that ξ2 ≤ c for all λ, λ′ ∈ Λn and forn > n0.

(c) There exist constantsc2 > c1 > 0 andn0 > 0 such thatc1|α− α0| ≤ |λ− λ0| ≤ c2|α− α0|
for all λ ∈ Λn andn > n0; in particular, these inequalities imply that|λ−λ0| = O((1−η)ε)

uniformly forλ ∈ Λn and for largen.

Proof. Let ξ0 := α0(1+η2)/(2η) = α0 +α0(1−η)2/(2η). Then, by expandingλ0 = arccos ξ0

into a second-order Taylor series atα0, we obtain

λ0 = ω0 − 1

(1− α2
0)

1/2

(1− η)2

2η
α0 − ξ∗

2(1− ξ2∗)3/2

(1− η)4

4η2
α2

0,
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whereξ∗ lies betweenξ0 andα0. Since−1 < α0 < 1 andξ0 → α0 asη → 1, it follows thatξ∗

can be bounded away from±1 for largen under the assumption thatη → 1 asn → ∞. As a

result, both(1− ξ2
∗)
−1 andη−1 can be bounded above by a constant. Part (a) of the lemma is thus

proved. Similarly, to show part (b), letξ1 := α(1 + η2)/(2η) andξ2 := α′(1 + η2)/(2η). Then, by

expandingλ = arccos ξ1 at ξ2 into a second-order Taylor series ofξ1 − ξ2, we obtain

λ− λ′ = arccos ξ1 − arccos ξ2

= − 1

(1− ξ2
2)

1/2

1 + η2

2η
(α− α′)

− ξ

2(1− ξ2)3/2

(1 + η2)2

4η2
(α− α′)2,

whereξ lies betweenξ1 andξ2. Note that asα andα′ vary inAn for largen, the pointsξ1 and

ξ2 always stay in a closed subinterval of(−1, 1), sayΞ ⊂ (−1, 1), which does not depend onn.

Therefore the pointξ also stays inΞ for largen. The proof of part (b) is complete upon noting that

ξ2 = cos λ′. By expandingλ at ξ0 into a first-order Taylor series ofξ1 − ξ0, one can prove part (c)

upon noting that(1 + η2)/(2η) is a monotone decreasing function ofη ∈ (0, 1) and hence can be

bounded away from 0 and∞ for largen becauseη → 1. Q.E.D.
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4. DRAGOŠEVIC̀, M. V. andSTANKOVI C̀, S. S.(1989). A generalized least squares method for fre-

quency estimation.IEEE Trans. Acoust., Speech, Signal Processing37805–819.

5. FISCHER, E. (1983).Intermediate Real Analysis. Springer-Verlag, New York.
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