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Abstract

Based on an asymptotic analysis of the contraction mapping (CM) method of Li and Kedem (IEEE

Trans. Inform. Theory, vol. 39, pp. 989–998, 1993), a bandwidth shrinkage rule is proposed for fast and

accurate estimation of the frequencies of multiple sinusoids from noisy measurements. The CM frequency

estimates are defined as the fixed-points of a contractive mapping formed by the lag-one autocorrelation

coefficient calculated from the output of a parametric filter applied to the observed time series. With judi-

ciously chosen bandwidth parameters according to the asymptotic analysis, the algorithm is shown to be able

to accommodate possibly poor initial values of precisionO(n−1/3) and converge to a final estimate whose

accuracy is arbitrarily close toO(n−3/2), the optimal error rate for frequency estimation under the Gaussian

assumption. The total computational complexity of the algorithm is shown to beO(nlogn), which is com-

parable to that ofn-point FFT. A novelty in the asymptotic analysis is that it accommodates closely-spaced

frequencies by allowing not only the filter bandwidth but also the frequency separation to be functions of the

sample sizen. This enables an assessment of the accuracy of the frequency estimates for given bandwidths

and initial values in situations where some or all of the frequencies are close to each other.

AMS 1991 subject classifications.Primary 62M10; Secondary 60G35, 93E12.

Key words and phrases.Autoregressive, filter, fixed-points, harmonic analysis, martingale difference, mixed

spectrum, nonlinear regression, signal processing, spectral analysis.
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1 Introduction

Consider a time series{y1, · · · ,yn} obtained from the following random process:

yt :=
p

∑
k=1

βk cos(ωkt + φk)+ εt, (1.1)

whereβk, ωk, andφk are unknown constants satisfyingβk > 0, 0< ω1 < · · ·< ωp < π, andφk ∈ (−π,π], and

{εt} is a zero-mean stationary process. This ‘multiple-sinusoid-plus-noise’ model has important scientific

and engineering applications in, for example, radar and sonar signal processing and rotating machinery.

A fundamental problem in these applications is to accurately estimate the unknown frequenciesωk. In

particular, an accuracy ofOP(n−1) is required for reliable assessment of the amplitudes of the sinusoids, as

demonstrated in [1] and [2]. Traditional methods of obtaining such accurate frequency estimates include

the maximization of periodogram (MP) as a continuous function of the frequency variable and the min-

imization of the error sum of squares by nonlinear least-squares (NLS) regression (which coincides with

the maximum likelihood method if{εt} is Gaussian white noise). Both MP and NLS are statistically effi-

cient for frequency estimation in the sense that the estimation error achieves asymptotically the Cram´er-Rao

lower bound (derived under the Gaussian white noise assumption) that can be expressed asOP(n−3/2) (e.g.,

[3]–[7]). Unfortunately, the computational requirements of these methods are quite prohibitive, not only be-

cause iterative optimization algorithms are needed to compute the estimates, but more importantly because

extremely precise initial values, typically of accuracyO(n−1), which cannot be obtained byn-point FFT,

are required to ensure convergence (e.g., [1], [4], [8], and [9]). Furthermore, the MP and NLS estimates

cannot be easily updated upon the arrival of new observations without re-processing the entire data record.

These considerations have motivated the proposal of many alternative methods in both statistical and signal

processing literature.

Iterative filtering (IF) is a favorite approach in signal processing to developing alternative methods of

frequency estimation that are computationally efficient (e.g., [10]–[15]). A typical IF algorithm repeats the

steps of enhancing the sinusoids with a bandpass filter and estimating the frequencies on the basis of the

filtered data. Since recursive filters are often employed by IF algorithms, the frequency estimates can be

easily updated upon the arrival of new observations in order to track possible frequency changes (e.g., [16]–

[19]). The general premise of the IF approach is that as the frequency estimates become more accurate, the

filter, which depends on the frequency estimates, would enhance the sinusoids more effectively and thus

further improve the precision of frequency estimation in the subsequent cycle of iteration. This, indeed, has

been vindicated by many numerical studies in the literature. What remains largely an open question is how

to design the filter on the basis of the available frequency estimates so that the entire iterative scheme would
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converge to a solution of improved accuracy.

Because the sinusoids are localized in the frequency domain, bandpass filters are often employed to

enhance them. One can use a filter with multiple passbands to simultaneously estimate all frequencies (e.g.,

[14] and [20]), or a filter with single passband to sequentially estimate each frequency (e.g., [21]). The first

approach may have higher frequency resolution, as indicated by many numerical studies, but at the expense

of greater computational complexity. In this paper, we focus on the second approach.

In essence, the second approach is an application of single-frequency estimation methods to the multiple

frequency case by regarding all but one sinusoids as interference and lumping them into the noise term

in (1.1). Since this approach relies on the bandpass filter to suppress both the noise and the interfering

sinusoids, the bandwidth selection becomes an important issue. If the bandwidth is too large, the noise and

the interfering sinusoids would not be effectively suppressed and the resulting frequency estimates would

be inaccurate. On the other hand, if the bandwidth is too small, the desired sinusoid could be filtered out by

a filter designed on the basis of poor frequency estimates and the iteration would not converge to the desired

solution.

The main contribution of this paper is to analytically quantify the role of bandwidth in determining

the required initial precision that ensures the convergence of an IF algorithm and the accuracy of the final

frequency estimates after convergence. The IF algorithm that we focus on in this paper is the contraction

mapping (CM) method of Li and Kedem [22]. This method employs a second-order autoregressive (AR)

filter endowed with a bandwidth parameter (for other filters, see [23]–[25]). Statistical and numerical prop-

erties of the CM method in the case of single sinusoid have been studied by Li and Kedem [22], Li, Kedem,

and Yakowitz [26], and most recently, by Song and Li [2], [27]. These studies show that if the bandwidth

is judiciously adjusted with the iteration, the CM method can accommodate poor initial guesses of accuracy

OP(1) and converge to a final frequency estimate whose accuracy is arbitrarily close toOP(n−3/2).

To investigate the CM method in the case of multiple sinusoids, one has to overcome two major obsta-

cles. First, the interfering sinusoids have very different statistical properties from the noise (e.g., discrete

versus continuous spectrum). Second, the interfering frequencies may reside in a close vicinity of the fre-

quency to be estimated. To deal with the first problem, the interaction of the sinusoids among themselves

and with the noise has to be carefully evaluated. To accommodate the second problem, we assume that the

minimum distance among the frequencies may depend on the sample sizen and may decrease to zero asn

tends to infinity. Under this assumption, the bandwidth must also depend on the separation of the frequen-

cies in order to suppress the interference. Consequently, the required initial precision for the CM iteration

to converge depends not only on the bandwidth parameter but also on the frequency separation. It is shown
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that when the frequencies are not too close to each other (as compared to the filter bandwidth), the CM

method retains its capability of producing accurate frequency estimates whose accuracy is arbitrarily close

to OP(n−3/2). The convergence is guaranteed as long as the initial precision isOP(n−1/3). This requirement

is easily satisfied by any root-n consistent estimates, including those produced by the multivariate IF method

in [14] and by the singular-value-decomposition-based methods such as MUSIC and ESPRIT (e.g., [28]).

The rest of the paper is organized as follows. In Sec. 2, we introduce the CM frequency estimator. In

Sec. 3, we present our main contributions in the form of five theorems and a resulting bandwidth shrinkage

rule that leads to a three-step algorithm capable of improving poor initial values of accuracyOP(n−1/3) to

produce a final frequency estimator whose accuracy is arbitrarily close toOP(n−3/2). A simulation example

is also given in this section to demonstrate the algorithm. The remaining sections are devoted entirely to the

mathematical proofs of the main results and are organized progressively in terms of technical complexity.

More specifically, Sec. 4 contains the proof of the theorems on the basis of some preliminary propositions.

The propositions are then proved in Sec. 5. Finally, some technical lemmas needed to prove the propositions

are given and proved in Sec. 6.

2 The CM Frequency Estimator

For any givenη ∈ (0,1) andα := cosω ∈ A := (−2η(1+ η2)−1,2η(1+ η2)−1) , let {yt(α)} be obtained

recursively from the observations{y1, · · · ,yn} according to

yt(α)+2θ(α)η yt−1(α)+ η2yt−2(α) = yt (t = 1, · · · ,n), (2.2)

wherey−1(α) = y0(α) := 0 and

θ(α) := − 1+ η2

2η
α := −cosλ . (2.3)

Note that (2.2) defines a causal stable AR(2) filter with transfer function(1+2θ(α)η B+η2B2)−1, where

B is the backward-shift operator such thatByt = yt−1. Note also thatλ ∈ (0,π) in (2.3) is uniquely deter-

mined byη ∈ (0,1) andα ∈ A.

Let the lag-one autocorrelation coefficient of{yt(α)} be estimated by

ρn(α) :=
∑n

t=1yt−1(α){yt(α)+ η2yt−2(α)}
(1+ η2)∑n

t=1y2
t−1(α)

. (2.4)

This estimator minimizes the weighted sum of the forward and backward prediction error sums of squares

defined bye2
n(ρ) := ∑n

t=1{yt(α)−ρ yt−1(α)}2+η2∑n
t=1{yt−2(α)−ρ yt−1(α)}2, whereη2 plays the role of
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a weight that discounts the contribution of the backward prediction errors. The CM method in [22] produces

the frequency estimates from the fixed-point iteration

α̂(m)
n := ρn(α̂(m−1)

n ) (m= 1,2, · · · ). (2.5)

Suppose that with an initial guessα̂(0)
n in some neighborhood ofαk := cosωk the sequence{α̂(m)

n } converges

to a fixed-pointα̂n asm→ ∞. Then, sinceα̂n can be regarded as an estimator ofαk, the frequencyωk =

arccos(αk) can be estimated by

ω̂n := arccos(α̂n). (2.6)

The convergence of (2.5) depends crucially on how close the initial valueα̂(0)
n is to αk. In other words, it

depends on the accuracy ofα̂(0)
n as an estimator ofαk. This initial accuracy required for convergence is in

turn determined by the bandwidth parameterη . Numerical experiments in [14] indicate that the closer isη to

unity, the more stringent is the requirement onα̂(0)
n and the more accurate is the resultingω̂n. Quantification

of this relationship in the presence of interfering sinusoids and noise is a main objective of this paper.

3 Main Results

We assume thatη is a function ofn such thatη → 1− asn → ∞. An equivalent assumption is thatδ :=

1−η → 0+. This assumption is necessary in order to achieve the optimal error rate for frequency estimation.

Furthermore, for anyk, ` ∈ {1, · · · , p}, let ω±
k` := ωk±ω`, ∆k` := |ω−

k`| = ∆`k, ∆k := min{∆k` : ` 6= k}, and

∆ := min{∆k : k = 1, · · · , p}. We assume, for analysis purposes, that∆k`, ∆k, and∆ may depend onn and

may tend to zero asn→ ∞. This assumption is made in order to model possible frequency clustering (i.e.,

frequencies that are closely spaced relative to the sample sizen). Finally, for technical reasons, we assume

that{εt} is a martingale difference sequence with respect to some filtration{Ft} such thatE{ε2
t |Ft−1}= σ2

ε

almost surely andE{ε4
t } < ∞ for all t. This assumption is less restrictive than the usuali.i.d. assumption

because it can be satisfied as long as theεt are independent, but not necessarily identically distributed, with

mean zero, varianceσ2
ε , and finite fourth-order moments (in this caseFt is the sigma field generated by

{ετ ,τ ≤ t}). Note that a martingale difference sequence is a white (uncorrelated) noise process, due to

the fact that Cov(εt ,εt−τ) = E{E(εtεt−τ |Ft−1)} = E{E(εt |Ft−1)εt−τ} = 0 for all τ > 0. Note also that the

complete knowledge about the distribution of{εt}, which may or may not be Gaussian, is not required in

our analysis.
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3.1 Asymptotic Properties

This section contains five theorems regarding some asymptotic properties of the CM estimator. The first

theorem concerns the existence of the CM estimatorα̂n as a fixed-point ofρn(α) and the convergence of the

CM iteration (2.5) toα̂n for a given initial valueα̂(0)
n .

Theorem 1 LetAnk := {α : |α −αk| ≤ aδ ε} ⊂ A be a neighborhood ofαk, where a> 0 andε ∈ (1, 3
2) are

constants. Assume that as n→ ∞, nηn = O(1), δ 3−2ε logn→ 0, and∆−2δ 2−ε = O(1). Then, for sufficiently

large n, the mappingα 7→ ρn(α) has almost surely a unique fixed-pointα̂n in Ank such thatρn(α̂n) = α̂n;

and for anyα̂(0)
n ∈Ank, the probability that the sequence{α̂(m)

n } defined by(2.5) converges tôαn as m→ ∞

is equal to unity.

Note thatnηn = O(1) impliesδn→ ∞. Therefore, Theorem 1 requires thatδ approach zero slower than

n−1. On the other hand, it also requires thatδ approach zero faster than(logn)−1/(3−2ε) so thatδ 3−2ε logn→
0. Both conditions are satisfied with the choice ofδ = O(n−ν) for any fixedν ∈ (0,1). For a givenδ ,

Theorem 1 requires that the minimum separation of the frequencies be at leastO(δ 1−ε/2), or O(n−ν+εν/2)

if δ = O(n−ν).

The next theorem shows that the CM estimator is strongly consistent.

Theorem 2 Assume that the conditions in Theorem 1 are satisfied. Letω̂n be defined by(2.6) whereα̂n is

the fixed-point ofρn(α) in Ank obtained from(2.5). Then, for any d≤ ε , δ−d(ω̂n−ωk) → 0 almost surely

as n→ ∞. In particular, ω̂n → ωk almost surely as n→ ∞.

In practice, the initial values may be provided by another estimation procedure. It is more appropriate in

such cases to regard̂α(0)
n as a random variable rather than a constant. For random initial values, Theorems 1

and 2 can be modified as follows.

Theorem 3 Let the conditions in Theorem 1 be satisfied. For anyα̂(0)
n , if P{α̂(0)

n ∈Ank}→ 1 as n→∞, then,

the probability that the sequence{α̂(m)
n } converges tôαn as m→ ∞ approaches unity as n→ ∞. Moreover,

for any d≤ ε , δ−d(ω̂n−ωk) → 0 in probability as n→ ∞.

Depending on how quicklyδ tends to zero, different rates of weak convergence to normality can be

established for the CM estimator. Two useful cases are considered in the following.

Theorem 4 Assume that the conditions in Theorem 1 are satisfied. If, in addition,δ 2n→ ∞, δ 5−2rn= O(1),

and∆−4δ r → 0 for some constant r∈ (0,1], thenδ−3/2n1/2 (ω̂n−ωk−δ 2η−1b−1
k ) D→ N(0,γ−2

k ) as n→ ∞,
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Table 1: Different Scenarios in Theorem 4

Bandwidth Initial Accuracy Error of̂ωn ∆−1 Cn(α , α̂n)

ν = 1
5
+ (r = 0+) OP(n−1/5) (ε = 1+) OP(n−2/5) O(1) O(1)

ν = 1
3 (r = 1) OP(n−1/3) (ε = 1+) OP(n−2/3) O(n1/12) O(1)

ν ∈ (1
3, 1

2) (r = 1) OP(n−1/2) (ε = 1
2ν ) OP(n−2ν) O(nν/4) O(n−1/2+ν)

whereγk := 1
2β 2

k /σ2
ε and bk := 2β 2

k /∑` 6=k β 2
` {cot(1

2ω−
k`))+cot(1

2ω+
k`)} are the signal-to-noise ratio and the

signal-to-interference ratio of the kth sinusoid, respectively.

The requirements in Theorem 4 can be satisfied byδ = O(n−ν) for any ν ∈ [ 1
5−2r ,

1
2). According to

Theorem 3, the initial precision for the CM iteration to converge can be expressed asOP(n−εν). This

requirement is satisfied by any estimator whose accuracy isOP(n−1/(5−2r)), which obviously includes all

root-n consistent estimators. With such initial values, the iteration (2.5) is guaranteed by Theorem 3 to

converge to the desired CM estimator, at least with probability tending to unity. By Theorem 4, the error of

ω̂n takes the form

ω̂n−ωk = max{OP(n−2ν),OP(n−(1+3ν)/2)} = OP(n−2ν),

which is always as small asOP(n−2/5) becauseν ∈ [ 1
5−2r ,

1
2)⊆ (1

5, 1
2) for anyr ∈ (0,1]. To achieve this error

rate, it is required by Theorem 4 that∆−1 = O(δ−r/4), i.e., the separation of the frequencies be greater than

O(δ r/4). Note that∆−4δ r → 0 for anyr ∈ (0,1] implies∆−2δ 2−ε → 0. Therefore, the frequency separation

condition is stronger in Theorem 4 than in Theorem 1.

Under three different scenerios, Table 1 summarizes the role of bandwidth selection in determining the

required initial accuracy, the error rate of the resulting CM estimator, and the required frequency separation.

It shows in particular that if a root-n consistent estimator is employed as the initial guess, then the CM

iteration is guaranteed to converge and the resulting error rate can be made arbitrarily close toOP(n−1) by

choosingν near1
2
−

(the third row in Table 1), provided the frequency separation is greater thanO(n−1/8).

Note that due to the interference from other sinusoids, the CM estimator in Theorem 4 is not as precise

as it would be in the case of single sinusoid for the same bandwidth [2]. The interference appears in

Theorem 4 as the deterministic bias termδ 2η−1b−1
k . This term dominates the random error that takes the

form O(δ 3/2n−1/2) and thus determines the precision ofω̂n. Since the bias tends to zero asn → ∞, ω̂n

remains to be consistent for estimatingωk, as ensured by Theorem 3. Except the bias, the asymptotic

distribution ofω̂n in Theorem 4 is the same as in the single-frequency case discussed in [2].
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Table 2: Different Scenarios in Theorem 5

Bandwidth Initial Accuracy Error of̂ωn ∆−1 Cn(α , α̂n)

ν = 1
2
+

OP(n−1/2) (ε = 1+) OP(n−1) O(n1/8) O(1)

ν ∈ (1
2, 2

3) OP(n−2/3) (ε = 2
3ν ) OP(n−2ν) O(nν/4) O(n−3/2+ν)

ν = 2
3
+

OP(n−2/3) (ε = 1+) OP(n−4/3) O(n1/6) O(1)

ν ∈ (2
3,1) OP(n−1) (ε = 1

ν ) OP(n−1−ν/2) O(nν/4) O(n−1+ν)

Theorem 4 requires thatδ approach zero at least as fast asn−1/(5−2r) but slower thann−1/2. The next

theorem concerns two situations in whichδ approaches zero faster thann−1/2.

Theorem 5 Let the conditions in Theorem 1 be satisfied.(a) If δ 2n→ 0 and∆−4δ → 0, thenδ−1/2n(ω̂n−
ωk−δ 2η−1b−1

k ) D→N(0,γ−1
k ) as n→∞. (b) If δ 3/2n→0and∆−4δ →0, thenδ−1/2n(ω̂n−ωk)

D→N(0,γ−1
k )

as n→ ∞.

Again, the asymptotic distribution of̂ωn in Theorem 5 is the same as in the single-frequency case

discussed in [2], except the interference-induced bias. The conditions in Theorem 5 can be satisfied by

δ = O(n−ν) for anyν ∈ (1
2,1). By Theorems 1 and 3, the required initial accuracy takes the formO(n−εν)

for almost sure convergence orOP(n−εν) for convergence with probability tending to unity. The error of the

resultingω̂n can be expressed as max{OP(n−2ν),OP(n−1−ν/2)}, which implies that

ω̂n−ωk =

{
OP(n−2ν) if ν ∈ (1

2, 2
3),

OP(n−1−ν/2) if ν ∈ (2
3,1).

Table 2 summarizes several scenarios of bandwidth selection under the conditions in Theorem 5. As can be

seen, the error of̂ωn is always smaller thanOP(n−1) if ν ∈ (1
2, 2

3) and smaller thanOP(n−4/3) if ν ∈ (2
3,1).

Most importantly, by choosingν near 1− (the fourth row in Table 2), the error rate can be made arbitrarily

close to the optimal valueOP(n−3/2).

3.2 A Three-Step Algorithm

Based on the asymptotic results, we now propose a bandwidth selection rule that capitalizes on the ability of

the CM estimator in accommodating poor initial values to produce improved frequency estimates. This leads

to a three-step algorithm for achieving the optimal statistical efficiency with a computational complexity

comparable to that of FFT.
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As shown in Table 2, in order to approach the optimal error rate, the initial guess should be at least

as accurate asOP(n−1). Such an initial guess can be obtained from the CM iteration with anyν ∈ (1
2, 2

3),

because Theorem 5 guarantees that the resulting estimator is always more accurate thanOP(n−1). To obtain

the latter estimator from the CM iteration, the required initial accuracy is reduced toOP(n−1/2), which,

according to Theorem 4, can be satisfied by the CM estimates with anyν ∈ [1
3, 1

2) when initialized by any

estimates of precisionOP(n−1/3) (see Table 1).

In summary, with three increasing values ofν , namely

ν1 ∈ [1
3, 1

2), ν2 ∈ (1
2, 2

3), ν3 = 1−,

the CM method is able to improve upon any initial estimates of precisionOP(n−1/3) and converge to a final

estimate whose accuracy is arbitrarily close to the optimal rateOP(n−3/2). Note that if a root-n consistent

estimator is employed as the first initial guess, then it suffices to takeν1 ∈ (1
3, 1

2). Note also that the required

frequency separation depends on the accuracy of the first initial guess: if that accuracy is merelyOP(n−1/3),

then the separation should be greater thanO(n−1/12); if a root-n consistent estimator is employed as the first

initial guess, then it suffices that the separation be greater thanO(n−1/8).

The computational complexity of this three-step algorithm is comparable to that ofn-point FFT, both

taking the formO(nlogn). To prove this assertion, consider the expressions of the contraction coefficient

Cn(α , α̂n) given in Tables 1 and 2. According to (4.13) and (4.14),

α̂(m+1)
n − α̂n = C(m)

n (α̂(m)
n − α̂n),

whereC(m)
n := Cn(α̂(m)

n , α̂n). In Step 3 of the algorithm, we haveC(m)
n = O(1) becauseν3 = 1− (Row 4 in

Table 2). Therefore, the number of iterations required to achieve the desired accuracyOP(n−3/2) from an

initial value of accuracyOP(n−1) can be expressed asO(logn). Similarly, the number of iterations required

in Step 2 takes the formO(1) becauseC(m)
n = O(n−3/2+ν2) (Row 2 in Table 2). In Step 1, if the initial

accuracy isOP(n−1/3), then the required number of iterations isO(logn) (Row 2 in Table 1); if the initial

accuracy isOP(n−1/2), then that number is reduced toO(1) (Row 3 in Table 1). Therefore, the total number

of iterations required to achieve the optimal error rate from an initial accuracyOP(n−1/3) or OP(n−1/2)

can be expressed asO(logn). The overall complexity takes the formO(nlogn) because the complexity of

updating the estimate in each iteration isO(n).

A simulation example is shown in Figure 1 to demonstrate the algorithm. The time series in this example

contains three equal-amplitude sinusoids of frequenciesω1 = 2π × 10.5/n, ω2 = 2π × 11.5/n, andω3 =

2π × 20.5/n, wheren = 64. The noise is a zero-mean white Gaussian process, with the sample variance
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Figure 1: Normalized CM frequency estimateŝω(m)
n /(2π) versus the number of iterationsm for different initial

values. Dashed lines represent the true frequencies and dotted lines represent the Fourier frequenciesj/n ( j = 1,2, · · ·).
The sample size isn = 64, and the signal-to-noise ratio is−6 dB for each sinusoid. The bandwidth parameters are

η1 = 0.96 for 1≤ m≤ 6, η2 = 0.98 for 7≤ m≤ 12, andη3 = 0.99 form≥ 13.

standardized so that the signal-to-noise ratio of each sinusoid is equal to−6 dB. Figure 1 shows the trajectory

of the normalized frequency estimatesω̂(m)
n /(2π), as functions ofm, obtained with different initial values,

whereω̂(m)
n := arccos(α̂(m)

n ). The CM iteration begins withη1 = 0.96; after 6 iterations, the bandwidth

parameter is increased toη2 = 0.98, and after 6 additional iterations, it is increased toη3 = 0.99. For each

initial value, the iteration converges to one of the frequencies with the final (highest) accuracy determined

by the last (smallest) bandwidth.

As suggested in [29], the convergence of the CM iteration can be accelerated by replacingρn(α) in

(2.5) with the modified mapping̃ρn(α) := ρn(α)µ +α (1−µ), whereµ 6= 1 is a constant. Note thatρ̃n(α)

has the same fixed-points asρn(α). Furthermore, since the contraction coefficient ofρ̃n(α) is C̃n(α , α̂n) :=

1− µ {1−Cn(α , α̂n)}, the CM iteration with the modified mapping is guaranteed to converge (under the

conditions in Theorem 1) ifµ satisfies 0< µ < 2/{1−Cn(α , α̂n)}. The choice ofµ = 2 is valid in particular

whenCn(α , α̂n) > 0 (as is the case in Figure 1). Forµ = 2, |C̃n(α , α̂n)| < Cn(α , α̂n) if 1
3 < Cn(α , α̂n) < 1.

This means that accelerated convergence can be achieved withρ̃n(α) when the convergence withρn(α) is

slow (e.g.,Cn(α , α̂n) ≈ 1). Figure 2 shows the trajectory of the CM estimates obtained with the modified

mapping (µ = 2) for the same data used in Figure 1. Accelerated convergence is evident.
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Figure 2: Same as in Figure 1 except that the modified mappingρ̃n(α) with µ = 2 is employed. The bandwidth

parameters areη1 = 0.96 for 1≤ m≤ 4, η2 = 0.98 for 5≤ m≤ 8, andη3 = 0.99 form≥ 9.

3.3 Remarks

So far, theφk in (1.1) are assumed to be constants. Alternatively, theφk can be ‘randomized’ by assuming that

they arei.i.d. random variables with uniform distribution in(−π,π] and are independent of{εt}. This leads

to a stochastic signal model in which the sinusoids become (second-order) stationary random processes.

The randomization does not alter our results presented in the previous sections because these results do not

dependent on the values ofφk. This can be easily justified, as demonstrated in [26], by first conditioning on

theφk to obtain a probabilistic statement (e.g., an estimator exists almost surely or with probability tending

to unity, or an estimator converges in distribution to a normal random variable whose mean and variance do

not depend on theφk) and then taking the expected value of the conditional probabilities with respect to the

φk. The same remark applies to the asymptotic error rate of MP and NLS frequency estimators.

Even though our discussion is focused on real-valued sinusoids, similar results can be obtained under

the complex-valued sinusoid-plus-noise modelyt = ∑p
k=1

βk exp{i(ωkt + φk)}+ εt . In this case, it suffices

to consider a complex AR(1) filter(1+ α B)−1, whereα := η exp(iω) andη ∈ (0,1). For this filter, the

(ensemble) lag-one autocorrelation coefficient of the filtered (white) noise is equal toα . Therefore, the filter

satisfies the “fundamental property” required by the CM method [22]. This property implies that whenp= 1

the lag-one autocorrelation coefficient of the filtered{yt} forms a contractive mapping whose unique fixed-

point is equal toη exp(iω1). Therefore, as in the real-valued case, frequency estimators can be obtained
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from the sample lag-one autocorrelation of the filtered observations. Note that the parameterη controls the

bandwidth of the AR(1) filter in the same way as it does the AR(2) filter.

4 Proof of the Theorems

The theorems are proved in this section on the basis of some preliminary propositions that are proved (if

necessary) later in Sec. 5.

First, we introduce some useful notation. LetΛnk be the set ofλ ∈ (0,π) determined by (2.3) with

α ∈Ank ⊂A. Sinceη → 1 and henceA→ (−1,1) asn→ ∞, it follows thatαk becomes an interior point of

A for largen. Furthermore, since the length ofAnk decreases with the increase ofn, the intervalAnk, there

exists a closed subintervalAk, which is independent ofn, such thatAnk ⊂ Ak for largen. As a result, there

is a closed subintervalΛk ⊂ (0,π), which is independent ofn, such thatΛnk ⊂ Λk for largen. Therefore,

anyλ ∈ Λnk can be uniformly bounded away from 0 andπ for largen.

Moreover, according to (2.2) and (2.3), we can write

yt(α)+ η2yt−2(α) = yt +(1+ η2)α yt−1(α).

Therefore, withλ ∈ (0,π) defined by (2.3), the mappingρn(α) in (2.4) can be expressed as

ρn(α) = α +(1+ η2)−1 sinλ
Φn(λ )
Ψn(λ )

, (4.1)

where

Ψn(λ ) := sin2 λ
n

∑
t=1

y2
t−1(α), Φn(λ ) := sinλ

n

∑
t=1

yt yt−1(α). (4.2)

Equation (4.1) shows that the behavior ofρn(α) in a neighborhood ofαk is determined by the behavior of

Ψn(λ ) andΦn(λ ) in a neighborhood ofλk ∈ (0,π), whereλk is defined by

cosλk =
1+ η2

2η
αk. (4.3)

The propositions in the following describe the behavior ofΨn(λ ) and Φn(λ ) and are prerequisite to the

proof of the theorems.

4.1 Preliminary Propositions

The first two propositions describe some asymptotic characteristics ofΨn(λ ) andΦn(λ ).

11



Proposition 1 LetΨn(λ ) be defined by(4.2) with λ ∈ Λnk, α ∈Ank, andε ∈ (1, 3
2). As n→ ∞, assume that

δ → 0, n(1−δ )n = O(1), and∆−1δ → 0. Then,

Ψn(λ ) = 1
8β 2

k η−2δ−2n+O(∆−4
k n)+O(∆−2

k δ−1n)+O(∆−2
k δ−1/2n

√
logn)

+O(δ−3)+O(δ−3/2n
√

logn)+O(δ−1nlogn)

+(λ −λk){O(∆−6
k δ−1)+O(∆−4

k δ−2)+O(∆−2
k δ−2n)+O(δ ε−4n)

+O(δ−5/2n
√

logn)+O(δ−2nlogn)} (4.4)

almost surely and uniformly inλ ∈ Λnk for sufficiently large n. Under the same assumptions,

Ψn(λ )−Ψn(λ ′) = (λ −λ ′){O(∆−6
k δ−1)+O(∆−4

k δ−2)+O(∆−2
k δ−2n)+O(δ ε−4n)

+ O(δ−5/2n
√

logn)+O(δ−2nlogn)} (4.5)

almost surely and uniformly inλ , λ ′ ∈ Λnk.

Proposition 2 LetΦn(λ ) be defined by(4.2). If the conditions in Proposition 1 are satisfied, then

Φn(λ ) = nη−1ξk +O(∆−4
k )+O(∆−2

k δ−1)+O(∆−4
k δ 2n)

+O(δ−1/2n
√

logn)+O(δ−1√nlogn)+O(δ−3/2√logn)

+(λ −λk){1
4β 2

k δ−2n+O(∆−4
k n)+O(∆−2

k δ−2)+O(δ−3)+O(δ ε−3n)

+O(δ−3/2n
√

logn)+O(δ−2
√

nlogn)+O(δ−5/2
√

logn)} (4.6)

almost surely and uniformly inλ ∈Λnk for sufficiently large n, whereξk := 1
8 ∑` 6=k β 2

` {cot(1
2ω−

k`)+cot(1
2ω+

k`)}.

Under the same assumptions,

Φn(λ )−Φn(λ ′) = (λ −λ ′){1
4β 2

k δ−2n+O(∆−4
k n)+O(∆−2

k δ−2)+O(δ−3)+O(δ ε−3n)

+O(δ−3/2n
√

logn)+O(δ−2√nlogn)+O(δ−5/2√logn)} (4.7)

almost surely and uniformly inλ , λ ′ ∈ Λnk.

The next result is presented without proof because it can be easily obtained from Propositions 1 and 2

together with the fact thatλ −λk = O(δ ε) for anyλ ∈ Λnk.

Corollary 1 Let the conditions in Proposition 1 be satisfied. If, in addition,δ 3−2ε logn→ 0 and∆−2
k δ → 0

12



as n→ ∞, then

Ψn(λ ) = 1
8β 2

k η−2δ−2n{1+O(∆−2
k δ )+O(δ−1n−1)+O(δ 1/2√logn)+O(δ 2ε−2)},

Ψn(λk) = 1
8β 2

k η−2δ−2n{1+O(∆−2
k δ )+O(δ−1n−1)+O(δ 1/2√logn)},

Ψn(λ )Ψn(λ ′) = 1
64β 4

k η−4δ−4n2{1+O(∆−2
k δ )+O(δ−1n−1)+O(δ 1/2√logn)+O(δ 2ε−2)},

Ψn(λ )−Ψn(λ ′) = (λ −λ ′){O(∆−2
k δ−2n)+O(δ ε−4n)},

Φn(λ ) = O(∆−2
k δ−1)+O(δ ε−2n),

Φn(λk) = O(∆−2
k δ−1)+O(δ−1/2n

√
logn),

Φn(λ )−Φn(λ ′) = (λ −λ ′) 1
4β 2

k δ−2n{1+O(∆−4
k δ 2)+O(δ−1n−1)+O(δ 1/2√logn)+O(δ ε−1)},

almost surely and uniformly inλ , λ ′ ∈ Λnk for sufficiently large n.

The next two propositions play an important role in establishing the asymptotic normality of the CM

frequency estimator. One of them is cited from the literature without proof.

Proposition 3 Under the conditions in Proposition 1,

Φn(λk) = Wn1 +Wn2 +nη−1ξk +OP(∆−4
k )+OP(∆−2

k δ−1)

+OP(∆−4
k δ 2n)+OP(∆−2

k n1/2),

where

Wn1 := 1
2 βkδ g(λk−ωk)

n

∑
t=1

εt (ηn−t −η t−1) sin(tωk + φk), (4.8)

Wn2 :=
n

∑
t=1

t−1

∑
j=0

η j−1sin( jλk)εt εt− j , (4.9)

and g(λ ) := (1−2η cosλ + η2)−1.

Proposition 4 [2] Let Wn1 and Wn2 be defined by(4.8) and(4.9), respectively. Then, under the conditions

in Proposition 1,δ 3/2Wn1
D→ N(0, 1

8β 2
k σ2

ε ) andδ 1/2n−1/2Wn2
D→ N(0, 1

4σ4
ε ) as n→ ∞.

The final proposition, cited without proof, describes some useful relations betweenλ andα .

Proposition 5 [27] LetAnk be defined in Theorem 1 withαk = cosωk andε > 0. If η → 1 (δ = 1−η → 0)

as n→ ∞, then the following assertions are valid.
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(a) Let λk be defined by(4.3), then

λk−ωk = − 1
2η−1δ 2αk(1−α2

k )−1/2 +O(δ 4).

Moreover, there exist constants c0 > 0 and n0 > 0 such that|λk−ωk| ≤ c0δ 2 for n > n0.

(b) Let λ , λ ′ ∈ Λnk be determined byα , α ′ ∈ Ank according to(2.3), then

λ −λ ′ = − 1
sinλ ′

1+ η2

2η
(α −α ′)

{
1+

ξ sinλ ′

2(1−ξ 2)3/2

1+ η2

2η
(α −α ′)

}

whereξ ∈ (−1,1) depends onλ and λ ′ and there exist constants0 < c < 1 and n0 > 0 such that

ξ 2 ≤ c for all λ , λ ′ ∈ Λnk and for n> n0.

Equipped with these propositions, let us now prove the theorems.

4.2 Proof of Theorem 1

It suffices to show thatρn(α) is a contractive mapping inAnk. This can be done by proving that the following

inequalities hold almost surely for sufficiently largen (e.g., [30], p. 251, Theorem 5.2.3):

|ρn(α)−ρn(α ′)| ≤ c|α −α ′| (4.10)

for all α ,α ′ ∈ Ank, wherec∈ (0,1) is a constant, and

|ρn(αk)−αk| ≤ (1−c)aδ ε , (4.11)

wherec is given in (4.10) anda is given in Theorem 1. Let us now prove these inequalities.

Proof of(4.10). It follows from (4.1) that

ρn(α)−ρn(α ′) = α −α ′+Rn, (4.12)

where

Rn := (J1 +J2+J3){(1+ η2)Ψn(λ )Ψn(λ ′)}−1,

J1 := {Ψn(λ ′)−Ψn(λ )}Φn(λ )sinλ ,

J2 := {Φn(λ )−Φn(λ ′)}Ψn(λ )sinλ ,

J3 := (sinλ −sinλ ′)Φn(λ ′)Ψn(λ ).
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Note that∆−2δ 2−ε = O(1) implies∆−2δ → 0. Therefore, by Corollary 1,

J1 = (λ −λ ′){O(∆−4
k δ−3n)+O(∆−2

k δ ε−5n)+O(∆−2
k δ ε−4n2)+O(δ 2ε−6n2)},

J2 = (λ −λ ′)sinλ 1
32β 4

k η−2δ−4n2{1+O(∆−2
k δ )+O(δ−1n−1)+O(δ 1/2√logn)+O(δ ε−1)},

J3 = (λ −λ ′){O(∆−2
k δ−3n)+O(δ ε−4n2)}}.

Since sinλ can be bounded away from zero uniformly for allλ ∈ Λnk, it follows that

J1 +J2 +J3 = (λ −λ ′)sinλ 1
32β 4

k η−2δ−4n2{1+O(∆−2
k δ )

+ O(δ−1n−1)+O(δ 1/2√logn)+O(δ ε−1)}.

This, combined with the expression forΨn(λ )Ψn(λ ′) in Corollary 1, leads to

Rn = (λ −λ ′)sinλ 2η2(1+ η2)−1{1+O(∆−2
k δ )

+ O(δ−1n−1)+O(δ 1/2√logn)+O(δ ε−1)}.

Furthermore, sinceα − α ′ = O(δ ε ), it follows from Proposition 5(b) thatλ − λ ′ = −(2η sinλ )−1(1+

η2)(α −α ′){1+O(δ ε)}. Substituting this expression in the foregoing equation yields

Rn = −η (α −α ′){1+O(∆−2
k δ )+ O(δ−1n−1)+O(δ 1/2√logn)+O(δ ε−1)}.

Therefore, (4.12) can be rewritten as

ρn(α)−ρn(α ′) = Cn(α ,α ′)(α −α ′), (4.13)

whereCn(α ,α ′) := {ρn(α)−ρn(α ′)}/(α −α ′) can be expressed as

Cn(α ,α ′) = 1−η {1+O(∆−2
k δ )+O(δ−1n−1)+O(δ 1/2√logn)+O(δ ε−1)}

= δ +O(∆−2
k δ )+O(δ−1n−1)+O(δ 1/2√logn)+O(δ ε−1). (4.14)

The proof is complete upon noting thatCn(α ,α ′) a.s.→ 0 uniformly in α , α ′ ∈ Ank.

Proof of (4.11). It follows from (4.1) thatρn(αk)−αk = sinλk Φn(λk){(1+ η2)Ψn(λk)}−1, whereλk

is defined by (4.3). According to Corollary 1,

Φn(λk)
Ψn(λk)

= O(∆−2
k δn−1)+O(δ 3/2√logn).

Sinceδ 3−2ε logn→ 0, one can writeO(δ 3/2√logn) = O(δ ε). Sinceδn→ ∞ and∆−2δ 2−ε = O(1), one can

write ∆−2
k δ 1−εn−1 → 0 and hence∆−2

k δn−1 = O(δ ε). Combining these results yields

ρn(αk)−αk = O(δ ε)

almost surely for largen. The proof is thus complete.
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4.3 Proof of Theorem 2

Let α̂n be the fixed-point ofρn(α) in Ank. Then, it follows from (4.13) that

α̂n−αk = Cnk(α̂n−αk)+ ρn(αk)−αk,

whereCnk := Cn(α̂n,αk). This equation can be rewritten as

α̂n−αk = (1−Cnk)
−1{ρn(αk)−αk},

which, combined with (4.1), leads to

α̂n−αk = {(1+ η2)(1−Cnk)}−1 sinλk

Φn(λk)
Ψn(λk)

. (4.15)

Moreover, by Corollary 1,δ 2n−1Ψn(λk) → 1
8β 2

k and Φn(λk) = O(∆−2
k δ−1) + O(δ−1/2n

√
logn) almost

surely asn→ ∞. Combining these results with the fact thatCnk→ 0 gives rise tôαn−αk = O(δ 2n−1Φn(λk))

= O(∆−2
k δn−1)+O(δ 3/2√logn). Finally. sinceδ 3−2ε logn→ 0, δn→ ∞, and∆−2δ 2−ε = O(1), it follows

that

δ−d(α̂n−αk) = O(∆−2
k δ 1−dn−1)+O(δ 3/2−d√logn) a.s.→ 0

for anyd ≤ ε . The proof is complete upon noting (2.6) and the fact thatωk = arccos(αk).

4.4 Proof of Theorem 3

If ρn(α) is contractive (inAnk), i.e., if it satisfies (4.10) and (4.11), then̂α(m)
n → α̂n as m→ ∞ for any

α̂(0)
n ∈ Ank. This implies that

P
{

lim
m→∞

α̂(m)
n = α̂n

}
≥ P{ρn(α) is contractive and̂α(0)

n ∈ Ank}
= P{ρn(α) is contractive}

− P{ρn(α) is contractive and̂α(0)
n /∈ Ank}

≥ P{ρn(α) is contractive}−P{α̂(0)
n /∈ Ank}.

By Theorem 1,P{ρn(α) is contractive} = 1 for largen. By assumption,P{α̂(0)
n ∈ Ank} → 1 asn → ∞.

Combining these results leads toP{limm→∞ α̂(m)
n = α̂n} → 1 asn → ∞. The second part of the assertion

follows from a similar argument coupled with Theorem 2.
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4.5 Proof of Theorem 4

Consider (4.15), and observe that sinλk
a.s.→ sinωk by Proposition 5(a),δ 2n−1Ψn(λk)

a.s.→ 1
8β 2

k by Corol-

lary 1, andCnk
a.s.→ 0 by (4.14). Therefore, according to Slutsky’s theorem (e.g., [31], p. 337, Theorem 1.4),

δ−3/2n1/2 (α̂n−αk) has the same asymptotic distribution as

Zn1 := 4β−2
k sinωk δ 1/2n−1/2Φn(λk). (4.16)

Note thatΦn(λk) has the expression in Proposition 3 whereWn1 = OP(δ−3/2) by Proposition 4. Therefore,

under the assumption thatδ 2n → ∞, δ 5−2rn = O(1), and∆−4δ r → 0, it follows from Proposition 3 that

δ 1/2n−1/2{Φn(λk)− nη−1ξk} has the same asymptotic distribution asδ 1/2n−1/2Wn2, which, by Proposi-

tion 4, isN(0, 1
4σ4

ε ). Therefore,

Zn1−δ 1/2n1/2η−1ξ ′
k

D→ N(0,γ−2
k sin2ωk),

whereξ ′
k := 4β−2

k ξk sinωk. Combining these results yields

δ−3/2n1/2 (α̂n−αk−δ 2η−1ξ ′
k)

D→ N(0,γ−2
k sin2 ωk).

Sinceξ ′
k = b−1

k sinωk, the proof is complete upon noting thatω̂n−ωk has the same asymptotic distribution

as(α̂n−αk)/sinωk by the delta method (e.g., [31], p. 337, Theorem 1.5).

4.6 Proof of Theorem 5

By using an argument similar to the proof of Theorem 4, one can show from (4.15) thatδ−1/2n(α̂n −αk)

has the same asymptotic distribution as

Zn2 := 4β−2
k sinωk δ 3/2Φn(λk),

whereΦn(λk) has the expression in Proposition 3 andWn2 = OP(δ−1/2n1/2) by Proposition 4. Therefore,

under the assumption thatδ 2n→0 and∆−4δ → 0, it follows from Proposition 3 thatδ 3/2{Φn(λk)−nη−1ξk}
has the same asymptotic distribution asδ 3/2Wn1, namelyN(0, 1

8β 2
k σ2

ε ) by Proposition 4. This implies that

Zn2−δ 3/2nη−1ξ ′
k

D→ N(0,γ−1
k sin2ωk),

and hence

δ−1/2n(α̂n−αk−δ 2η−1ξ ′
k)

D→ N(0,γ−1
k sin2 ωk).

An application of the delta method leads toδ−1/2n(ω̂n−ωk−δ 2η−1b−1
k ) D→ N(0,γ−1

k ). Furthermore, if, in

addition,δ 3/2n→0, thenδ−1/2n(ω̂n−ωk) has the same asymptotic distributionN(0,γ−1
k ) becauseδ−1/2n×

δ 2η−1b−1
k → 0. The proof is complete.
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5 Proof of the Propositions

This section is devoted to the proof of Propositions 1–3. For convenience, the following short-hand notation

will be employed throughout the section:

ck(t) := βk cos(tωk + φk), sk(t) := βksin(tωk + φk), (5.1)

pt(λ ) :=
t−1

∑
j=0

η j−1sin( jλ ), qt(λ ) :=
t−1

∑
j=0

η j−1cos( jλ ), (5.2)

ft`(λ ) :=
t−1

∑
j=0

η j−1sin( jλ ) cos( jω`), gt`(λ ) :=
t−1

∑
j=0

η j−1sin( jλ ) sin( jω`). (5.3)

Lemmas 4–8 in Sec. 6 contain the essential technical results regarding these and some related quantities. It

is also important to note thatyt(α), which is defined by (2.2) and (2.3), can be written explicitly as

yt(α) =
1

sinλ

t

∑
j=0

η j−1sin( jλ )yt− j+1. (5.4)

This expression can be verified simply by substituting (5.4) into the left-hand side of (2.2) and confirming

that the substitution results inyt , which is the right-hand side of (2.2). Finally, it is alway assumed in the

sequel thatλ ∈ Λnk andε ∈ (1, 3
2).

5.1 Proof of Proposition 1

Let zk(t) := ∑` 6=kc`(t). In estimating thekth frequency,zk(t) can be regarded as the interference from the

other sinusoids. By replacingyt in (5.4) with its definition given by (1.1), we can write

yt−1(α) =
1

sinλ
{ut(λ )+vt(λ )+wt(λ )}, (5.5)

where

ut(λ ) :=
t−1

∑
j=0

η j−1sin( jλ )ck(t − j), (5.6)

vt(λ ) :=
t−1

∑
j=0

η j−1sin( jλ )εt− j , (5.7)

wt(λ ) :=
t−1

∑
j=0

η j−1sin( jλ )zk(t − j). (5.8)

Note thatut(λ ) andvt(λ ) represent the contributions of thekth sinusoid and the noise, respectively; these

terms remain the same as in the case of single sinusoid. The third termwt(λ ) is the contribution of the other

sinusoids; it is the extra term in the case of multiple sinusoids.
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To prove (4.4) and (4.5) withΨn(λ ) defined by (4.2), we first note that

y2
t−1(α) =

1

sin2 λ
{u2

t (λ )+v2
t (λ )+2ut(λ )vt(λ )

+ w2
t (λ )+2ut(λ )wt(λ )+2vt(λ )wt(λ )}. (5.9)

As can be seen, the first three terms in (5.9) are the same as in the case of single sinusoid. The remaining

terms involve the contribution of the other sinusoids. It suffices to show that these terms are asymptotically

negligible. The main effort in the following proof is to evaluate the contribution,wt(λ ), of the interfering

sinusoids. With this in mind, we now prove (4.4) and (4.5).

5.1.1 Proof of (4.4)

By substituting (5.9) in the expression ofΨn(λ ) in (4.2), we can write

Ψn(λ ) = Vn(λ )+
n

∑
t=1

{w2
t (λ )+2ut(λ )wt(λ )+2vt(λ )wt(λ )}

:= Vn(λ )+T1(λ )+T2(λ )+T3(λ ), (5.10)

whereVn(λ ) := ∑{u2
t (λ )+2ut(λ )vt(λ )+v2

t (λ )}. SinceVn(λ ) is the same as in the case of single sinusoid,

by Proposition 1 in [2],Vn(λ ) has the asymptotic expression in the right-hand side of (4.4) with∆k := 1.

Therefore, it suffices to show that the following expressions hold almost surely and uniformly inλ ∈ Λnk

for largen:

T1(λ ) = O(∆−4
k n)+ (λ −λk){O(∆−2

k δ−2n)+O(δ ε−4n)}, (5.11)

T2(λ ) = O(∆−2
k δ−1n)+ (λ −λk){O(∆−6

k δ−1)+O(∆−4
k δ−2)

+ O(∆−2
k δ−2n)+O(δ ε−4n)}, (5.12)

T3(λ ) = O(∆−2
k δ−1/2n

√
logn)+ (λ −λk)O(δ−5/2n

√
logn). (5.13)

These expressions are derived in the following by an intensive use of Taylor series expansion (TSE).

A. Proof of (5.11)

The TSE ofT1(λ ) := ∑w2
t (λ ) at λk takes the form

T1(λ ) = T1(λk)+ (λ −λk) Ṫ1(λ
∗), (5.14)

whereλ ∗ lies betweenλ andλk, andṪ1(λ ) is the derivative ofT1(λ ).
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First, considerT1(λk) in (5.14). It is easy to show from (5.8) that

wt(λ ) = ∑̀
6=k

{c`(t) ft`(λ )+ s̀ (t)gt`(λ )} := wt1(λ )+wt2(λ ). (5.15)

Therefore, one can write

T1(λk) =
n

∑
t=1

{w2
t1(λk)+2wt1(λk)wt2(λk)+w2

t2(λk)}. (5.16)

Sinceλk −ωk = O(δ 2) by Proposition 5(a), it follows from Lemma 6(a) and Lemma 7(b) thatft`(λk) =

O(∆−2
`k )+O(1) = O(∆−2

`k ). Similarly, gt`(λk) = O(∆−2
`k ). Substituting these results in (5.15) yields

wt1(λk) = O(∆−2
k ), wt2(λk) = O(∆−2

k ), wt(λk) = O(∆−2
k ). (5.17)

This, combined with (5.16), implies that

T1(λk) = O(∆−4
k n). (5.18)

Furthermore, it is easy to see from (5.16) that

Ṫ1(λ
∗) = 2

n

∑
t=1

(ẇ∗
t1 w∗

t1 + ẇ∗
t1w∗

t2 + ẇ∗
t2w∗

t1 + ẇ∗
t2w∗

t2)

:= T11+T12+T13+T14,

wherew∗
t j := wt j(λ ∗) andẇ∗

t j := ẇt j(λ ∗) ( j = 1,2). The first termT11 := 2∑ ẇ∗
t1 w∗

t1 can be rewritten as

T11 = 2 ∑
`,`′ 6=k

n

∑
t=1

c`(t)c`′(t) ft`(λ
∗) ḟt`′(λ

∗).

Sinceλ ∗−ωk = O(δ ε ), it follows from Lemma 6(a) and Lemma 7(b) thatft`(λ
∗) = O(∆−2

`k )+O(δ ε−2). By

Lemma 7(a),ḟt`′(λ
∗) = O(δ−2). Thus, ft`(λ

∗) ḟt`′(λ
∗) = O(∆−2

`k δ−2)+O(δ ε−4) andT11 = O(∆−2
k δ−2n) +

O(δ ε−4n). Similarly, T12 := 2∑ ẇ∗
t1w∗

t2 can be rewritten as

T12 = 2 ∑
`,`′ 6=k

n

∑
t=1

s̀ (t)c`′(t)gt`(λ
∗) ḟt`′(λ

∗).

Sincegt`(λ
∗) = O(∆−2

`k ) + O(δ ε−2), it follows that gt`(λ
∗) ḟt`′(λ

∗) = O(∆−2
`k δ−2) + O(δ ε−4) andT12 =

O(∆−2
k δ−2n) + O(δ ε−4n). A similar argument can be employed to show thatT13 andT14 also take the form

O(∆−2
k δ−2n)+O(δ ε−4n). Combining these results yields

Ṫ1(λ
∗) = O(∆−2

k δ−2n)+O(δ ε−4n). (5.19)

The proof is complete after substituting (5.19) and (5.18) into (5.14).
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B. Proof of (5.12)

By definition,T2(λ ) = 2∑ut(λ )wt(λ ). Consider the TSE

T2(λ ) = T2(λk)+ Ṫ2(λ
∗)(λ −λk), (5.20)

whereλ ∗ is betweenλ andλk. It is easy to show from (5.6) that

ut(λ ) = ck(t) ftk(λ )+sk(t)gtk(λ ). (5.21)

Thus, by Lemma 7(a),ut(λk) = O(δ−1). This, combined with (5.17), leads tout(λk)wt(λk) = O(∆−2
k δ−1),

which, in turn, implies that

T2(λk) = O(∆−2
k δ−1n). (5.22)

Moreover, it is easy to see that

Ṫ2(λ
∗) = 2

n

∑
t=1

{u̇t(λ ∗)wt(λ ∗)+ut(λ ∗)ẇt(λ ∗)} := Ṫ21+ Ṫ22.

Therefore, if one can show that

Ṫ2(λ
∗) = O(∆−6

k δ−1)+O(∆−4
k δ−2)+O(∆−2

k δ−2n)+O(δ ε−4n), (5.23)

then (5.12) would be obtained by substituting (5.23) and (5.22) into (5.20).

To prove (5.23), we note that ˙ut(λ ∗) = O(δ−2) by Lemma 7(a) andwt(λ ∗) = O(∆−2
k )+ O(δ ε−2) by

Lemma 6(a) and Lemma 7(c). Therefore,Ṫ21 := 2∑ u̇t(λ ∗)wt(λ ∗) = O(∆−2
k δ−2n)+O(δ ε−4n). To evaluate

Ṫ22 := 2∑ut(λ ∗)ẇt(λ ∗), we note that by Lemma 7(b),ut(λ ∗) = ut(λk)+O(δ ε−2) andẇt(λ ∗) = ẇt(λk)+

O(δ ε−3), and by Lemma 7(a),ut(λk) = O(δ−1) andẇt(λk) = O(δ−2). Therefore,

ut(λ ∗)ẇt(λ ∗) = ut(λk)ẇt(λk)+O(δ ε−4)+O(δ 2ε−5)

= ut(λk)ẇt(λk)+O(δ ε−4).

It can be shown, by Lemma 8(c), that∑ut(λk)ẇt(λk) = O(∆−6
k δ−1)+O(∆−4

k δ−2)+O(∆−2
k δ−3)+O(∆−4

k n)

+ O(δ−2n). Therefore,Ṫ22 = O(∆−6
k δ−1)+O(∆−4

k δ−2)+O(∆−2
k δ−3)+O(∆−4

k n)+O(δ ε−4n). This, com-

bined with the fact thatδn→ ∞, proves (5.23).

C. Proof of (5.13)

ConsiderT3(λ ) := 2∑vt(λ )wt(λ ) = T3(λk)+ Ṫ3(λ ∗)(λ ∗ −λk). It follows from Lemma 1(a) thatvt(λ ) =

O(δ−1/2√logt ) almost surely and uniformly (inλ andη) for large t. This, combined with (5.17), leads
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to T3(λk) = O(∆−2
k δ−1/2n

√
logn). Moreover, by Lemma 1(a), ˙vt(λ ) = O(δ−3/2√logt ) almost surely and

uniformly for larget. Combining these results withwt(λ ∗) = O(δ−1) andẇt(λ ∗) = O(δ−2), as guaranteed

by Lemma 7(a), yields

Ṫ3(λ
∗) = 2

n

∑
t=1

{vt(λ ∗)ẇt(λ ∗)+ v̇t(λ ∗)wt(λ ∗)}

= O(δ−2n)×O(δ−1/2√logn)+O(δ−1n)×O(δ−3/2√logn)

= O(δ−5/2n
√

logn). (5.24)

Equation (5.13) follows immediately.

5.1.2 Proof of (4.5)

Let Ψ′
n(λ ) := T1(λ )+ T2(λ )+ T3(λ ). Then,Ψn(λ ) = Vn(λ )+ Ψ′

n(λ ). According to Proposition 1 in [2],

Vn(λ )−Vn(λ ′) has the same asymptotic expression as in the right-hand side of (4.5) with∆k := 1. Further-

more, the TSE ofΨ′
n(λ ) at λ ′ can be written as

Ψ′
n(λ )−Ψ′

n(λ ′) = (λ −λ ′){Ṫ1(λ
∗)+ Ṫ2(λ

∗)+ Ṫ3(λ
∗)},

whereλ ∗ lies betweenλ andλ ′. This, combined with (5.19), (5.23), and (5.24), leads toΨ′
n(λ )−Ψ′

n(λ ′) =

(λ − λ ′){O(∆−6
k δ−1) + O(∆−4

k δ−2) + O(∆−2
k δ−2n) + O(δ ε−4n) + O(δ−5/2n

√
logn)}. The proof is com-

plete.

5.2 Proof of Proposition 2

It is easy to show from (1.1), (4.2), and (5.4) that

Φn(λ ) =
n

∑
t=1

t−1

∑
j=0

η j−1sin( jλ )yt yt− j = Un(λ )+
5

∑
i=1

Si(λ ), (5.25)

where

Un(λ ) :=
n

∑
t=1

t−1

∑
j=0

η j−1sin( jλ ){ck(t)+ εt}{ck(t − j)+ εt− j}, (5.26)

S1(λ ) :=
n

∑
t=1

t−1

∑
j=0

η j−1sin( jλ )zk(t)ck(t − j) (5.27)

S2(λ ) :=
n

∑
t=1

t−1

∑
j=0

η j−1sin( jλ )zk(t − j)εt , (5.28)
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S3(λ ) :=
n

∑
t=1

t−1

∑
j=0

η j−1sin( jλ )zk(t − j)ck(t),

S4(λ ) :=
n

∑
t=1

t−1

∑
j=0

η j−1sin( jλ )zk(t)εt− j ,

S5(λ ) :=
n

∑
t=1

t−1

∑
j=0

η j−1sin( jλ )zk(t)zk(t − j). (5.29)

In these expressions,n−1S1(λ ) is the sample covariance between thekth filtered sinusoid and the interfer-

ence;n−1S2(λ ) is the sample covariance between the noise and the filtered interference;n−1S3(λ ) is the

sample covariance between thekth unfiltered sinusoid and the filtered interference;n−1S4(λ ) is the sam-

ple covariance between the filtered noise and the unfiltered interference; andn−1S5(λ ) is the covariance

between the unfiltered and the filtered interferences. With this in mind, let us prove (4.6) and (4.7).

5.2.1 Proof of (4.6)

By Proposition 2 in [2],Un(λ ) has the same asymptotic expression as in the right-hand side of (4.6) with

∆k := 1. Therefore, (4.6) is a direct consequence of the following:

S1(λ ) = O(∆−4
k )+O(∆−2

k δ−1)

+ (λ −λk){O(∆−4
k δ−1)+O(∆−2

k δ−2)+O(δ ε−3n)}, (5.30)

S2(λ ) = O(δ−1√nlogn)+O(δ−3/2√logn)

+ (λ −λk){O(δ−2√nlogn)+O(δ−5/2√logn)}, (5.31)

S3(λ ) = same as the right-hand side of (5.30), (5.32)

S4(λ ) = same as the right-hand side of (5.31), (5.33)

S5(λ ) = nη−1ξk +O(∆−4
k δ 2n)+O(∆−2

k δ−1)

+ (λ −λk){O(∆−2
k δ−2)+O(∆−4

k n)+O(δ ε−3n)}. (5.34)

whereξk is defined in Proposition 2. Note that we only need to prove (5.30), (5.31), and (5.34) because

(5.32) and (5.33) can be easily derived from these results by observing the symmetry in their definitions.

A. Proof of (5.30)

It is easy to see from (5.27) that

S1(λ ) = ∑̀
6=k

n

∑
t=1

c`(t){ck(t) ftk(λ )+sk(t)gtk(λ )}.
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Consider the second-order TSE

S1(λ ) = S1(λk)+ (λ −λk){Ṡ1(λk)+ 1
2S̈1(λ

∗)(λ −λk)}, (5.35)

whereλ ∗ is betweenλ and λk. By Lemma 8(a) and Lemma 8(b),S1(λk) = O(∆−4
k ) + O(∆−2

k δ−1) and

Ṡ1(λk) = O(∆−4
k δ−1)+O(∆−2

k δ−2)+O(δ−1n). By Lemma 7(a),S̈1(λ
∗) = O(δ−3n). Equation (5.30) fol-

lows from these results and the fact thatλ −λk = O(δ ε).

B. Proof of (5.31)

It follows from (5.28) that

S2(λ ) = ∑̀
6=k

n

∑
t=1

εt {c`(t) ft`(λ )+ s̀ (t)gt`(λ )}. (5.36)

ExpandingS2(λ ) at λk gives rise to

S2(λ ) = S2(λk)+ (λ −λk){Ṡ2(λk)+ 1
2S̈2(λ

∗)(λ −λk)}, (5.37)

whereλ ∗ is betweenλ andλk. It is easy to show, by using Lemma 1(b), that

S2(λk) = O(δ−1√nlogn)+O(δ−3/2√logn),

Ṡ2(λk) = O(δ−2√nlogn)+O(δ−5/2√logn),

S̈2(λ
∗) = O(δ−3√nlogn)+O(δ−7/2√logn).

Equation (5.31) can be proved by substituting these expressions into (5.37) together with the fact thatλ −
λk = O(δ ε ), O(δ−2√nlogn)+O(δ ε−3√nlogn) = O(δ−2√nlogn), O(δ−5/2√logn) + O(δ ε−7/2√logn)

= O(δ−5/2√logn).

C. Proof of (5.34)

It is easy to see from (5.29) that

S5(λ ) = ∑
`,`′ 6=k

n

∑
t=1

c`′(t){c`(t) ft`(λ )+ s̀ (t)gt`(λ )}

= S5(λk)+ (λ −λk){Ṡ5(λk)+ 1
2S̈5(λ

∗)(λ −λk)}.

By Lemma 8(a)-(b),S5(λk) = nη−1ξk +O(∆−4
k δ 2n)+O(∆−2

k δ−1) andṠ5(λk) = O(∆−2
k δ−2)+O(∆−4

k n)+

O(δ−1n). By Lemma 7(a),̈S5(λ
∗) = O(δ−3n). The proof is complete upon noting thatλ −λk = O(δ ε ).
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5.2.2 Proof of (4.7)

Let Φ′
n(λ ) := ∑5

i=1Si(λ ), so thatΦn(λ ) = Un(λ )+ Φ′
n(λ ). The TSE ofΦ′

n(λ ) at λ ′ can be expressed as

Φ′
n(λ )−Φ′

n(λ ′) = (λ −λ ′)∑5
i=1 Ṡi(λ ∗), whereλ ∗ is betweenλ andλ ′. It follows from the proof of (4.6) that

Ṡ1(λ ∗) = Ṡ1(λk)+(λ ∗−λk)S̈1(λ ∗∗) = O(∆−4
k δ−1)+O(∆−2

k δ−2)+O(δ ε−3n), Ṡ2(λ ∗) = O(δ−2√nlogn)+

O(δ−5/2√logn), andṠ5(λ
∗) = O(∆−2

k δ−2) + O(∆−4
k n) + O(δ ε−3n). Moreover,Ṡ3(λ

∗) has the same ex-

pression aṡS1(λ ∗) andṠ4(λ ∗) has the same expression asṠ2(λ ∗). The proof is complete upon noting that

Un(λ )−Un(λ ′), by Proposition 2 in [2], has the same asymptotic expression as in the right-hand side of

(4.7) with∆k := 1.

5.3 Proof of Proposition 3

Consider (5.25). According to Proposition 3 in [2],

Un(λk) = Wn1 +Wn2 +OP(δ 2n)+OP(n1/2)+OP(δ−1).

Therefore, it suffices to show that

Si(λk) =




OP(∆−4
k )+OP(∆−2

k δ−1) if i = 1,3,

OP(∆−2
k n1/2)+OP(∆−2

k δ−1/2) if i = 2,4,

nη−1ξk +OP(∆−4
k δ 2n)+OP(∆−2

k δ−1) if i = 5.

To this end, letλ±
k` := λk±ω`. Then, by Lemma 4(d), together with (6.1) and (6.5), bothft`(λk) andgt`(λk)

can be expressed asg(λ±
k`) multiplied by a linear combination of 1 andη t exp(±itλ±

k`). By Lemma 4(a)-

(b), g(λ−
k`) = O(∆−2

`k ) and g(λ+
k`) = O(1). Combining these results with (5.36) and Lemma 1(c) yields

the expression forS2(λk). Because of the symmetry,S4(λk) has the same expression. Furthermore, the

expressions forS1(λk), S3(λk), andS5(λk) can be obtained from (5.30), (5.32), and (5.34), respectively. The

proof is complete.

6 Technical Lemmas

This section contains some technical results needed in the proof of the propositions. The first three lemmas

are cited without proof.

Lemma 1 [27] As n→ ∞, the following expressions are true.

(a) maxω |∑n
t=1 trη tεt exp(itω)| = O(δ−r−1/2√logn) almost surely for any integer r≥ 0.
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(b) |∑n
t=1 εt exp(itω)∑t

j=1 j rη j exp(i jω ′)| = O(δ−r−1√nlogn) + O(δ−r−3/2√logn) almost surely and

uniformly inω andω ′ for r = 0,1,2.

(c) ∑n
t=1εt exp(itω) = OP(n1/2) andmax1≤t≤n |∑t

j=1 j rη jε j sin( jω)|= OP(δ−r−1/2) for any givenω and

any integer r≥ 0.

Lemma 2 [27] LetAnk be defined in Theorem 1 withαk = cosωk andε > 0. If η → 1 as n→ ∞, then there

exist constants c2 > c1 > 0 and n0 > 0 such that c1|α −αk| ≤ |λ − λk| ≤ c2|α −αk| for all λ ∈ Λnk and

n> n0; in particular, these inequalities imply thatλ −λk = O(δ ε ) uniformly forλ ∈ Λnk and for sufficiently

large n.

Lemma 3 [27] Let r = 0,1,2.

(a) ∑n
t=1 trη t exp(itω) = O(δ−r−1) uniformly inω ∈ (−∞,∞), η ∈ (0,1), and n> 0.

(b) If ω is uniformly bounded away from2πk for any integer k, then∑n
t=1exp(itω) = O(1). If, in addition,

nηn = O(1), then∑n
t=1 trη t exp(itω) = O(1).

It is easy to show from (5.2) that

pt(λ ) = g(λ ) p0t(λ ), qt(λ ) = g(λ )q0t(λ ), (6.1)

where

g(λ ) := (1−2η cosλ + η2)−1, (6.2)

p0t(λ ) := sinλ −η t−1sin(tλ )+ η t sin((t −1)λ ), (6.3)

q0t(λ ) := η−1{1−η cosλ −η t cos(tλ )+ η t+1cos((t −1)λ )}. (6.4)

These quantities are evaluated in the next lemma.

Lemma 4 Let g(λ ), p0t(λ ), and q0t(λ ) be defined by(6.2)–(6.4). Then, the following results are true for

λ ∈ (−2π,2π) and r= 0,1,2.

(a) If λ is bounded away from zero and±2π, then g(λ ) = 1
4η−1(sin1

2λ )−2 +O(δ 2) and g(r)(λ ) = O(1)

uniformly inη andλ .

(b) If λ → 0 and λδ−1 → ∞ as n→ ∞, then g(λ ) = 1
4η−1(sin1

2λ )−2 + O(λ−4δ 2) and g(r)(λ ) =

O(λ−2(r+1)) uniformly inη andλ .
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(c) If λ satisfies the condition in(a) or (b), and if nηn = O(1), then∑n
t=1 trη t exp(itλ ) = O(gr+1(λ )) =

O(λ−2(r+1)).

(d) As functions of t, p(r)
0t

(λ ) and q(r)
0t

(λ ) can be regarded as linear combinations of1 and tjη t exp(±itλ )

(0≤ j ≤ r) in which the coefficients are uniformly bounded functions ofη andλ .

Proof. Let a := 4η(sin 1
2λ )2 andx := δ 2. Then, the TSE ofg(λ ) = (a+x)−1 at x = 0 can be expressed

asg(λ ) = a−1− (a+ x∗)−2x, wherex∗ is between zero andx. If λ is bounded away from zero and±2π,

thena+ x ≥ a+ x∗ ≥ c > 0 for some constantc. This implies that(a+ x∗)−2 = O(1) andg(λ ) = O(1).

The assertion follows immediately upon noting that ˙g(λ ) = −2ηg2(λ )sinλ andg̈(λ ) = −2ηg2(λ )cosλ +

8η2g3(λ )sinλ cosλ .

To prove part (b), consider the TSE cosλ = 1− 1
2λ 2 cosλ ∗, whereλ ∗ is between zero andλ . Since

λ → 0, there exists a constantc > 0 such that cosλ ∗ ≥ c for largen. This implies thata = 2η(1−cosλ ) ≥
cηλ 2. As a result,a+ x∗ ≥ λ 2(x∗/λ 2 + cη). This, combined with the assumption thatx/λ 2 → 0, leads

to (a+ x∗)−2 = O(λ−4), and thus the expression forg(λ ). Furthermore, sincea+ x≥ λ 2(x/λ 2 + cη), we

obtaing(λ ) = O(λ−2). Part (b) follows immediately. Part (c) follows from Lemma 4 in [27], and part (d)

follows from (6.3) and (6.4). Q.E.D.

Equipped with Lemma 4, the following results can be easily obtained.

Lemma 5 Let pt(λ ) and qt(λ ) be defined by(5.2) or (6.1).

(a) If λ ∈ (−2π,2π) is bounded away from zero and±2π, then p(r)t (λ ) and q(r)t (λ ) (r = 0,1,2) can be

regarded as linear combinations of1 and tjη t exp(±itλ ) (0 ≤ j ≤ r) in which the coefficients are

uniformly bounded functions ofη andλ .

(b) If λ → 0 and λδ−1 → ∞ as n→ ∞, then p(r)t (λ ) and q(r)t (λ ) (r = 0,1,2) can be regarded as linear

combinations ofλ−2(r− j+1) and λ−2(r− j+1)t jη t exp(±itλ ) (0 ≤ j ≤ r) in which the coefficients are

uniformly bounded functions ofη andλ .

(c) For r = 0,1, p(r)
t (0) = rδ−2{1−δ tη t−1−η t} and q(r)t (0) = (1− r)δ−1(1−η t)η−1.

Proof. Part (a) follows from (6.1) and Lemma 4(a) and (d). Part (b) results from (6.1) and Lemma 4(b)

and (d). Part (c) can be obtained from (5.2) by direct evaluation. Q.E.D.

It is easy to show from (5.3) that

ft`(λ ) = 1
2{pt(λ −ω`)+ pt(λ + ω`)}, gt`(λ ) = 1

2{qt(λ −ω`)−qt(λ + ω`)}. (6.5)
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Therefore, the next lemma, concerningft`(λ ) andgt`(λ ), is a direct consequence of Lemma 5.

Lemma 6 Let ft`(λ ) and gt`(λ ) be defined by(5.3). Then, the following statements are true.

(a) For r = 0,1,2 and ` 6= k, if ∆−1
`k δ → 0 as n→ ∞, then f(r)

t`
(ωk) and g(r)

t`
(ωk) can be considered as

linear combinations of1, t jη t exp(±itω+
k`), ∆−2(r− j+1)

`k
, and∆−2(r− j+1)

`k
t jη t exp(±itω−

k`) (0≤ j ≤ r),

in which the coefficients are uniformly bounded functions ofη and n. Both f(r)
t`

(ωk) and g(r)
t`

(ωk) can

be expressed asO(∆−2(r+1)
`k

)+ ∑r
j=0O(∆−2(r− j+1)

`k
t jη t), which holds uniformly in t andη .

(b) For r = 0,1, f (r)
tk

(ωk) can be regarded as a linear combination of1, rδ−2, rδ−2+ j t jη t , and tjη t×
exp(±it2ωk), and g(r)

tk
(ωk) can be regarded as a linear combination of1, (1− r)δ−1, (1− r)δ−1η t ,

and tjη t exp(±it2ωk) ( j = 0, r), in which the coefficients are uniformly bounded functions ofη and

n. In general, for r= 0,1,2,

f (r)
tk

(ωk) = 1
2 p(r)

t (0)+O(1)+
r

∑
j=0

O(t jη t),

g(r)
tk

(ωk) = 1
2q(r)

t (0)+O(1)+
r

∑
j=0

O(t jη t),

uniformly in t andη .

Proof. By (6.5), f (r)
t`

(ωk) = 1
2{p(r)

t (ω−
k`)+ p(r)

t (ω+
k`)}. Lemma 5(a) is applicable top(r)

t (ω+
k`) for any`.

In the case of̀ 6= k, p(r)
t (ω−

k`) can be evaluated by Lemma 5(a) if∆`k = O(1) and by Lemma 5(b) if∆`k → 0.

Lemma 5(c) is applicable in the case of` = k andr = 0,1. Combining these results leads to the expression

for f (r)
t`

(ωk). The proof forg(r)
t`

(ωk) is similar. Q.E.D.

The next two lemmas are instrumental to the proof of the propositions.

Lemma 7 Assume that the conditions in Proposition 1 be satisfied. Let ck(t) and sk(t) be defined by(5.1),

and let ft`(λ ) and gt`(λ ) be defined by(5.3). Then, the following expressions are true.

(a) For r = 0,1,2 and for anỳ = 1, · · · , p,

f (r)
t`

(λ ) = O(δ−r−1), g(r)
t`

(λ ) = O(δ−r−1),

uniformly in t,λ , andη .

(b) For r = 0,1,2, if λ −ωk = O(δ q) for some q> 0, then

f (r)
t`

(λ ) = f (r)
t`

(ωk)+O(δ q−r−2), g(r)
t`

(λ ) = g(r)
t`

(ωk)+O(δ q−r−2),

uniformly in t,η , andλ .
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(c) For ` 6= k andλ ∈ Λnk, if ∆−1
`k δ → 0 as n→ ∞, then ft`(λ ) and gt`(λ ) can be expressed asO(∆−2

`k )+

O(δ ε−2), which holds uniformly in t,η , andλ .

Proof. For part (a), it is easy to show that| f (r)
t`

(λ )| ≤ ∑∞
j=0 j rη j−1. By Lemma 1 in [27],∑∞

j=0 trη t =

O(δ−r−1). Thus the expression forf (r)
t`

(λ ). The proof forg(r)
t`

(λ ) is analogous.

To prove part (b), consider the TSE

f (r)
t`

(λ ) = f (r)
t`

(ωk)+ (λ −ωk) f (r+1)
t`

(λ ∗), (6.6)

whereλ ∗ lies betweenλ andωk. By Lemma 7(a),f (r+1)
t`

(λ ∗) = O(δ−r−2), so the second term in (6.6) is

O(δ q−r−2), hence the expression forf (r)
t`

(λ ). The proof forg(r)
t`

(λ ) is similar.

Finally, to prove part (c), consider the TSE

ft`(λ ) = ft`(λk)+ (λ −λk) ḟt`(λ
∗),

whereλ ∗ lies betweenλ andλk. Note that by Lemma 2,λ ∗ ∈ Λnk andλ −λk = O(δ ε), and by Lemma 7(a),

ḟt`(λ
∗) = O(δ−2). Therefore,

ft`(λ ) = ft`(λk)+O(δ ε−2). (6.7)

The assertion follows because the combination of Proposition 5(a), Lemma 6(a), and Lemma 7(b) implies

that, for` 6= k, ft`(λk) = ft`(ωk)+O(1) = O(∆−2
`k )+O(∆−2

`k η t)+O(1) = O(∆−2
`k ). A similar argument can

be applied togt`(λ ). Q.E.D.

Lemma 8 Let the condition in Lemma 7 be satisfied. Assume that nηn = O(1) and ∆−1
k δ → 0 as n→ ∞.

Then, for`′ 6= k, the following expressions are true.

(a)

n

∑
t=1

c`′(t)c`(t) ft`(λk) =




nη−1ξ`k +O(∆−4
`k δ 2n)+O(∆−2

`k δ−1) if `′ = ` 6= k,

min{O(∆−2
`k n),O(∆−2

`k ∆−1
`′` )}+O(∆−2

`k δ−1) if `′ 6= ` 6= k,

O(∆−4
`′k)+O(δ−1) if `′ 6= ` = k,

(6.8)

n

∑
t=1

c`′(t) s̀ (t)gt`(λk) =




O(∆−2
`k δ−1) if `′ = ` 6= k,

same as in(6.8) if `′ 6= ` 6= k,

O(∆−4
`′k)+O(∆−2

`′kδ−1) if `′ 6= ` = k,

(6.9)

whereξ`k := 1
8β 2

` {cot(1
2ω−

k`)+cot(1
2ω+

k`)}. In addition,

n

∑
t=1

c2
k(t) ftk(λk) = O(δ 2n)+O(δ−1). (6.10)
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(b)

n

∑
t=1

c`′(t)c`(t) ḟt`(λk) = O(δ−1n)

+


 O(∆−4

`k n)+O(∆−2
`k δ−2) if ` 6= k,

O(∆−4
`′kδ−1)+O(∆−2

`′k δ−2) if ` = k,
(6.11)

n

∑
t=1

c`′(t) s̀ (t) ġt`(λk) = O(δ−1n)

+




O(∆−4
`k δ−1)+O(∆−2

`k δ−2) if `′ = ` 6= k,

same as in(6.11) if `′ 6= ` 6= k,

O(δ−2) if `′ 6= ` = k.

(6.12)

(c)

n

∑
t=1

c`(t)c`′(t) ft`(λk) ḟt`′(λk) = O(∆−4
`′kn)

+


 O(∆−4

`′k ∆−2
`k n)+O(∆−2

`′k ∆−2
`k δ−2)+O(∆−2

`k δ−1n) if ` 6= k,

O(∆−4
`′k δ−1)+O(∆−2

`′k δ−2)+O(δ−1n) if ` = k,
(6.13)

n

∑
t=1

s̀ (t)c`′(t)gt`(λk) ḟt`′(λk) = O(∆−4
`′kn)

+




O(∆−6
`k δ−1)+O(∆−4

`k δ−2)+O(∆−2
`k δ−1n) if `′ = ` 6= k,

same as in(6.13) if `′ 6= ` 6= k,

O(∆−6
`′k δ−1)+O(∆−4

`′k δ−2)+O(∆−2
`′kδ−3)+O(δ−2n) if `′ 6= ` = k,

(6.14)

n

∑
t=1

c`(t) s̀ ′(t) ft`(λk) ġt`′(λk)

=


 same as in(6.14) if `′ = ` 6= k,

same as in(6.13) if `′ 6= ` 6= k or `′ 6= ` = k,
(6.15)

n

∑
t=1

s̀ (t) s̀ ′(t)gt`(λk) ġt`′(λk)

=


 same as in(6.13) if ` 6= k,

same as in(6.14) if ` = k.
(6.16)

Proof of (a). Defineφ±
`′`(t) := ω±

`′`t + φ`′ ±φ`. To prove (6.8), it is helpful to note that

c`′(t)c`(t) = 1
2β`′β`{cos(φ+

`′`(t))+cos(φ−
`′`(t))}. (6.17)
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First, let`′ 6= ` 6= k. It can be shown, by Lemma 5(a), (6.5), and (6.17), that the productc`′(t)c`(t) ft`(λk),

as a function oft, is a linear combination of cos(φ±
`′`(t)), η t exp(±it (ω±

`′` ± λ+
k`)), ∆−2

`k cos(φ±
`′`(t)), and

∆−2
`k η t exp(±it (ω±

`′`±λ−
k`)). Note that∑cos(φ+

`′`(t)) = O(1). Note also that∑cos(φ−
`′`(t)) = min{n,O(∆−1

`′` )}
for `′ 6= ` because|∑exp(itω−

`′`)| ≤min{n, |sin(1
2ω−

`′`)|−1}= min{n,O(∆−1
`′` )}. Combining these results with

Lemma 3(a) yields (6.8) for̀′ 6= ` 6= k.

Next, let`′ 6= ` = k. By (6.17) and Lemma 5(a),c`′(t)ck(t) pt(λ+
kk) is a linear combination of cos(φ±

`′k(t))

and η t exp(±it (ω±
`′k ± λ+

kk)). This, combined (6.17) and the fact that∑cos(φ±
`′k(t)) = O(∆−1

`′k ), leads to

∑c`′(t)ck(t) pt(λ+
kk) = O(∆−1

`′k)+ O(δ−1). Moreover, sincep0t(0) = 0, the TSE ofp0t(λ −ωk) at λ = λk

takes the form

p0t(λ
−
kk) = ṗ0t(ζ

∗)λ−
kk, (6.18)

whereζ ∗ is between zero andλ−
kk. By (6.17) and Lemma 4(d),c`′(t)ck(t) ṗ0t(ζ ∗) is a linear combination

of cos(φ±
`′k(t)) andt jη t exp(±it (ω±

`′k±ζ ∗)) ( j = 0,1). Note that summing the first expression overt yields

O(∆−1
`′k) and summing the second expression, by Lemma 4 in [27], leads toO(gj+1(ω±

`′k± ζ ∗)) under the

assumptionnηn = O(1). Sinceζ ∗ = O(δ 2), one obtains(ω−
`′k ± ζ ∗)δ−1 → ∞ and ω−

`′k ± ζ ∗ = O(∆`′k).

Moreover, ω+
`′k ± ζ ∗ can be bounded away from zero and±2π. By Lemma 4,g(ω−

`′k ± ζ ∗) = O(∆−2
`′k )

andg(ω+
`′k±ζ ∗) = O(1). Therefore,∑c`′(t)ck(t) ṗ0t(ζ

∗) = O(∆−4
`′k). Substituting this result in (6.18) yields

∑c`′(t)ck(t) p0t(λ−
kk) = O(∆−4

`′kδ 2). Furthermore, sinceg(λ−
kk) = O(δ−2), one obtains∑c`′(t)ck(t) pt(λ−

kk) =

O(∆−4
`′k). This, combined with (6.5), proves (6.8) for`′ 6= ` = k.

Now consider the remaining case of`′ = ` 6= k. Note thatc2
`(t) = 1

2β 2
` {1+cos(φ+

`` (t))}. As in the first

case, one obtains∑cos(φ+
`` (t)) ft`(λk) = O(∆−2

`k δ−1). Therefore, it suffices to show that

n

∑
t=1

ft`(λk) = nη−1ξ`k +O(∆−4
`k δ 2n)+O(∆−2

`k n−1). (6.19)

To this end, one first obtains, by a straightforward calculation based on (6.1), that

n

∑
t=1

pt(λ ) = g(λ ){nsinλ − (1−η2) pn(λ )−ηn−1sin(nλ )}. (6.20)

Since nηn = O(1) and g(λ+
k`) = O(1) by Lemma 4(a),∑ pt(λ+

k`) = ng(λ+
k`) sin(λ+

k`) + O(δ ) + O(n−1).

Again, by Lemma 4(a),g(λ+
k`) = 1

4η−1(sin(1
2λ+

k`))
−2 +O(δ 2). Therefore,∑ pt(λ+

k`) = 1
2η−1ncot(1

2λ+
k`)+

O(δ 2n)+O(δ )+O(n−1). Moreover, sinceλ+
k` = ω+

k` +O(δ 2) andλ+
k` is bounded away from zero and±2π,

one obtains cot(1
2λ+

k`) = cot(1
2ω+

k`)+O(δ 2). Therefore,

n

∑
t=1

pt(λ+
k`) = 1

2η−1ncot(1
2ω+

k`)+O(δ 2n)+O(δ )+O(n−1). (6.21)
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On the other hand, by Lemma 4(b),g(λ−
k`) = O(∆−2

`k ), and by Lemma 4 in [27],pn(λ−
k`) = O(g(λ−

k`)). There-

fore, it follows from (6.20) that∑ pt(λ−
k`) = ng(λ−

k`)sin(λ−
k`) + O(∆−4

`k δ ) + O(∆−2
`k n−1). By Lemma 4(b),

g(λ−
k`) = 1

4η−1(sin(1
2λ−

k`))
−2 + O(∆−4

`k δ 2). Moreover, sinceλ−
k` −ω−

k` = O(δ 2), it can be shown, by TSE,

that cot(1
2λ−

k`) = cot(1
2ω−

k`)+O(∆−2
`k δ 2). Therefore,

n

∑
t=1

pt(λ−
k`) = 1

2η−1ncot(1
2ω−

k`)+O(∆−4
`k δ 2n)+O(∆−2

`k n−1). (6.22)

Combining (6.21) and (6.22) with (6.5) leads to (6.19) and thus proves (6.8) for`′ = ` 6= k.

To prove (6.9), it is helpful to observe that

c`′(t) s̀ (t) = 1
2β`′β`{sin(φ+

`′`(t))−sin(φ−
`′`(t))}. (6.23)

For ` 6= k, it can be shown from (6.23) and Lemma 4(d) thatc`′(t) s̀ (t)q0t(λ±
k`) is a linear combina-

tion of sin(φ±
`′`(t)) and η t exp(±it (ω±

`′` ± λ±
k`)). Note that∑sin(φ−

`′`(t)) = min{n,O(∆−1
`′` )} if `′ 6= ` and

∑sin(φ−
`′`(t)) = 0 if `′ = `. Note also that∑sin(φ+

`′`(t)) = O(1) and∑η t exp(±itλ ) = O(δ−1) for any`′ and

λ . Therefore,∑c`′(t) s̀ (t)q0t(λ±
k`) takes the form min{n,O(∆−1

`′` )}+O(δ−1) if `′ 6= ` and the formO(δ−1)

if `′ = `. By Lemma 4(a) and (b),g(λ+
k`) = O(1) andg(λ−

k`) = O(∆−2
`k ). Combining these results with (6.5)

and (6.1) proves (6.9) for̀ 6= k.

Now consider̀ ′ 6= ` = k. Sinceg(λ+
kk) = O(1) and sincec`′(t)sk(t)q0t(λ+

kk) is a linear combination of

sin(φ±
`′k(t)) andη t exp(±it (ω±

`′k±λ+
kk)), it follows that∑c`′(t)sk(t)qt(λ+

kk) = O(∆−1
`′k)+O(δ−1). Moreover,

the TSE ofq0t(λ−
kk) can be expressed as

q0t(λ
−
kk) = q0t(0)+ q̇0t(ζ

∗)λ−
kk,

where ζ ∗ lies between zero andλ−
kk. By (6.23) and Lemma 4(d),c`′(t)sk(t) q̇0t(ζ

∗) is a linear com-

bination of sin(φ±
`′k(t)) and t jη t exp(±it (ω±

`′k ± ζ ∗)) ( j = 0,1). As with the sum ofc`′(t)c`(t) ṗ0t(ζ
∗),

one can show that∑c`′(t)sk(t) q̇0t(ζ ∗) = O(∆−4
`′k ). Moreover, sinceq0t(0) = δη−1(1−η t), the product

c`′(t)sk(t)q0t(0) is a linear combination ofδ sin(φ±
`′k(t)) and δη t sin(φ±

`′k(t)). So, by Lemma 3(b) and

Lemma 4(c),∑c`′(t)sk(t)q0t(0) = O(∆−2
`′kδ ). Combining these withλ−

kk = O(δ 2) and g(λ−
kk) = O(δ−2)

yields∑c`′(t)sk(t)qt(λ−
kk) = O(∆−2

`′kδ−1)+O(∆−4
`′k ), and thus (6.9) for̀ = k.

To prove (6.10), it is important to note that sinceλ−
kk = O(δ 2) andnηn = O(1), one can writeg(λ−

kk) =

O(δ−2), sin(λ−
kk) = O(δ 2), ηn−1sin(nλ−

kk) = O(δ 2), andηnsin((n−1)λ−
kk) = O(δ 2). This, combined with

(6.1) and (6.3), implies thatpn(λ−
kk) = O(1). Substituting these results in (6.20) leads to∑ pt(λ−

kk) =

ng(λ−
kk)sin(λ−

kk)+O(δ−1). Furthermore, since Proposition 5(a) implies thatλ−
kk =−1

2η−1δ 2cotωk+O(δ 4),

one obtains sin(λ−
kk) = λ−

kk + O((λ−
kk)

3) = −1
2η−1δ 2 cotωk + O(δ 4). In addition, one can writeg(λ−

kk) =
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δ−2 +O(1). Combining these results yields

n

∑
t=1

pt(λ−
kk) = −1

2η−1ncotωk +O(δ 2n)+O(δ−1).

This, coupled with (6.21), which remains valid for` = k, gives rise to

n

∑
t=1

ftk(λk) = O(δ 2n)+O(δ−1).

Further, by using (6.18) and Lemma 4(d), one can show that∑cos(φ+
kk(t)) pt(λ−

kk) = O(1); by Lemma 3(a)

and Lemma 5(a), one obtains∑cos(φ+
kk(t)) pt(λ+

kk) = O(δ−1). Therefore,

n

∑
t=1

cos(φ+
kk(t)) ftk(λk) = O(δ−1).

Equation (6.10) follows immediately upon noting thatc2
k(t) = 1

2{1+cos(φ+
kk(t))}. Q.E.D.

Proof of (b). To show (6.11), it suffices to note that by Lemma 7(b),

ḟt`(λk) = ḟt`(ωk)+O(δ−1). (6.24)

For ` 6= k, one can show, by using Lemma 6(a) and (6.17), thatc`′(t)c`(t) ḟt`(ωk) is a linear combination

of cos(φ±
`′`(t)), t jη t exp(±it (ω±

`′` ±ω+
k`)), ∆−2(2− j)

`k
cos(φ±

`′`(t)), and∆−2(2− j)
`k

t jη t exp(±it (ω±
`′` ±ω−

k`)) ( j =

0,1). This, combined with (6.24), Lemma 3(a), and the fact that∑cos(φ±
`′`(t)) = O(n), leads to (6.11) for

`′ 6= ` 6= k.

For `′ = ` 6= k, it follows from Lemma 6(a) that∑cos(φ+
`` (t)) ḟt`(ωk) = O(∆−4

`k δ−1) + O(∆−2
`k δ−2)

due to the fact that∑cos(φ+
``(t)) = O(1). It also follows from Lemma 6(a) that∑ ḟt`(ωk) = O(∆−4

`k n) +

O(∆−4
`k δ−1)+O(∆−2

`k δ−2) = O(∆−4
`k n)+O(∆−2

`k δ−2). Combining these results with (6.17) and (6.24) leads

to (6.11) for`′ = ` 6= k.

In the remaining case of̀′ 6= ` = k, Lemma 6(b) ensures thatc`′(t)ck(t) ḟtk(ωk) is a linear combi-

nation of cos(φ±
`′k(t)), δ−2cos(φ±

`′k(t)), δ−2+ j t jη t cos(φ±
`′k(t)), and t jη t exp(±it (ω±

`′k ± ω+
kk)) ( j = 0,1).

The assertion follows immediately from the fact that∑ t jη t cos(φ−
`′k(t)) = O(∆−2( j+1)

`′k
) by Lemma 4(c),

∑ t jη t exp(±it (ω±
`′k±ω+

kk)) = O(δ− j−1) by Lemma 3(a), and∑cos(φ+
`′k(t)) = O(1).

Equation (6.12) can be proved similarly. First, by Lemma 7(b),

ġt`(λk) = ġt`(ωk)+O(δ−1). (6.25)

It follows from Lemma 6(a) and (6.23) thatc`′(t) s̀ (t) ġt`(ωk) is a linear combination of sin(φ±
`′`(t)), t jη t×

exp(±it (ω±
`′` ±ω+

k`)), ∆−2(2− j)
`k

sin(φ±
`′`(t)), and∆−2(2− j)

`k
t jη t exp(±it (ω±

`′` ±ω−
k`)) ( j = 0,1). Therefore, for
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`′ 6= ` 6= k, ∑c`′(t) s̀ (t) ġt`(ωk) has the same expression as∑c`′(t)c`(t) ḟt`(ωk). For`′ = ` 6= k, one can show

by using Lemma 6(a) that∑sin(φ+
`` (t)) ġt`(ωk) = O(∆−4

`k δ−1)+O(∆−2
`k δ−2). This, combined with (6.23) and

the fact that sin(φ−
``(t)) = 0 leads to the assertion. Finally, for`′ 6= ` = k, it follows from Lemma 6(b) and

(6.23) thatc`′(t)sk(t) ġtk(ωk) is a linear combination of sin(φ±
`′k(t)) andt jη t exp(±it (ω±

`′k±ω+
kk)) ( j = 0,1).

Since summing the first expression overt yieldsO(∆−1
`′k ) and summing the second one leads toO(δ−2) by

Lemma 3(a), the proof is complete upon noting thatO(∆−1
`′k)+O(δ−2) = O(δ−2). Q.E.D.

Proof of (c). Sinceλk−ωk = O(δ 2), one obtains, by Lemma 7(b),

ft`(λk) = ft`(ωk)+O(1). (6.26)

For ` 6= k, Lemma 6(a) ensures thatft`(ωk) ḟt`′(ωk) is a linear combination of functions that take the

form ∆−2p(2− j)
`′k

∆−2q
`k

, ∆−2p(2− j)
`′k

∆−2q
`k

η t exp(±itλ ), and∆−2p(2− j)
`′k

∆−2q
`k

t jη (r+1)t exp(±itλ ) (p,q, r, j = 0,1).

Since∑cos(φ±
`′`(t)) = O(n), it follows from (6.17) and Lemma 3(a) that∑c`(t)c`′(t) ft`(ωk) ḟt`′(ωk) =

O(∆−4
`′k∆−2

`k n) + O(∆−4
`′k ∆−2

`k δ−1) + O(∆−2
`′k ∆−2

`k δ−2) = O(∆−4
`′k∆−2

`k n) + O(∆−2
`′k ∆−2

`k δ−2). For `′ 6= ` = k,

Lemma 6 implies thatftk(ωk) ḟt`′(ωk) is a linear combination of functions that take the form∆−2p(2− j)
`′k

,

∆−2p(2− j)
`′k

η t exp(±itλ ), and∆−2p(2− j)
`′k

t jη (r+1)t exp(±itλ ) (p, r, j = 0,1). This result, combined with (6.17)

and the fact that∑cos(φ±
`′k(t)) = O(∆−1

`′k ), yields ∑ck(t)c`′(t) ftk(ωk) ḟt`′(ωk) = O(∆−5
`′k) + O(∆−4

`′k δ−1) +

O(∆−2
`′kδ−2) = O(∆−4

`′kδ−1) + O(∆−2
`′k δ−2). Further, by Lemma 6,̇ft`′(ωk) = O(∆−4

`′k )+∑1
j=0O(∆−2(2− j)

`′k
t jη t),

ft`(ωk) = O(∆−2
`k ) if ` 6= k, and ftk(ωk) = O(1). Combining these results with (6.24) and (6.26) leads to

(6.13).

Similarly, to prove (6.14), one first observes that

gt`(λk) = gt`(ωk)+O(1). (6.27)

For `′ 6= ` 6= k, one can show, by using Lemma 6(a), (6.23), and the fact that∑sin(φ±
`′`(t)) = O(n), that

∑ s̀ (t)c`′(t)gt`(ωk) ḟt`′(ωk) has the same asymptotic expression as∑c`(t)c`′(t) ft`(ωk) ḟt`′(ωk). In the case

of `′ = ` 6= k, since∑sin(φ±
`` (t)) = O(1), it follows from Lemma 6(a) and (6.23) that∑ s̀ (t)c`(t)gt`(ωk)×

ḟt`(ωk) = O(∆−6
`k δ−1)+O(∆−4

`k δ−2). Finally, for `′ 6= ` = k, Lemma 6 guarantees thatgtk(ωk) ḟt`′(ωk) is a

linear combination of functions that take the form∆−2p(2− j)
`′k

δ−q, ∆−2p(2− j)
`′k

δ−1η t , ∆−2p(2− j)
`′k

η t exp(±itλ ),

and∆−2p(2− j)
`′k

δ−qt jη (r+1)t exp(±itλ ) (p,q, r, j = 0,1). By Lemma 4(c), one can write∑η t sin(φ±
`′k(t)) =

O(∆−2
`′k). Combining these results with (6.23), Lemma 3(a), and the fact that∑sin(φ±

`′k(t)) = O(∆−1
`′k ) leads to

∑sk(t)c`′(t)gtk(ωk) ḟt`′(ωk) = O(∆−6
`′k δ−1)+O(∆−4

`′kδ−2)+O(∆−2
`′kδ−3). Moreover, by Lemma 6,gt`(ωk) =

O(∆−1
`k ) if ` 6= k, andgtk(ωk) = O(δ−1). Combining these results with (6.24) and (6.27) proves (6.14).
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Note that ft`(ωk) ġt`′(ωk) is a linear combination of the functions that constitutegt`(ωk) ḟt`′(ωk) for

`′ = ` 6= k as well as the functions that constituteft`(ωk) ḟt`′(ωk) for any ` and any`′ 6= k. Moreover,

∑sin(φ±
`′`(t)) = O(n) for `′ 6= `, and∑sin(φ±

`` (t)) = O(1). Combining these results with (6.23) and Lemma 6

proves (6.15).

Finally, one can prove (6.16) for̀′ 6= ` 6= k by observing that∑ s̀ (t) s̀ ′(t)gt`(ωk) ġt`′(ωk) has the

same expression as∑ s̀ (t)c`′(t)gt`(ωk) ḟt`′(ωk). The assertion for̀ ′ = ` 6= k follows from the fact that

gt`(ωk) ġt`(ωk) is a linear combination of the same functions which formft`(ωk) ḟt`(ωk) and the fact that

∑cos(φ±
`` (t)) = O(n). The case of̀ ′ 6= ` = k can be proved by using the fact thatgtk(ωk) ġt`′(ωk) is a

linear combination of the same functions which constitutegtk(ωk) ḟt`′(ωk) and the fact that∑cos(φ±
`′k(t)) =

O(∆−1
`′k). Q.E.D.
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