
Statistical Process Monitoring of Nonlinear Profiles
Using Wavelets

Eric Chicken∗

Department of Statistics
Florida State University
Tallahassee, FL 32306

Joseph J. Pignatiello, Jr.
James R. Simpson

Department of Industrial and Manufacturing Engineering
Florida State University

Tallahassee, FL 32310-6046

Abstract

Many modern industrial processes are capable of generating rich and complex data

records that do not readily permit the use of traditional statistical process control

techniques. For example, a “single observation” from a process might consist of n

pairs of (x, y) data that can be described as y = f(x) when the process is in-control.

Such data structures or relationships between y and x have been called profiles. A

few examples of such profiles include calibration curves in chemical processing, oxide

thickness across wafer surfaces in semiconductor manufacturing and radar signals of

military targets. In this paper, a semiparametric wavelet method is proposed for

monitoring for changes in sequences of nonlinear profiles. No assumptions are made

on the nature of form or the changes between the profiles other than finite square-

integrability. Based on a likelihood ratio test involving a changepoint model, the

method uses the spatial adaptivity properties of wavelets to accurately detect profile

changes taking nearly limitless functional forms. Performance of the method is assessed
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with Monte Carlo simulation. The results presented indicate the method can quickly

detect a wide variety of changes from a given, in-control profile.

1 Introduction

Traditional statistical process control (SPC) charts have been widely used to monitor pro-

cesses for changes in means, standard deviations, fraction nonconforming and Poisson rates.

Multivariate control charts are also available to monitor for changes in mean vectors and co-

variance matrices. These control charts have been successfully used for monitoring processes

for many years.

In many modern industrial processes, massive amounts of data are often readily avail-

able and in complex data structures that may not be readily or best addressed by the

traditional control charts. For example, a “single observation” on an in-control process

might consist of a functional realization of n pairs of (x, y) data that can be described by

y = f 0(x) + ϵ where f 0 is a known function and ϵ is random noise with mean zero and

standard deviation σ. Thus, an observation on the process is a realization of a dependent

variable y at n values of x.

In manufacturing, the quality of some products might be determined by a relationship

between two variables. For example, an electronic circuit’s output signal y must follow a

prescribed functional pattern when the input voltage x varies over a specified range. That is,

y = f 0(x) + ϵ, where f 0 is the prescribed functional relationship between the input voltage

and the circuit’s output signal. To check the calibration of a scale or thermometer, the

relationship between a known load or temperature and the scale’s or thermometer’s output

reading must be true for all values of load or temperature within a given standard range.

Another instance of functional forms as a response variable is in the analysis of radar

signals. Here, f 0 is a known radar signature, either of a specified object such as an aircraft,

or of a static surveilled field. In national security and civilian safety applications, it is critical

to identify changes in such functional responses.
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Such data structures or relationships between y and x have been called profiles. A

few examples of such profiles include calibration curves in chemical processing (Stover and

Brill (1998)), oxide thickness across wafer surfaces in semiconductor manufacturing (Gardner

et al. (1997)) and the stamping force as a function of crank arm angle in a steel stamping

operation (Jin and Shi (1999)). In instances such as these, it is desirable to determine when

a change in the profile has occurred, as this indicates that the process is out-of-control.

Various control chart methods have been applied to the profile monitoring situation.

Woodall et al. (2004) provide an excellent overview of the SPC literature involving profiles.

A number of studies have investigated linear profiles where the functions are simple straight

lines. Many of these approaches focus on monitoring for changes in the intercept, slope

and error standard deviation. For example, Mahmoud et al. (2007) used a changepoint

formulation to monitor for changes in regression coefficients. Stover and Brill (1998) used

a Hotelling T 2 chart to monitor for changes in the parameters of a simple linear profile.

Like other Shewhart control charts, the Hotelling T 2 chart (Montgomery (2005)) only uses

information from the current sample to assess whether the process is in state of control.

Control charts that accumulate or incorporate information from previous samples, such as

CUSUM and EWMA charts, are known to be more sensitive to moderate to small changes

in process parameters. Kang and Albin (2000) showed that a univariate EWMA chart that

monitors the average residual between observed and target linear profiles is more sensitive

than a Hotelling’s T 2 chart that monitors slope and intercept parameters. They also used

an R chart in conjunction with the EWMA chart to counteract the possibility that extreme

residuals of opposite sign would go undetected. Kim et al. (2003) further improved the

detection of parameter changes by using independent EWMA charts applied separately to

each parameter. To remove covariance between the slope and intercept estimates, they first

transformed the independent variable so that its average value was zero. One problem with

monitoring the parameters of a linear profile is that a process could change such that the

resulting profile is no longer linear yet a straight line fit could yield the same parameter
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estimates. Thus, the lack of linearity could go unnoticed.

While it appears that EWMA charts can perform well when monitoring for changes in

linear profile parameters, there are many instances when the form of the profile is nonlinear

or otherwise too complicated to express as a parametric function. For example, Williams

et al. (2007) consider multivariate nonlinear parametric forms for profiles. However, modeling

profiles parametrically has drawbacks. As with linear modeling, it is possible for a profile to

change, yet the parameter estimates remain the same. Additionally, it may be difficult to

specify a correct parametric model to fit a particular profile.

In this paper, a method is proposed for detecting changes in a sequence of profiles

that is not dependent on strong assumptions on the form of the profiles. Such a method

will by necessity include nonparametric tools. For example, Gardner et al. (1997) used a

smoothing spline to model semiconductor wafer thickness at selected locations along the

wafer surface. Williams et al. (2007), in addition to using parametric models as mentioned

above, also considered nonparametric forms for estimating profiles. They too examine the

utility of spline smoothing methods for profile monitoring.

The method of using splines belongs to a large class of nonparametric estimators which

smooth the data. Such smoothing estimators have fewer restrictions than parametric meth-

ods, but their smoothing property may be undesirable. If the profiles contain explicitly

unsmooth features (jumps, or points of non-differentiability, for example) smoothing estima-

tors will not model such features well. In Williams et al. (2007), the use of the smoothing

spline is not unreasonable given their particular, smooth application data. Actually, the data

examined in that paper lends itself so well to parameterization that the nonlinear parametric

method appears to be preferable. The methods they examine, both parametric and non-

parametric, give quite different results when monitoring for differences among the profiles.

In general, when a profile can be accurately modeled via parametric means (for example, as

a line), then methods taking advantage of such assumptions should be considered.

The assumption of smoothness, whether for parametric or nonparametric analysis, is
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not always valid. There are instances when the change from one profile to the next is neither

smooth or parameterizable. A method for more general differences is needed.

In this paper, the focus is on detecting a change from a known or estimated in-control

profile, to a new, out-of-control profile. The proposed approach involves examining the

differences of each new profile from the in-control profile. Under previous linear profiling

models, these differences were also restricted to be straight lines. That is, the changed profiles

are assumed to be other straight lines with different slopes and/or intercepts. However, our

proposed approach allows much more general differences between profiles by only requiring

that the differences be functions in the class of finite L2 functions. That is, the differences

between the in-control profiles f 0 and the out-of-control profiles f 1 are merely required to

be such that

∥f 1 − f 0∥2L2 =

∫ b

a

(f 1(x)− f 0(x))2dx <∞, (1)

where [a, b] is the common support of the profiles. This constitutes a very large class of

functions for profiles and their differences, including very unsmooth function differences that

nonparametric smoothers such as those in Williams et al. (2007) and Gardner et al. (1997)

would not handle well. Other measures of the differences exist. Williams et al. (2007)

examine several in addition to L2.

Since the functions, and hence their differences, may come from a large class of func-

tions, the use of wavelets is proposed for approximating or estimating the functions and the

differences between them. The wavelet property of spatial adaptivity can be exploited to

accurately represent functions without restricting or knowing much about their form ahead

of time. Wavelets also bypass the problem inherent in nonparametric estimators such as

spline smoothing: they model quite well features such as jumps or non-differentiable points.

Wavelets are very efficient at function approximation. They excel at spatial adaptivity,

optimality in terms of error rates, and low computational cost. Typically, wavelet analysis

is performed through the use of thresholding of wavelet coefficients, such as the VisuShrink

method of Donoho and Johnstone (1994) or block methods of Cai (1999), Chicken (2003,
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2005) and Chicken and Cai (2005). In these instances, a noisy function is transformed

into wavelet coefficients by the discrete wavelet transform (DWT) of Mallat (1989). These

coefficients are then modified by comparison with a specified thresholding rule, and the

underlying function is estimated by applying the inverse DWT to these modified coefficients.

The result is a “denoised” function, that is, an estimate of the true underlying function with

noise removed.

Examples of the use of wavelets for profiles may be found in Jeong et al. (2006), Jin

and Shi (2001) and Fan (1996). They used wavelets to detect changes from one profile to the

next by observing the magnitudes of the coefficients from a profile’s DWT. Their methods

assumed Gaussian noise, but used this assumption only to test the sum of the squared profile

wavelet coefficients.

In this paper, a different wavelet analysis approach is employed for profile monitoring.

One of these differences is the introduction of changepoint analysis into the estimation.

Changepoint methods have been considered previously in profile methods, though not in

conjunction with the use of wavelets. Mahmoud et al. (2007) and Zou et al. (2006) considered

linear profiles, while Ding et al. (2006) examined nonlinear profiles. Ding et al. (2006)

used independent component analysis (ICA) to reduce the profiles to a set of components

which were likely to model differences among profiles. After this data- and dimension-

reduction step, changepoint methods were applied to the components to detect changes

in profiles. They considered only horizontal shifts as the difference between profiles. The

wavelet estimator proposed in this paper does not restrict itself to such differences between

profiles, but allows for much more extensive changes.

For the proposed new wavelet method, a changepoint formulation is used to develop a

likelihood ratio test statistic under the assumption of Gaussian errors and utilizing the or-

thogonality property of the DWT. Use is made of the wavelet’s optimal estimation properties

(Donoho and Johnstone (1994)) to determine the values of parameters within this statistic.

By incorporating these wavelet properties and the information prior to the changepoint into
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the estimates, marked improvements in performance compared to Jeong et al. (2006), Jin

and Shi (2001) and Fan (1996) can be realized.

In addition to the introduction of changepoint estimation and prior information, the

proposed method differs from previous methods in its use of wavelets. The current wavelet

methods cited above monitor the wavelet coefficients, perhaps modifying them through

thresholding. Since differencing is applied to the in-control and out-of-control profiles, this

is equivalent to observing sequences of normal (or perhaps truncated normal, if wavelet

thresholding is used) random variables.

The novel approach taken here is to use wavelet thresholding to accurately estimate

a parameter integral to the evaluation of the likelihood ratio. The optimal properties of

wavelets provide accurate estimation of this parameter via nonlinear thresholding, leading

to an efficient method of detecting profile changes. The proposed estimator thus uses wavelets

for two purposes: a nonparametric estimate of the size of the difference between two profiles;

and an efficient estimate of an essential likelihood parameter.

Thresholding of wavelets can also be thought of as an analog to the use of ICA in Ding

et al. (2006). First, both are data reduction methods. Second, the profile projections created

by ICA may be used to isolate differences between profiles that are not due to Gaussian noise.

Similarly, thresholding the wavelet projections of a profile gives that portion of a profile that

has had the differences due to noise removed.

The proposed profile monitoring control chart statistic is based on a likelihood ratio test

for a changepoint model. The likelihood is determined by making distributional assumptions

on the errors in the profiles, and requires estimation of a specific parameter. In this sense,

the method is parametric. However, the likelihood test uses wavelet estimation of unknown

profiles and hence incorporates nonlinear, nonparametric methods. Therefore, the proposed

approach can be considered to be nonlinear and semiparametric.

In this paper, processes to be monitored generate data where each sample consists of

n pairs of points (xi, yi), i = 1, 2, ..., n. When the process is in-control, the relationship
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between y and x is assumed to be known with y = f 0(x) + ϵ, where ϵ is a random error

with mean zero and standard deviation σ. Either f 0 is known, a strong assumption, or it

estimated using several observed noisy profiles which are assumed to be in-control. While

Ding et al. (2006) examines changes in variability from one profile to the next, it is assumed

here that the variances are constant within and across profiles. Changing this assumption is

a topic for future study.

The remainder of this paper is organized as follows. Section 2 presents a brief back-

ground on wavelets. The profile monitoring problem is formulated in Section 3. In Section

4, a likelihood ratio test for the profile changepoint problem is developed along with a con-

trol chart for monitoring profiles. The performance of the proposed control chart is then

evaluated and compared with results from those of competitors.

2 Wavelets and Multiresolution Analysis

Wavelets are an orthogonal series representation of functions in L2(R), the space of square-

integrable functions. Vidakovic (1999) and Ogden (1997) offer good introductions to wavelet

methods and their properties. It is common to let ϕ and ψ represent the father and mother

wavelet functions, respectively. There are large families of choices for these two functions

available for use, see for example Daubechies (1992). Here, ϕ and ψ are chosen to be

compactly supported and to generate an orthonormal basis. Let ϕjk(x) = 2j/2ϕ(2jx − k)

and ψjk(x) = 2j/2ψ(2jx − k) be the translations and dilations of ϕ and ψ, respectively,

where j and k are integers. Then for any fixed integer j0, {ϕj0k, ψjk|j ≥ j0, k an integer}

is an orthonormal basis for L2(R). Let ξjk = ⟨f, ϕjk⟩ and θjk = ⟨f, ψjk⟩ be the usual inner

product of a function f ∈ L2(R) with the wavelet basis functions. Then f can be expressed

as an infinite series

f(x) =
∑
k

ξj0kϕj0k(x) +
∞∑

j=j0

∑
k

θjkψjk(x).
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In general, f need not be known but at least a discrete realization of it must be available.

Therefore, the wavelet coefficients can be estimated using the DWT. If f is represented as

a vector of dyadic length n = 2J for some positive integer J , then the DWT will provide a

total of n estimated coefficients ξj0k and θjk over the indices j = j0, j0 + 1, . . . , J − 1 and for

all appropriate k. The lowest level possible for j0 is 0, but higher values may be chosen.

Wavelets have the useful property that they can simultaneously analyze a function in

both the x-axis and frequency domains. This is accomplished through the series represen-

tation for f mentioned above and can be viewed as several series: one series involving the

father wavelet at level j0, and one mother wavelet-based series for each j ≥ j0. The first

series corresponds to the smooth, or coarse, structure of f . The other series correspond with

increasingly detailed, higher-frequency parts of f . Changing the index (or resolution level) j

allows one to zoom in or out onto the smooth or detailed structure of f . This is referred to as

the multiresolution property of wavelets. This property enables wavelets to model functions

of very irregular type, as well as smoother functions.

3 A Changepoint Model for Modeling Nonlinear Pro-

files with Wavelets

Suppose there are T samples or profiles (x1, y
t
1), (x2, y

t
2), . . . , (xn, y

t
n) available, where t =

1, 2, . . . , T . The relationship between y and x is assumed to be of the form y = f(x). Since

the data are collected in an experimental fashion, what is observed is yti = f t(xi) + εti for

t = 1, 2, . . . , T , i = 1, 2, . . . , n, with the xi equispaced over the interval. The errors εti are

assumed to be independent, identically distributed normal(0, σ2) random variables.

Consider the case where there is a point t = τ in the sequence of profiles after which the

profiles change: f 1 = f 2 = · · · = f τ ̸= f τ+1 = f τ+2 = · · · = fT . In statistical profile moni-

toring, one is interested in detecting the change in the profiles as soon after the changepoint

τ as possible, as well as estimating τ once the change has been detected.
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Previous work on profile monitoring assumed that the functions f were linear or that the

differences between profiles is linear or piecewise linear. Such restrictions can be significantly

relaxed and generalized by considering the differences to be nearly arbitrary functions. Since

these difference functions are general, wavelets can be used to estimate them.

The wavelet transformation is performed on the observed data yt = {yti} for a fixed t.

Each profile is assumed to be of length n, with n a dyadic integer, n = 2J . The transformation

is given by

θ̃t = n−1/2Wyt = n−1/2W (f t + εt) = θt + n−1/2Wεt

where W is the n × n orthonormal wavelet transformation matrix (Mallat (1989)) and θt

is the wavelet transformation of the true (unobserved) sampled function f t. Since W is an

orthogonal transformation, θ̃t is normal with mean θt and variance σ2/n ·In×n. Thus, there

are multiple vectors θ̃t of the form

θ̃t = {ξ̃t0,1, θ̃t0,1, θ̃t1,1, θ̃t1,2, θ̃t2,1, θ̃t2,2, θ̃t2,3, θ̃t2,4, θ̃t3,1, , . . . , θ̃tJ−2,2J−2 , θ̃
t
J−1,1, . . . , θ̃

t
J−1,2J−1}

each of length n, one for each profile. Each vector is partitioned or organized as follows: the

first component represents the coarsest, smoothest part of the function. The next component

is the next coarsest part, the next two components are the next coarsest after that, etc. The

last n/2 = 2J−1 components represent the finest details of the original data yt = {yti}. The

decomposition need not start at level 0, but can start at any integer j0 < J . Since the two

coarsest parts reside in the same resolution space, there is a notation difference (θ vs ξ).

For simplicity, the vector of wavelet coefficients θ̃t = {θ̃ti} is relabeled with a single index i

where i = 1, 2, . . . , n.

Below, with each newly observed sample profile, (xi, y
t
i), i = 1, 2, ..., n, the true θt is

estimated with θ̃t to determine if f t has changed from the known in-control function f 0.

This is done by comparing the θ̃t wavelet vectors to the θ0 wavelet vector (or its estimate)

via a likelihood ratio.
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4 Development of a Control Chart for Monitoring Non-

linear Profiles

A likelihood ratio test involving a changepoint model for the statistical monitoring of pro-

files is now considered. In the next section, the performance of this proposed approach is

evaluated and compared with others.

4.1 Hypotheses Under the Changepoint Model

Let t = 1, 2, . . . , T be the indices for the profile sequence f t, where T represents the most

recently observed profile. The null hypothesis under consideration is that the profiles are

always in control:

H0 : ∥f t − f 0∥2L2 =

∫ 1

0

(f t(x)− f 0(x))2dx = 0, t = 1, 2, . . . , T

where for simplicity it is assumed that the common support of the profiles is [a, b] is [0, 1].

The L2 norm is a measure of the distance between two profiles. The alternative hypothesis

is that the profiles are different from f 0 in terms of the norm of their difference after some

unknown time τ . That is,

Ha : ∥f t − f 0∥2L2 > 0, t = τ + 1, τ + 2, . . . , T.

Since the integrated difference between the two profiles is assumed to be finite, wavelets

will be used to accurately estimate this difference (Vidakovic (1999)). Functional forms for

the f t are not necessarily known or required beyond this simple assumption. The norm of

the difference in the functions in L2 is equivalent to the l2 sequence norm of the wavelet

coefficients. According to Parseval’s identity (Johnson and Riess (1982)),

∥f t − f 0∥2L2 = ∥θt − θ0∥2l2 .
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Thus, the null hypothesis is

H0 : ∥θt − θ0∥2l2 = 0 for t = 1, 2, . . . , T

indicating that the process is in-control for all times t. The alternative is that there is some

time τ after which the functions change:

Ha : ∥θt − θ0∥2l2 > 0 for t = τ + 1, τ + 2, . . . , T.

Estimate ∥θt − θ0∥2l2 with ∥θ̃t − θ̃0∥2l2 . If the in-control profile is known exactly, then so are

the DWT coefficients and use θ̃0 = θ0. If the in-control profile must be estimated from a

string of assumed in-control observations, then θ̃0 ∼ normal(θ0, σ2/(mn) · I), where here it

is assumed that the in-control profile f 0 was determined by averaging m in-control profile

observations. One may think of the known θ0 case as equivalent to setting m = ∞. Let

Wt =
n
σ2

m
m+1

∥θ̃t − θ̃0∥2l2 . Then, for each t, Wt ∼ χ2
n,γ where

γ =
n

σ2

m

m+ 1

∑
j

(θtj − θ0j )
2 =

n

σ2

m

m+ 1
∥θt − θ0∥2l2 (2)

is the non-centrality parameter.

Under the null hypothesis that the process is in-control, γ = 0. Under the alternative

hypothesis, (θ̃ti−θ̃0i ) ∼ Normal (θti−θ0i , σ2(1+1/m)/n) due to the orthogonality and linearity

of the wavelet transform, implying γ > 0 when t > τ . Thus, the hypotheses could then be

written in terms of γ as:

H0 : γ = 0, t = 1, 2, . . . , T

Ha : γ > 0 for t = τ + 1, τ + 2, . . . , T.
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4.2 Likelihood Ratio Test

Assuming σ is known, (this will be relaxed later), the likelihood under the null hypothesis is

L0 =
T∏
t=1

f(wt) =
T∏
t=1

w
n/2−1
t e−wt/2

2n/2Γ(n/2)
.

This assumes that the Wt are independent, which is the case when m = ∞. For a given

0 ≤ τ < T , the likelihood under the alternative hypothesis is

La =
τ∏

t=1

w
n/2−1
t e−wt/2

2n/2Γ(n/2)

T∏
t=τ+1

{
e−(wt+γ)/2

2n/2

∞∑
k=0

w
n/2+k−1
t γk

Γ(n/2 + k)22kk!

}

=
τ∏

t=1

w
n/2−1
t e−wt/2

2n/2Γ(n/2)

T∏
t=τ+1

{
w

n/2−1
t e−wt/2

2n/2

∞∑
k=0

e−γ/2(γ/4)k

k!
· wk

t

Γ(n/2 + k)

}

The likelihood ratio is

La

L0

=

∏T
t=τ+1

{
w

n/2−1
t e−wt/2

2n/2

∑∞
k=0

e−γ/2(γ/4)k

k!
· wk

t

Γ(n/2+k)

}
∏T

t=τ+1
w

n/2−1
t e−wt/2

2n/2Γ(n/2)

=
T∏

t=τ+1

{
∞∑
k=0

e−γ/2(γ/4)kwk
t

k!
· Γ(n/2)

Γ(n/2 + k)

}

For k ≥ 1

Γ(n/2 + k) = Γ(n/2)[(n/2 + k − 1)(n/2 + k − 2) · · · (n/2)].

Let

ck = (n/2 + k − 1)(n/2 + k − 2) · · · (n/2)

for k > 0 and c0 = 1. Then Γ(n/2 + k) = ckΓ(n/2). So,

La

L0

=
T∏

t=τ+1

{
e−γ/2

∞∑
k=0

(γ/4)kwk
t

k!
· 1

ck

}

Since n is fixed (and even), let m = n/2− 1 (not the same m as before - a dummy variable
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for temporary use). Then

ck =
(m+ k)!

m!
.

Therefore,

La

L0

=
T∏

t=τ+1

{
e−γ/2

∞∑
k=0

(γ/4)kwk
t

k!
· m!

(m+ k)!

}

Let’s find the limit of the series. It clearly converges since it is dominated eγwt/4. But this

bound is to large to use. Apply Stirling’s formula (Feller (1968)) to the ratio of factorials.

This is appropriate since we are assuming that m is large.

m!

(m+ k)!
≈ mm+1/2e−m

(m+ k)m+k+1/2e−m−k

= ek
(

m

m+ k

)m+1/2(
1

m+ k

)k

For large m and setting j = m+ 1/2,

(
m

m+ k

)m+1/2

=

(
j − 1/2

j − 1/2 + k

)j

=

(
1− k

j − 1/2 + k

)j

=

(
1−

jk
j−1/2+k

j

)j

.

The likelihood ratio given previously converges very fast due to the size of m!/(m + k)!.

Therefore, we will approximate the full sum

∞∑
k=0

(γ/4)kwk
t

k!
· m!

(m+ k)!
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with a truncated one:
K∑
k=0

(γ/4)kwk
t

k!
· m!

(m+ k)!

We assume the K << m = j − 1/2. Then

(
1−

jk
j−1/2+k

j

)j

≈ e−
jk

j−1/2+k = e−
k(m+1/2)

k+m .

Or, perhaps more useful,

jk

j − 1/2 + k
→ k

implying (
1−

jk
j−1/2+k

j

)j

≈ e−k

Therefore,

m!

(m+ k)!
≈ eke−k

(
1

m+ k

)k

=

(
1

m+ k

)k

≈ (m+ 1)−k.

The series then is approximated by

∞∑
k=0

(γ/4)kwk
t

k!
· m!

(m+ k)!
≈

K∑
k=0

(γwt/(4(m+ 1)))k

k!
≈ eγwt/(4(m+1)).
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The likelihood ratio becomes

La

L0

≈
T∏

t=τ+1

e−γ/2eγwt/(4(m+1))

=
T∏

t=τ+1

eγ(wt/(4(m+1))−1/2)

=
T∏

t=τ+1

eγ(wt/(2n)−1/2)

= exp

{
T∑

t=τ+1

γ(wt/(2n)− 1/2)

}

= exp

{
γ

2n

T∑
t=τ+1

wt −
γ

2
(T − τ)

}

= exp {γg(τ)} ,

where g is

g(τ) =
1

2

T∑
t=τ+1

(wt

n
− 1
)
=

1

2

T∑
t=τ+1

(
wt

E(wt|H0)
− 1

)
.

The log of the likelihood ratio is

log

(
La

L0

)
≈ γg(τ)

for fixed n and σ.

Note that E(Wt) = n when t ≤ τ , and E(Wt) = n + γ when t > τ , where γ > 0 is

unknown. These expectations can be estimated as

1

τ

τ∑
t=1

wt and
1

T − τ

T∑
t=τ+1

wt,
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respectively. A simple estimate of γ is the difference of these two averages. That is,

γ̂ =
1

T − τ

T∑
t=τ+1

wt −
1

τ

τ∑
t=1

wt. (3)

This estimate is preferred over directly estimating γ from (2) since it incorporates information

from multiple profiles. One could then write the log likelihood ratio as a function of the

unknown τ as

h(τ) = γ̂
1

2

T∑
t=τ+1

(wt

n
− 1
)

(4)

and τ̂ would be the value of τ = 0, 1, ..., T − 1 that maximizes h. A drawback of γ̂ is its

large variance which is on the order of n. The remaining portion of h is less variable, having

a variance on the order of n−1. An improved estimator of γ is obtained below by taking

advantage of wavelet thresholding.

4.3 Thresholding Wavelets to Improve Parameter Estimation

The observed profiles contain noise which must be removed to obtain an accurate estimate

of the true underlying profile f t. This can be accomplished through the use of wavelet

thresholding. If θ̃j is a wavelet coefficient, then

θ̂j = sgn(θ̃j)(|θ̃j| − λ)+

is the thresholded coefficient. Using the soft, universal thresholding method (VisuShrink) of

Donoho and Johnstone (1994), λ is taken to be
√

2σ2 log(n)/n. This thresholding method

is applied to the difference of the profiles, or equivalently, to the difference of the wavelet

coefficients for the two profiles. Let θ̃t
d = θ̃t − θ̃0 and θ̂t

d be the thresholded difference

coefficients. The reconstruction of the profile difference using the observed profiles and

the thresholded wavelet coefficients is very close to the true difference. In general, the

reconstruction error, measured as mean squared error, for the VisuShrink threshold method
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above is on the order of (log(n)/n)p, where p is a parameter depending on the smoothness

of the functions being considered. This bound implies that the difference of the profiles is

being estimated extremely accurately. In particular, the variance of γ̂ in (3) is reduced by

thresholding.

The new estimate of γ is then the equivalent of (3), with thresholded coefficients

replacing the nonthresholded ones. This estimate of γ could be modified through the use

of other thresholding methods, such as SureShrink (Donoho and Johnstone (1995)) and the

block thresholding methods mentioned earlier. The log likelihood ratio h in (4) is then a

function of the thresholded γ estimate of the function g(τ).

It is now evident that the log likelihood uses wavelets in two fashions. The wavelet

coefficients in wt measure the size of the difference, while nonlinear thresholded wavelet

coefficients are used to determine γ as a function of τ .

This can now be implemented as a control chart by maximizing h over all possible

changepoints 0 ≤ τ < T and comparing that maximum value to an upper control limit,

UCL. The UCL is found via simulation since the distribution of the test statistic is not

known. Thus, having observed T > 0 sample profiles, the proposed method signals that

there has been a change in the profiles if

h(τ̂) = max
0≤τ<T

h(τ) > UCL.

Once a change in the profiles has been detected, τ can then be estimated as

τ̂ = arg max
0≤τ<T

h(τ)

and γ, a measure of the magnitude of the change in the profiles, can then be estimated with

γ̂(τ̂).

It can be seen that this method is semiparametric. The likelihood ratio is devised

parametrically, but nonparametric methods (nonlinear wavelet thresholding) are used to
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estimate γ.

The use of thresholding is often associated with monitoring only a select few coefficients.

Monitoring only a subset of coefficients leads to the possibility of missing a localized out-

of-control condition. This is not the case for the estimator proposed here. All coefficients

are examined via the statistic Wt. Thresholding is used in association with this value by

estimating γ.

5 Performance of the Changepoint Wavelet Method

for Profile Monitoring

The performance of the changepoint wavelet method for monitoring profiles was investigated

using Monte Carlo simulation. The piecewise smooth function of Mallat (1999) was used as

the in-control profile and several non-linear out-of-control differences between profiles were

examined. The in-control function is shown in Figure 1. Although this function is very

irregular, it is the difference between profiles that is important. The use of the function in

Figure 1 is merely to emphasize that the nature of the profiles is of less importance than the

nature of the difference of profiles. This is due to both the estimation abilities of wavelets

(they will not smooth over the steep changes like many nonparametric methods) and the

differencing step. Additionally, this function was used as the in-control profile in Jeong et al.

(2006), so it is included here to improve comparability. Several differences of profiles were

examined, as will be discussed below. They range in form from smooth to differences with

jumps, and include localized changes, as well.

Standard normal noise was then added to the function in Figure 1. Each sample con-

sisted of a realization of n = 512 (x, y) pairs of such observations. The method was calibrated

using a UCL that gives an in-control average run length (ARL) would be approximately 200.

The likelihood ratio devised above assumes that the level of noise σ is known. In prac-

tice, this parameter must be estimated. The orthogonality of the DWT provides an easy
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way in which to accomplish this. The highest level of wavelet coefficients usually models

only noise, and any estimator of σ may therefore be applied to this set of coefficients (before

any thresholding is performed). In this paper, the median absolute deviation (MAD) is used

to estimate σ. Use of MAD rather than other noise estimators such as the sample variance,

for example, is standard when estimating noise within a wavelet analysis, since for irregu-

lar functions/profiles the highest level of wavelet coefficients might contain profile/function

structure (large coefficients). MAD is robust with respect to such outliers. To ensure that

the highest level of coefficients truly models noise, only profiles with little or no non-noise

characteristics at this level are considered. Each observed profile generates an estimate for

σ, so when multiple profiles are observed before an out-of-control condition is signaled, the

final estimate of the noise is the average of all the MAD estimates from the observed profiles.

The use of the average of the estimates for σ is justified by the weak or strong laws of large

numbers.

This estimate of the noise level σ is a within-profile method. An estimate is obtained

from each individual profile. The concern of sample size (number of profiles) is diminished if

this method is used. If the sampled profile is of length n then there are n/2 coefficients at the

highest detail level of coefficients. So, every observed profile provides n/2 observations with

which to estimate σ. The noise level σ is not estimated by examining the between-profile

variability. Had this method been chosen, then indeed the number of profiles T observed

becomes an issue. If the first observed profile is out-of-control, then there are certainly not

enough observed profiles to form an accurate between-profile estimate of σ by time T = 1,

while the within-profile method used in the proposed estimator has n/2 observations to use.

Note that thresholding does not have an impact on this estimation, since MAD is

applied to pre-thresholded coefficients. In fact, thresholding requires an estimate of σ in its

implementation.

The estimation of the UCL depends on whether or not σ is estimated and the value of

m, the number of assumed in-control profiles used to estimate f 0. To compare the proposed
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estimator with previous methods, a UCL of 0.029 is used. This corresponds to σ and f 0

both known, a restriction imposed by some of the competing methods.

The UCLs were found via simulation by determining a value such that the ARL for a

sequence of flat-line profiles that are always in control is 200. If other values of this ARL

are desired, a table of ARL and UCL values are given in Tables 1 through 4. The use of

interpolation or regression can provide the appropriate value of a UCL for a desired ARL.

Experience has shown that either regressing ln(ARL) on UCL, or ARL on UCL2 fit the data

well. These tables consider multiple values of n and m, and whether σ is known or not.

The estimate of γ uses thresholded coefficients, so it might appear that the value of

the UCL depends on how many coefficients are available after soft thresholding. However,

since the UCL is based on zero-difference profiles, the expected number of these coefficients,

say n1, is a function only of the sample size n. Therefore, it is unnecessary to account for

the proportion of coefficients not set to zero when determining the UCL. In the simulation

results to follow, the ratio n1/n is never more than 0.02 for either in-control or out-of-control

profile differences.

The performance of the method was first investigated for the situation when there is a

simple linear or uniformly additive shift in the profile. That is, a fixed constant
√
a > 0 was

added to the entire in-control profile such the integrated squared error between the in-control

profile and the out-of-control profile was a.

The ARL performance of the changepoint wavelet method for detecting linear shifts

in profiles was compared to those of three existing methods. The first alternative method

(Fan, 1996) is the uniformly most powerful invariant test using an entire set of wavelet

coefficients. This test uses the sum of the squared differences (between the known in-control

profile and a new profile f t) of all the normalized wavelet coefficients. For an in-control

profile, the test statistic for this approach is a χ2
n random variable. A discussion of this

test and its limitations is given in Fan (1996). We refer to this method as M1. The second

alternative,M2, is the method from Jin and Shi (2001) and is based on examining the subset
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of the wavelet coefficients determined by applying VisuShrink. Only the non-thresholded

coefficients are tested. The third alternative is the method of Jeong et al. (2006), denoted

here asM3. Their method is similar to Jin and Shi, but uses a different, more data-dependent

threshold. For the implementation of the proposed approach, the Haar wavelet is used. All

three alternatives were calibrated so that their in-control ARLs were also approximately 200.

Some of these competitor methods were designed for use only with known f 0 (m = ∞) and

σ, rather than their estimates. So, the comparisons in Table 5 incorporate these assumptions

in the simulations.

For each estimated ARL, 1000 replications of the study were generated. The results are

shown in Table 5. In this table, the proposed nonlinear, semiparametric method is denoted as

M∗. As can be seen for the horizontal line out-of-control condition (i.e., for a simple, uniform

additive vertical shift), M∗ has smaller ARL values for detecting out-of-control profiles in all

cases but one, and in that case the methods have the same ARL of 1.0, the lowest possible

value.

Additionally, M∗ also has the smallest standard deviations for the estimate of the

ARL. This is a consequence of applying thresholding in the estimate of γ. The MSE of the

estimates θ̂td are on the order of ln(n)/n, implying that the variance is quite low. With values

of a less than or equal to 0.09, it is evident from the table that the variability for methods

M1,M2 and M3 is close to the size of the ARL. This is not true for M∗.

Besides simple constant or linear differences between profiles, nonlinear out-of-control

profile differences were also evaluated. Recall, the only assumption on the difference of

the profiles is that they be finite square integrable. Three possible functional forms were

investigated for the differences between the in- and out-of-control profiles as shown in Figures

2 (triangular form), 3 (parabolic form), and 4 (broken line). Additionally, another out-of-

control profile condition was considered where the out-of-control profile consisted of two

localized constant shifts on the intervals between the sample points 89 and 96, and between

241 and 256 (recall there are 512 sample points). This local shift is also considered in Jeong
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et al. (2006).

Since these are not simple shifts, but somewhat complicated changes, they cannot be

easily described in simple terms of vertical displacement as before. Instead, various values are

used for ∥f 0−f t∥2L2 = a > 0, the L2 norm for the distance between the in- and out-of-control

profiles. These shifts represent varying degrees of local to global changes.

The size of a may also be interpreted in terms of signal-to-noise ratios (snr). The

signal-to-noise ratio measures the variability of the function compared to the variability of the

errors. Since the method proposed in this paper is detecting the change in profiles rather than

estimating profiles directly, the appropriate snr is the variability of the difference function

dividing by σ, the variability of the error. For a given a and σ, these snr are a/σ2 (triangular

difference), 4a/(9σ2) (parabolic difference), 3a/(4σ2) (broken line), and 488a/(512σ2) (local

shifts difference). The horizontal shift difference function has no variability, so the snr is not

defined. In the simulations, values of a is 0.25 or less, and σ = 1. So the snr’s are always

0.25 and smaller.

To compare these results with those M∗ ARL values from the simple horizontal line

displacement scenario, the same values were used for a, the value of the integrated square

differences. Again, 1000 replications were performed. Table 5 shows the ARLs for these

different forms of the profile differences for τ = 0.

It is clear that the proposedM∗ method works best in the simplest case, the horizontal

line examined in Table 5. In all cases, however, M∗ works well. For a ≥ 0.04, M∗ has the

lowest ARL and the lowest standard deviations for the ARL.

The proposed M∗ method works best in all but 4 of the 25 total cases examined. In

each of those 4 cases, M2 andM3 have smaller ARL. It can be noted that whenM∗ is better

than M3, the ARL of M3 is regularly 2 to 8 times as large as M∗. In the 4 cases where M3

has a lower ARL than M∗, the ARL for M∗ is never more than 55% higher than the ARL

of M3. Thus, M∗ is generally more robust than M3. A similar observation may be made in

the comparison of M2 with M∗.
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The cases where M∗ performs poorly with regards to the others are all at a = 0.01. It

could be argued that none of the estimators do well at this low level for a. The standard

deviations are just as large as the ARL in all these cases.

Compared with the alternative methods M1, M2 and M3, the M∗ method is unique in

that it also provides an estimate of the change point, τ , the last sample from the in-control

process, as well as an estimate â of the magnitude of the change in the profiles through the

use of the thresholded wavelet estimate of γ. (This is accomplished via hard thresholding.)
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Figure 1: Mallat’s piecewise smooth function, Mallat (1999).

Tables 6 through 21 provide a comparison of the ARLs for detecting out-of-control

conditions when τ = 0, 10, 25, and 50 and the associated estimates of τ . The tables also

provide â, the wavelet estimate of a. Comparisons with the competitors is not possible: they

were not designed for such estimates. In these tables, σ is estimated or known, and m takes

on values 5, 10,∞.

These tables show several trends. As expected, larger values of m result in improved

estimates and ARLs. Additionally, σ known provides more accuracy in the method than σ

24



0.0 0.2 0.4 0.6 0.8 1.0

−
0.

5
0.

0
0.

5

Values of a

0.25
0.16
0.09
0.04
0.01

Triangular Difference

Figure 2: The “Triangular” form for the difference in profiles.

estimated.

To illustrate the scale of these values of a with respect to Mallat’s function, comparisons

are shown of this in-control profile and the out-of-control profile in Figures 5 and 6. Here,

the out-of-control profile difference is modeled to be of the “Broken Line” form. Figure 5

uses the exaggerated value a = 25 (100 times greater than the largest simulated difference)

in order to clearly show the differences between in- and out-of-control profiles. The top panel

shows the in-control profile (solid line) with the difference function (dashed line). The center

panel shows the in-control (dashed) and out-of-control (solid) profiles, and the bottom panel

adds noise to the out-of-control profile. The signal to noise ratio (snr) here is the same as

the snr for the simulated cases with a = 0.25 and σ = 1.

In the simulation studies, much smaller values of a were investigated. Figure 6 cor-

responds to a = 0.25, the largest value of a that was investigated. Note how the in- and

out-of-control profiles in the upper and center panels, respectively, in Figure 6 are nearly

indistinguishable from one another. Adding noise to these profiles can only make the differ-
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Figure 3: The “Parabolic” form for the difference in profiles.

ence less apparent visually. Even upon zooming in on the region within the profile where the

out-of-control condition resides (Figure 6, bottom panel), it can be seen that for a difference

of magnitude a = 0.25, the change in profiles still appears small. With this is mind, the

performance of the M∗ profile change detection method and the changepoint and change

magnitude estimators at values of a = 0.25 and less is quite remarkable.

Naturally, the ARL values for M∗ will not be the same when σ and f 0 are unknown.

An example is given in Table 22. Here, the estimate of σ is also provided. Three values

of m are used: m = ∞ (corresponding to f 0 being known), m = 10, and m = 5. The

corresponding UCL values are 0.038, 0.036, and 0.035. Note that decreasing m increases the

ARL values, as expected. The added uncertainty due to fewer in-control candidate profiles

has little effect on estimates of a, τ or σ.

The procedure may now be summarized.

1. Obtain an estimate of f 0 by averaging over m known in-control profiles. If f 0 is known,

use m = ∞. Obtain the DWT of f 0. Set t = 1.
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Figure 4: The “Broken Line” form for the difference in profiles.

2. For observation t, obtain the DWT of the profile f t. Use the highest, most detailed level

of wavelet coefficients to estimate the standard deviation of the errors of the observed profile

f t via the median absolute deviation (MAD). If t > 1, update the current estimate of σ by

averaging over all previous estimates of σ.

3. Threshold the difference of the wavelet coefficients of f 0 and f t for use in the estimation

of the parameter γ as at (3).

4. Form the likelihood ratio as at (4), and maximize over τ .

5. If the result of step 4 is greater than the UCL, signal that an out-of-control profile has

been detected and report the value for τ̂ . Otherwise, go to step 2 and proceed with the new

observation at t+ 1.
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Figure 5: Top panel is the in-control profile (Figure 1), with the “Broken Line” difference
(Figure 4) of change magnitude a = 25 added as a dashed line. Center panel is the out-of-
control profile (before noise added). Bottom panel adds noise to center panel.
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Figure 6: Illustration of out-of-control profile when a = .25.
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n = 512 n = 256 n = 128 n = 64
UCL ARL UCL ARL UCL ARL UCL ARL
0.015 81.88 0.030 95.78 0.040 64.20 0.100 92.14
0.020 116.06 0.040 137.11 0.060 105.15 0.125 123.24
0.025 164.31 0.050 204.41 0.080 168.66 0.150 161.06
0.030 217.28 0.060 274.40 0.100 237.82 0.175 210.25
0.035 278.39 0.070 344.64 0.120 322.08 0.200 252.00
0.040 353.21 0.080 485.08 0.140 441.77 0.225 308.66
0.045 469.15 0.250 401.09

Table 1: ARLs for various UCLs and values of n. (m = ∞, σ known.)

n = 512 n = 256 n = 128 n = 64
UCL ARL UCL ARL UCL ARL UCL ARL
0.020 81.59 0.040 89.89 0.080 83.69 0.200 85.00
0.025 106.42 0.050 116.09 0.100 108.74 0.250 117.60
0.030 146.53 0.060 163.42 0.120 137.06 0.300 145.01
0.035 181.65 0.070 193.25 0.140 171.68 0.350 174.57
0.040 218.80 0.080 238.24 0.160 212.91 0.400 213.60
0.045 267.20 0.090 294.49 0.180 259.63 0.450 257.10
0.050 330.45 0.100 350.61 0.200 289.83 0.500 275.16
0.055 388.10 0.110 420.65 0.220 342.92 0.550 334.75
0.060 466.19 0.240 380.66 0.600 363.30

0.260 402.78 0.650 397.35
0.700 450.74

Table 2: ARLs for various UCLs and values of n. (m = ∞, σ unknown.)

n = 512 n = 256 n = 128 n = 64
UCL ARL UCL ARL UCL ARL UCL ARL
0.020 89.77 0.040 88.06 0.080 80.54 0.200 88.96
0.025 121.82 0.050 120.88 0.100 119.04 0.250 121.74
0.030 147.71 0.060 164.43 0.120 152.18 0.300 158.54
0.035 187.42 0.070 203.84 0.140 184.68 0.350 196.48
0.040 214.86 0.080 261.98 0.160 230.99 0.400 225.04
0.045 292.82 0.090 294.19 0.180 284.92 0.450 285.26
0.050 326.40 0.100 367.78 0.200 337.63 0.500 304.31
0.055 403.29 0.110 424.38 0.220 389.33 0.550 382.36

0.240 465.54 0.600 461.53

Table 3: ARLs for various UCLs and values of n. (m = 10, σ unknown.)
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n = 512 n = 256 n = 128 n = 64
UCL ARL UCL ARL UCL ARL UCL ARL
0.020 93.34 0.040 97.23 0.080 89.48 0.150 69.79
0.025 138.74 0.050 132.82 0.100 127.42 0.200 101.84
0.030 167.08 0.060 185.57 0.120 170.73 0.250 144.90
0.035 202.57 0.070 231.79 0.140 224.80 0.300 185.40
0.040 252.25 0.080 270.21 0.160 293.25 0.350 218.12
0.045 305.60 0.090 345.50 0.180 328.35 0.400 323.26
0.050 372.41 0.100 422.02 0.200 438.26 0.450 354.15
0.055 453.54 0.500 485.19

Table 4: ARLs for various UCLs and values of n. (m = 5, σ unknown.)
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
M1 122.94 (128.82) 34.76 (34.32) 7.97 (7.03) 2.27 (1.69) 1.18 (0.47)
M2 91.36 (94.68) 14.48 (13.47) 2.62 (2.05) 1.14 (0.41) 1.00 (0.04)
M3 71.11 (69.57) 20.76 (19.43) 5.90 (5.01) 2.05 (1.46) 1.17 (0.47)
M∗ 42.45 (38.36) 2.50 (1.79) 1.14 (0.42) 1.01 (0.09) 1.00 (0.00)

Triangular
M1 131.50 (129.22) 36.26 (37.11) 8.32 (7.69) 2.28 (1.69) 1.19 (0.47)
M2 90.19 (92.98) 14.33 (13.43) 2.64 (2.08) 1.11 (0.36) 1.01 (0.08)
M3 72.87 (73.10) 21.01 (20.00) 5.88 (5.65) 2.09 (1.51) 1.16 (0.44)
M∗ 97.94 (84.98) 7.72 (5.94) 1.52 (0.82) 1.03 (0.17) 1.00 (0.03)

Parabolic
M1 124.55 (123.86) 34.09 (33.72) 7.84 (7.11) 2.23 (1.62) 1.16 (0.44)
M2 84.05 (83.28) 14.57 (13.92) 2.63 (2.05) 1.15 (0.40) 1.00 (0.04)
M3 75.72 (73.49) 21.33 (20.57) 5.63 (5.45) 2.18 (1.61) 1.16 (0.43)
M∗ 84.62 (72.88) 4.81 (3.80) 1.33 (0.63) 1.03 (0.18) 1.00 (0.00)

Broken Line
M1 128.24 (130.22) 37.21 (36.05) 7.93 (7.62) 2.27 (1.65) 1.22 (0.50)
M2 91.49 (86.02) 15.52 (14.61) 2.49 (2.07) 1.15 (0.45) 1.00 (0.05)
M3 75.16 (73.82) 20.25 (19.47) 5.52 (4.88) 2.08 (1.48) 1.16 (0.43)
M∗ 96.96 (81.09) 8.98 (6.96) 1.60 (0.89) 1.05 (0.21) 1.00 (0.03)

Local Jumps
M1 122.22 (121.19) 35.37 (34.31) 7.70 (7.04) 2.24 (1.66) 1.16 (0.44)
M2 90.17 (92.81) 14.16 (12.91) 2.58 (2.01) 1.12 (0.37) 1.00 (0.04)
M3 72.28 (67.81) 20.72 (21.79) 5.90 (5.20) 2.03 (1.41) 1.16 (0.43)
M∗ 111.73 (91.68) 11.54 (9.18) 2.09 (1.32) 1.07 (0.26) 1.00 (0.04)

Table 5: ARL comparisons of the four methods, σ known, m = ∞.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 96.22 5.18 2.05 1.29 1.12
τ̂ 75.30 3.24 0.76 0.18 0.05
â 0.04 0.07 0.11 0.18 0.26
σ̂ 0.98 0.98 0.98 0.98 1.00

Triangular
ARL 128.37 17.97 3.11 1.44 1.13
τ̂ 92.35 11.98 1.43 0.30 0.06
â 0.04 0.05 0.09 0.15 0.22
σ̂ 0.99 0.98 0.98 0.98 0.99

Parabolic
ARL 132.55 13.09 2.50 1.45 1.12
τ̂ 104.03 8.46 1.04 0.33 0.05
â 0.04 0.06 0.10 0.16 0.24
σ̂ 0.99 0.98 0.98 0.98 0.99

Broken Line
ARL 123.25 19.83 3.31 1.41 1.16
τ̂ 91.14 11.93 1.54 0.28 0.10
â 0.04 0.05 0.09 0.16 0.25
σ̂ 0.98 0.98 0.97 0.98 0.99

Local Jumps
ARL 140.25 26.45 4.35 1.68 1.14
τ̂ 104.19 14.71 2.08 0.41 0.10
â 0.04 0.04 0.07 0.13 0.21
σ̂ 0.99 0.98 0.98 0.98 0.99

Table 6: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with method M∗, τ = 0, σ = 1,
and m = 5.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 105.73 5.04 1.28 1.04 1.01
τ̂ 94.55 11.93 9.19 9.65 9.97
â 0.04 0.06 0.09 0.16 0.26
σ̂ 0.99 1.00 1.00 1.00 1.00

Triangular
ARL 138.28 18.95 2.47 1.13 1.00
τ̂ 111.32 19.95 10.26 9.78 9.92
â 0.04 0.05 0.08 0.13 0.21
σ̂ 0.99 1.00 1.00 1.00 1.00

Parabolic
ARL 132.86 12.52 1.91 1.10 1.01
τ̂ 108.86 16.89 9.84 9.76 9.97
â 0.04 0.05 0.09 0.15 0.24
σ̂ 0.99 0.99 1.00 1.00 1.00

Broken Line
ARL 147.23 20.90 2.73 1.16 1.01
τ̂ 117.23 21.43 10.31 9.74 9.98
â 0.04 0.05 0.08 0.15 0.24
σ̂ 0.99 0.99 1.00 1.00 1.00

Local Jumps
ARL 146.46 28.92 3.86 1.31 1.02
τ̂ 115.17 24.39 10.80 9.92 9.97
â 0.04 0.04 0.07 0.12 0.21
σ̂ 0.99 0.99 1.00 1.00 1.00

Table 7: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with methodM∗, τ = 10, σ = 1,
and m = 5.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 109.21 4.28 1.26 1.03 1.00
τ̂ 104.48 25.00 23.71 24.75 24.93
â 0.04 0.06 0.09 0.17 0.26
σ̂ 1.00 1.00 1.00 1.00 1.00

Triangular
ARL 152.05 18.79 2.34 1.12 1.00
τ̂ 136.87 33.35 24.73 24.70 24.88
â 0.04 0.04 0.08 0.14 0.21
σ̂ 1.00 1.00 1.00 1.00 1.00

Parabolic
ARL 142.67 13.72 1.78 1.07 1.01
τ̂ 131.15 31.54 24.25 24.68 24.97
â 0.04 0.05 0.09 0.15 0.24
σ̂ 1.00 1.00 1.00 1.00 1.00

Broken Line
ARL 153.33 20.81 2.52 1.12 1.01
τ̂ 132.38 33.23 24.86 24.65 24.95
â 0.04 0.05 0.08 0.15 0.24
σ̂ 1.00 1.00 1.00 1.00 1.00

Local Jumps
ARL 145.53 35.88 3.74 1.28 1.01
τ̂ 127.04 40.94 25.31 24.79 24.94
â 0.04 0.04 0.07 0.12 0.21
σ̂ 0.99 1.00 1.00 1.00 1.00

Table 8: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with methodM∗, τ = 25, σ = 1,
and m = 5.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 101.43 4.01 1.22 1.03 1.01
τ̂ 121.97 48.44 48.30 49.50 49.96
â 0.04 0.06 0.09 0.16 0.26
σ̂ 1.00 1.00 1.00 1.00 1.00

Triangular
ARL 156.65 18.20 2.30 1.11 1.01
τ̂ 158.54 55.48 49.57 49.53 49.91
â 0.04 0.05 0.08 0.13 0.22
σ̂ 1.00 1.00 1.00 1.00 1.00

Parabolic
ARL 140.39 12.38 1.82 1.06 1.00
τ̂ 148.19 53.36 48.87 49.69 49.97
â 0.04 0.05 0.09 0.15 0.24
σ̂ 1.00 1.00 1.00 1.00 1.00

Broken Line
ARL 152.19 21.37 2.43 1.13 1.01
τ̂ 149.16 60.04 49.26 49.68 49.98
â 0.04 0.05 0.08 0.15 0.24
σ̂ 1.00 1.00 1.00 1.00 1.00

Local Jumps
ARL 159.95 31.11 3.66 1.28 1.02
τ̂ 163.21 60.39 49.87 49.39 49.94
â 0.04 0.04 0.07 0.12 0.20
σ̂ 1.00 1.00 1.00 1.00 1.00

Table 9: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with methodM∗, τ = 50, σ = 1,
and m = 5.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 72.06 4.68 1.92 1.28 1.08
τ̂ 53.94 2.99 0.69 0.18 0.03
â 0.04 0.07 0.11 0.18 0.26
σ̂ 0.98 0.97 0.98 0.99 0.99

Triangular
ARL 115.31 13.20 2.62 1.40 1.06
τ̂ 77.62 8.30 1.10 0.27 0.04
â 0.03 0.05 0.09 0.14 0.22
σ̂ 0.99 0.98 0.98 0.99 0.99

Parabolic
ARL 103.54 9.24 2.32 1.31 1.08
τ̂ 72.11 5.83 0.97 0.19 0.04
â 0.04 0.06 0.10 0.16 0.25
σ̂ 0.99 0.97 0.98 0.99 0.99

Broken Line
ARL 113.13 14.67 1.65 1.43 1.11
τ̂ 78.69 8.81 1.16 0.28 0.05
â 0.04 0.05 0.09 0.16 0.25
σ̂ 0.99 0.98 0.98 0.99 1.00

Local Jumps
ARL 119.22 21.08 3.63 1.55 1.10
τ̂ 75.91 12.53 1.68 0.37 0.06
â 0.04 0.04 0.08 0.13 0.21
σ̂ 0.98 0.98 0.98 0.98 0.99

Table 10: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with method M∗ and τ = 0,
σ = 1, m = 10.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 75.50 3.51 1.26 1.03 1.00
τ̂ 65.66 10.57 9.35 9.74 9.98
â 0.04 0.06 0.09 0.16 0.26
σ̂ 0.99 1.00 1.00 1.00 1.00

Triangular
ARL 126.93 13.38 2.03 1.10 1.00
τ̂ 94.48 16.71 10.00 9.84 9.98
â 0.03 0.05 0.08 0.14 0.22
σ̂ 0.99 0.99 1.00 1.00 1.00

Parabolic
ARL 124.05 8.94 1.63 1.05 1.00
τ̂ 97.25 13.68 9.73 9.83 9.98
â 0.04 0.05 0.09 0.15 0.24
σ̂ 0.99 1.00 1.00 1.00 1.00

Broken Line
ARL 115.89 14.48 2.22 1.09 1.00
τ̂ 86.31 17.13 10.00 9.85 9.97
â 0.04 0.05 0.08 0.15 0.25
σ̂ 0.99 0.99 1.00 1.00 1.00

Local Jumps
ARL 126.66 20.82 3.05 1.21 1.01
τ̂ 89.01 19.78 10.29 9.92 9.98
â 0.03 0.04 0.07 0.12 0.21
σ̂ 0.99 1.00 1.00 1.00 1.00

Table 11: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with method M∗ and τ = 10,
σ = 1, m = 10.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 75.97 3.09 1.17 1.02 1.00
τ̂ 80.24 24.12 23.87 24.63 25.00
â 0.04 0.05 0.09 0.16 0.26
σ̂ 1.00 1.00 1.00 1.00 1.00

Triangular
ARL 121.30 13.35 1.79 1.06 1.00
τ̂ 99.97 30.52 24.40 24.85 24.99
â 0.03 0.05 0.08 0.14 0.22
σ̂ 1.00 1.00 1.00 1.00 1.00

Parabolic
ARL 111.18 8.75 1.57 1.03 1.00
τ̂ 97.12 28.08 24.12 24.72 24.99
â 0.04 0.05 0.08 0.16 0.24
σ̂ 1.00 1.00 1.00 1.00 1.00

Broken Line
ARL 121.93 14.60 2.12 1.08 1.00
τ̂ 99.82 30.72 24.71 24.84 24.94
â 0.03 0.05 0.08 0.15 0.24
σ̂ 0.99 1.00 1.00 1.00 1.00

Local Jumps
ARL 127.91 20.79 2.89 1.19 1.00
τ̂ 105.22 34.33 24.99 24.72 24.99
â 0.04 0.04 0.07 0.12 0.21
σ̂ 1.00 1.00 1.00 1.00 1.00

Table 12: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with method M∗ and τ = 25,
σ = 1, m = 10.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 78.55 2.93 1.15 1.02 1.00
τ̂ 103.10 48.19 48.55 49.47 49.98
â 0.04 0.06 0.09 0.17 0.26
σ̂ 1.00 1.00 1.00 1.00 1.00

Triangular
ARL 130.15 12.71 1.95 1.05 1.00
τ̂ 128.49 53.89 48.97 49.73 49.90
â 0.04 0.05 0.08 0.13 0.22
σ̂ 1.00 1.00 1.00 1.00 1.00

Parabolic
ARL 110.06 8.06 1.55 1.03 1.00
τ̂ 117.98 50.95 48.87 49.56 49.98
â 0.04 0.05 0.08 0.15 0.25
σ̂ 1.00 1.00 1.00 1.00 1.00

Broken Line
ARL 133.68 14.63 2.00 1.09 1.00
τ̂ 128.40 54.92 49.43 49.66 49.98
â 0.03 0.05 0.08 0.14 0.24
σ̂ 1.00 1.00 1.00 1.00 1.00

Local Jumps
ARL 136.18 21.30 2.88 1.15 1.00
τ̂ 126.44 56.84 49.63 49.62 49.98
â 0.03 0.04 0.07 0.12 0.21
σ̂ 1.00 1.00 1.00 1.00 1.00

Table 13: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with method M∗ and τ = 50,
σ = 1, m = 10.

39



a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 48.84 3.93 1.67 1.25 1.08
τ̂ 36.66 2.37 0.48 0.15 0.03
â 0.04 0.06 0.11 0.17 0.26
σ̂ 0.98 0.98 0.98 0.99 0.99

Triangular
ARL 101.18 9.71 2.14 1.26 1.05
τ̂ 64.30 5.72 0.79 0.16 0.03
â 0.03 0.05 0.09 0.14 0.22
σ̂ 0.98 0.98 0.98 0.99 0.99

Parabolic
ARL 87.56 7.31 1.99 1.26 1.06
τ̂ 58.28 4.41 0.73 0.16 0.02
â 0.04 0.05 0.10 0.16 0.25
σ̂ 0.98 0.98 0.98 0.99 0.99

Broken Line
ARL 105.35 10.42 2.37 1.28 1.08
τ̂ 67.79 6.14 0.92 0.18 0.04
â 0.03 0.05 0.10 0.16 0.25
σ̂ 0.98 0.98 0.98 0.99 0.99

Local Jumps
ARL 108.55 14.35 2.79 1.37 1.07
τ̂ 67.18 8.45 1.07 0.23 0.03
â 0.03 0.04 0.08 0.14 0.22
σ̂ 0.99 0.98 0.98 0.98 0.99

Table 14: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with method M∗ and τ = 0,
σ = 1, m = ∞.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 57.21 2.73 1.14 1.02 1.01
τ̂ 51.67 9.92 9.27 9.88 9.97
â 0.04 0.05 0.09 0.17 0.26
σ̂ 0.99 1.00 1.00 1.00 1.00

Triangular
ARL 105.02 9.74 1.68 1.04 1.00
τ̂ 78.93 14.74 9.96 9.88 10.00
â 0.03 0.05 0.08 0.14 0.22
σ̂ 0.99 1.00 1.00 1.00 1.00

Parabolic
ARL 97.13 6.52 1.44 1.02 1.00
τ̂ 69.73 12.68 9.72 9.84 10.00
â 0.03 0.05 0.09 0.15 0.24
σ̂ 0.99 1.00 1.00 1.00 1.00

Broken Line
ARL 112.15 10.66 1.86 1.05 1.00
τ̂ 78.57 15.25 9.96 9.88 9.99
â 0.03 0.05 0.08 0.15 0.24
σ̂ 0.99 1.00 1.00 1.00 1.00

Local Jumps
ARL 115.32 14.77 2.46 1.12 1.00
τ̂ 77.73 16.71 10.32 9.93 9.96
â 0.03 0.04 0.07 0.13 0.22
σ̂ 0.99 0.99 1.00 1.00 1.00

Table 15: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with method M∗ and τ = 10,
σ = 1, m = ∞.

41



a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 52.47 2.59 1.10 1.01 1.00
τ̂ 62.79 23.71 23.71 24.81 24.96
â 0.04 0.05 0.09 0.16 0.26
σ̂ 1.00 1.00 1.00 1.00 1.00

Triangular
ARL 106.38 25.76 1.62 1.03 1.00
τ̂ 88.16 27.80 24.34 24.80 25.00
â 0.03 0.05 0.08 0.14 0.22
σ̂ 0.99 1.00 1.00 1.00 1.00

Parabolic
ARL 129.20 6.16 1.39 1.02 1.00
τ̂ 84.85 26.40 24.22 24.78 24.99
â 0.03 0.05 0.09 0.15 0.25
σ̂ 0.99 1.00 1.00 1.00 1.00

Broken Line
ARL 114.08 10.51 1.68 1.03 1.00
τ̂ 93.78 28.70 24.51 24.77 24.98
â 0.03 0.04 0.08 0.15 0.24
σ̂ 1.00 1.00 1.00 1.00 1.00

Local Jumps
ARL 123.63 15.42 2.22 1.11 1.00
τ̂ 95.57 31.29 24.79 24.93 25.00
â 0.03 0.04 0.07 0.13 0.22
σ̂ 1.00 1.00 1.00 1.00 1.00

Table 16: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with method M∗ and τ = 25,
σ = 1, m = ∞.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 53.28 2.42 1.10 1.02 1.00
τ̂ 80.90 48.21 48.71 49.77 50.00
â 0.04 0.05 0.09 0.16 0.26
σ̂ 1.00 1.00 1.00 1.00 1.00

Triangular
ARL 111.28 8.98 1.59 1.03 1.00
τ̂ 107.91 51.51 48.97 49.76 50.00
â 0.03 0.05 0.08 0.14 0.22
σ̂ 1.00 1.00 1.00 1.00 1.00

Parabolic
ARL 99.62 5.65 1.34 1.01 1.00
τ̂ 105.67 50.04 48.94 49.64 49.99
â 0.03 0.05 0.09 0.15 0.24
σ̂ 1.00 1.00 1.00 1.00 1.00

Broken Line
ARL 118.57 9.42 1.69 1.03 1.00
τ̂ 111.48 52.34 49.42 49.74 49.99
â 0.03 0.05 0.08 0.15 0.25
σ̂ 1.00 1.00 1.00 1.00 1.00

Local Jumps
ARL 118.10 15.05 2.21 1.10 1.00
τ̂ 108.53 53.51 49.78 49.89 50.00
â 0.03 0.04 0.07 0.13 0.22
σ̂ 1.00 1.00 1.00 1.00 1.00

Table 17: ARLs, τ̂ , σ̂ and â for various out-of-control profiles with method M∗ and τ = 50,
σ = 1, m = ∞.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 44.63 2.45 1.13 1.01 1.00
τ̂ 34.65 0.85 0.05 0.00 0.00
â 0.04 0.06 0.10 0.17 0.26

Triangular
ARL 101.65 7.49 1.57 1.02 1.00
τ̂ 70.91 3.72 0.28 0.01 0.00
â 0.04 0.05 0.08 0.14 0.22

Parabolic
ARL 82.06 5.19 1.31 1.03 1.00
τ̂ 60.63 2.50 0.15 0.01 0.00
â 0.04 0.05 0.09 0.16 0.24

Broken Line
ARL 101.79 8.28 1.64 1.03 1.00
τ̂ 68.72 4.47 0.30 0.01 0.00
â 0.04 0.05 0.09 0.16 0.24

Local Jumps
ARL 101.78 12.31 2.08 1.10 1.00
τ̂ 67.17 6.51 0.52 0.06 0.00
â 0.04 0.04 0.07 0.13 0.22

Table 18: ARLs, τ̂ , and â for various out-of-control profiles with method M∗ and τ = 0, σ
known, m = ∞.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 47.25 2.17 1.07 1.00 1.00
τ̂ 47.02 10.12 9.56 9.85 9.99
â 0.04 0.06 0.09 0.16 0.26

Triangular
ARL 95.35 7.07 1.51 1.02 1.00
τ̂ 73.42 13.36 10.00 9.93 9.99
â 0.04 0.05 0.08 0.14 0.22

Parabolic
ARL 87.08 5.14 1.27 1.01 1.00
τ̂ 71.40 12.05 9.90 9.87 9.99
â 0.04 0.05 0.09 0.15 0.24

Broken Line
ARL 95.64 8.24 1.57 1.03 1.00
τ̂ 75.68 14.10 10.00 9.94 9.99
â 0.04 0.04 0.08 0.15 0.24

Local Jumps
ARL 98.08 11.53 2.10 1.06 1.00
τ̂ 76.94 15.55 10.39 9.95 10.00
â 0.04 0.04 0.07 0.12 0.22

Table 19: ARLs, τ̂ , and â for various out-of-control profiles with method M∗ and τ = 10, σ
known, m = ∞.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 45.73 2.09 1.06 1.00 1.00
τ̂ 58.49 24.70 24.20 24.86 25.00
â 0.04 0.05 0.09 0.17 0.26

Triangular
ARL 96.12 7.51 1.52 1.01 1.00
τ̂ 88.72 27.99 24.90 24.81 24.98
â 0.04 0.05 0.08 0.14 0.22

Parabolic
ARL 85.71 5.12 1.25 1.01 1.00
τ̂ 83.25 26.73 24.72 24.90 24.99
â 0.04 0.05 0.09 0.15 0.24

Broken Line
ARL 97.87 8.15 1.56 1.02 1.00
τ̂ 89.11 28.71 24.99 24.90 24.99
â 0.04 0.05 0.08 0.15 0.24

Local Jumps
ARL 102.08 11.46 2.03 1.07 1.00
τ̂ 92.61 30.48 25.21 24.96 24.99
â 0.04 0.04 0.07 0.13 0.22

Table 20: ARLs, τ̂ , and â for various out-of-control profiles with method M∗ and τ = 25, σ
known, m = ∞.

6 Radar Signature Example

The proposed method was applied to profiles of military radar signatures. For this example,

military radar signatures (profiles) of a specific target (such as a vehicle or ground location

of interest) were obtained. The exact nature of the specific target cannot be disclosed for

security reasons. Changes from a known profile of the target could indicate, for example,
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that a vehicle had moved or that some new ground activity was taking place. Profiles were

obtained of radar signatures of the same target taken at different times. The radar profiles

were aligned to account for transmitter movement between the recording of each profile. The

in-control profile was determined from a smoothed average of several profiles from the same

target. See Figure 7.

The sequence of profiles was analyzed via the proposed M∗ method. Profile 1 was

classified as being in-control. This assessment was confirmed by the radar data source as

being correct since there was no change in the target. TheM∗ method indicated that profile

2 was different from the known in-control profile and thus was “out-of-control”. Again, the

radar data source confirmed that the target had changed after profile 1 and prior to profile

2 so this assessment was correct. Thus, the M∗ method was effective in detecting changes

in these radar signature profiles and did so in the shortest possible time, i.e., immediately

after the out-of-control condition occurs. Permuting the order of the profile sequence did not

affect the accuracy of the method. For example, when running the profiles in the sequence 3,

1, 2, M∗ stopped immediately after analyzing profile 3 (the first observed profile) and noted

it as out-of-control (the correct assessment).

7 Conclusion

Modern data collections often consist of sequences of long strings of observations. These

profiles may be analyzed from an SPC viewpoint to determine when a particular sequence

has changed from a previous one. The new profile change detection method described in this

paper has been shown to work quickly and accurately on this problem. It analyzes differences

that take on a great variety of functional forms, not just linear forms as is the case with linear

profiling methods, the most well-studied form of profile analysis. When compared with other

wavelet-based profiling methods, the proposed method shows improved abilities through its

use of prior information, changepoint analysis, and new use of wavelet estimation.
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Figure 7: The in-control radar profile and three observed profiles.
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a
Out-of-control profile 0.01 0.04 0.09 0.16 0.25

Horizontal Line
ARL 47.18 2.16 1.06 1.00 1.00
τ̂ 84.53 49.49 49.24 49.85 50.00
â 0.04 0.05 0.09 0.16 0.26

Triangular
ARL 93.02 7.45 1.49 1.01 1.00
τ̂ 107.18 53.21 49.87 49.91 49.99
â 0.04 0.05 0.08 0.14 0.22

Parabolic
ARL 85.50 4.81 1.28 1.01 1.00
τ̂ 105.97 51.72 49.62 49.77 49.97
â 0.04 0.05 0.08 0.15 0.24

Broken Line
ARL 96.12 8.37 1.54 1.03 1.00
τ̂ 115.05 53.66 49.94 49.86 49.99
â 0.04 0.05 0.08 0.15 0.25

Local Jumps
ARL 107.57 11.97 1.99 1.08 1.00
τ̂ 112.16 54.57 50.28 49.96 49.99
â 0.03 0.04 0.07 0.12 0.21

Table 21: ARLs, τ̂ , and â for various out-of-control profiles with method M∗ and τ = 50, σ
known, m = ∞.
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a
0.01 0.04 0.09 0.16 0.25

m = ∞
ARL 51.84 3.83 1.70 1.20 1.05
τ̂ 39.02 2.23 0.51 0.10 0.01
â 0.04 0.06 0.11 0.18 0.26
σ̂ 0.98 0.98 0.98 0.99 0.99

m = 10
ARL 72.17 4.51 1.80 1.22 1.09
τ̂ 54.05 2.72 0.62 0.12 0.04
â 0.04 0.07 0.11 0.17 0.26
σ̂ 0.99 0.97 0.98 0.98 0.99

m = 5
ARL 84.20 5.51 2.01 1.39 1.12
τ̂ 65.58 3.75 0.79 0.25 0.25
â 0.04 0.07 0.11 0.18 0.26
σ̂ 0.98 0.97 0.98 0.99 0.99

Table 22: ARLs, τ̂ , â, and σ̂ for horizontal line out-of-control profile with methodM∗, τ = 0,
and σ = 1.
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