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1 Introduction

This paper sets the grounds of a statistical shape analysis of a 3D scene based on ordinary non-calibrated camera views

of this scene. Creating realistic 3D models of a scene from multiple photographs is a fundamental problem in computer

vision and in image based modelling. The emphasis for most computer vision algorithms is on reconstruction of the

scene with little or no user interaction, making a priori assumptions about the geometry. Many image-based modelling

systems require that the user leads the construction of the 3D scene by specifying object characteristics in 3D. The

input to our system is a set of pairs images of a scene from different viewpoints. The user selects corresponding

landmarks in all images assisted by tools, e.g., control point coordinate selection. The reconstruction of this spatial

configuration of landmarks from bilateral views is been regarded so far as a computational geometry problem, based

on the evaluation of the so called fundamental matrix in epipolar geometry. Prior knowledge about camera calibration

and scene structure help design various reconstruction algorithms. Most of the time however, such prior information

is unavailable. The main result in this general setting for a pair of views, which is known from the ground breaking

work by Hartley and Zisserman (2000), is that two reconstructions of the 3D configuration of landmarks, differ by a

projective transformation ofR3.

The ambiguity in the general solution to 3D scene reconstruction is removed by considering the orbit of a 3D

reconstructed configuration under the action of the pseudogroup of projective transformations inR3, rather than the

configuration in itself. This new approach brings the solution to the scene reconstruction question into the realm of

projective shape analysis in 3D. Further, our statistical analysis of projective shapes follows the line of Mardia and

Patrangenaru (2005) using a multivariate directional data analysis based on a selection of a projective frame from the

given configuration.

The theory is applied to the recognition with confidence of the projective shape of a polyhedral surface based on the

location of its vertices.
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2 Projective Geometry

2.1 Projective Space, Projective Frames, Projective Coordinates

The real projective space inm dimensions,RPm, is the set of axes going through the origin ofRm+1. If X =

(X1, . . . , Xm+1) ∈ Rm+1 \{0}, then

[X] = [X1 : X2 : . . . : Xm+1] = {λX, λ 6= 0}(2.1)

is a projective point(point in RPm); we will reserve the notation[·] for the projective points throughout. In an

alternative description, a pointp ∈ RPm is given byp = [z1 : z2 : ... : zm+1], where

(z1)2 + (z2)2 + .... + (zm+1)2 = 1.(2.2)

A linear varietyv of dimensionk is given byv = {[x], x ∈ V \0}, whereV is a(k + 1)-dimensional vector subspace

of Rm+1. In particular, a projective linel is a set associated with a vector planeV in Rm+1, l = {[x], x ∈ V \0}. A

number of points inRPm are collinear if they lie on a projective line.

The Euclidean spaceRm can be embedded inRPm, preserving collinearity. Such a standardaffineembedding,

missing only a projective hyperplane at infinity, is

x = (x1, ..., xm) → [x1 : ... : xm : 1].(2.3)

This leads to the notion ofaffineor inhomogeneouscoordinates of a point

p = [X] = [X1 : ... : Xm : Xm+1], Xm+1 6= 0,(2.4)

to be defined as

(x1, x2, ..., xm) =
(

X1

Xm+1
, ...,

Xm

Xm+1

)
,(2.5)

as opposed to thehomogeneouscoordinates ofp, (X1, ..., Xm+1) which are defined up to a multiplicative constant

only. However, the coordinates of interest in projective shape analysis are neither affine nor homogeneous. We
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need coordinates that are invariant with respect to the group of projective (general linear) transformations PGL(m). A

projective transformationα of RPm is defined in terms of a(m+1)×(m+1) nonsingular matrixA ∈ GL(m+1,R)

by

α([X1 : ... : Xm+1]) = [A(X1, ..., Xm+1)T ].(2.6)

Note thatk points inRPm with k ≥ m+2 are ingeneral positionif any subset ofm+1 of these points is not included

in a linear variety of dimensionm− 1.

Definition 2.1. A projective frame inRPm is an ordered system ofm + 2 points in general position.

Example. Let(e1, ..., em+1) be the standard basis ofRm+1. Thestandardprojective frame is([e1], ..., [em+1], [e1+

... + em+1]). The last point of the frame is referred to as theunit point.

Proposition 2.1. PGL(m) acts simply transitively on the set of projective frames inRPm.

Proof. A proof follows on noting that given a projective frameπ = (p1, ..., pm+2), there is a uniqueα ∈

PGL(m), with

α([ej ]) = pj , j = 1, ...,m + 1 and α([e1 + ... + em+1]) = pm+2.(2.7)

Definition 2.2. The projective coordinate(s) of a pointp ∈ RPm w.r.t. a projective frameπ = (p1, ..., pm+2) is (are)

defined as

pπ = α−1(p)

whereα ∈ PGL(m) is given by(2.6).

Assumex1, ..., xm+2 are points in general position andx = (x1, ..., xm) is an arbitrary point inRm. Note that

in our notation, the superscripts are reserved for the components of a point whereas the subscripts are for the labels

of points. In order to determine the projective coordinates ofp = [x : 1] w.r.t. the projective frame associated with
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(x1, ..., xm+2) we setx̃ = (x1, ..., xm, 1)T and consider the(m + 1)× (m + 1) matrixUm = [x̃1, ..., x̃m+1], thejth

column of which, is̃xj = (xj , 1)T , j = 1, . . . ,m + 1. We define an intermediate system of homogeneous coordinates

v(x) = U−1
m x̃(2.8)

and writev(x) = (v1(x), . . . , vm+1(x))T .

Next we set

zj(x) =
vj(x)

vj(xm+2)
/|| vj(x)

vj(xm+2)
||, j = 1, ..., m + 1(2.9)

so that the last pointxm+2 is now used. The projective coordinate(s) ofx are given by the point[z1(x) : .... : zm+1(x)],

where(z1(x))2 + .... + (zm+1(x))2 = 1. In this way, we identify the position of a pointp with respect toπ with an

axis.

2.2 Two Views and Epipolar Geometry

The rest of this chapter is dedicated to presentation of known facts in computer vision, that are necessary for the

comprehension of our results presented in the last chapters of this dissertation. The geometry of two different images

of the same 3D scene, known as the epipolar geometry. In 1992, Faugeras [8] and Hartley, Gupta and Chang [14]

published two papers that changed existing thinking about camera calibration and the extraction of metric information

from our environment using cameras. They set out to determine what information could be extracted from a binocular

stereo rig for which there was no three-dimensional metric calibration data available. All that is assumed is that we

have a stereo camera system that is capable, by comparing the two images, of establishing some correspondence

between them. Each such correspondence, written(m1, m2), indicates that the two image points m and m’ are very

likely to be the images of the same world point M. Thus, the system does not know its intrinsic and extrinsic mechanical

parameters. This is known as the uncalibrated system. Somewhat surprisingly, it is still possible to reconstruct some

very rich non-metric representations of the scene. What is actually extracted are the projective invariants, that is

invariants of the scene with respect to projective transformations.

The geometric information that relates two different viewpoints of the same scene is entirely contained in a math-

ematical construction known as the fundamental matrix. The two viewpoints could be a stereo pair of images, or a
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temporal pair of images.

In this section we will use a slightly different notation than the one used in the previous section, although essentially

the concepts are the same. We use this notation to allow the reader following in parallel the notation by Faugeras or

Hartley et. al.: Points, will be denoted in italics. When such points are expressed in Euclidean coordinates, we will

use bold notation, and when they are expressed in 3D coordinates, they will be bold with a tilde. Thus a point M in

three space might be imaged atm, andm̃ have coordinatesm = (u,v) andm̃ = (u,v,1).

Proposition 2.2. A projective line passing through two points,[m̃] and[ẽ] is represented by the wedge productm̃∧ ẽ

For a proof, suppose[x̃] is a point on the line passing through points[m̃] andẽ. Then for two scalarsα andβ, we

can writex̃ = αm̃ + βẽ, which givesdet[x̃, m̃, ẽ] = 0, thus yieldingx̃′[m̃ ∧ ẽ] = 0. This proves the claim.

There are two ways of extracting the three-dimensional information from a pair of images. In the first, and classical

method, known as the calibrated route, we firstly need to calibrate both cameras (or viewpoints) with respect to some

world coordinate system, calculate the so-called epipolar geometry by extracting the essential matrix of the system,

and from this compute the three-dimensional Euclidean structure of the imaged scene.

However it is the second, or uncalibrated route, that more likely corresponds to the way in which biological systems

determine three-dimensional structure from vision. In an uncalibrated system, a quantity known as the fundamental

matrix is calculated from image correspondences, and this is then used to determine the projective three-dimensional

structure of the imaged scene.

In both approaches the underlying principle of binocular vision is that of triangulation. Given a single image, the

three-dimensional location of any visible object point must lie on the straight line that passes through the center of

projection and the image of the object point (see figure 1). The determination of the intersection of two such lines

generated from two independent images is called triangulation.

The projective points, lines and planes in the following definitions, are key concepts in the analysis of a pair of planar

views of the same spatial scene.

Definition 2.3. An epipole is the point of intersection of the line joining the optical centers, that is the baseline, with
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the image plane.

Thus the epipole is the image, in one camera, of the optical center of the other camera.

Definition 2.4. The epipolar plane of an observed point 3D M is the plane generated by M and the optical centers C

and C’.(See figure )

Definition 2.5. An epipolar line is the line of intersection of the epipolar plane with an image plane. It is the image

in one camera of a ray through the optical center and image point in the other camera.

All epipolar lines intersect at the epipole. Thus, a point x in one image generates a line in the other on which its

corresponding point must lie. We see that the search for correspondences is thus reduced from a region to a line. This

is illustrated in figure 1.

Figure 1: Epipoles and epipolar lines.

2.3 Computation of the Fundamental Matrix F

The fundamental matrixis the algebraic representation of epipolar geometry. Referring to figure 1, epipolar line

l1 = (a1, b1, c1)t passes through two points,[m̃1] = [m11,m12,m13)]t and [ẽ1] = [e11, e12, e13]t, so it can be

represented by the wedge product.

l1 = m̃1 ∧ ẽ1(2.10)
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The mappingm → l is linear and can be represented by the rank 2 matrix C:




a1

b1

c1




=




0 e13 −e12

−e13 0 e11

e12 −e11 0







m11

m12

m13




(2.11)

Thereforel1 = Cm̃1. The mapping of epipolar linesl1 and l2 is a collineationdefined on the 1D pencil of lines

throughe1 in image 1. It can be represented (non-uniquely) as a collineation on the entire dual space of linesP2. Let

A be one such collineation:l2 = Al1.

The constrains on A can be recovered by the correspondence of 3 distinct epipolar lines. The first two correspondence

each provide two constraints, because a line in the plane has 2 dof. The third line must pass through the intersection of

the first two, so only provides on further constraint. The correspondence of any further epipolar line is then determined,

for example by its cross ration with the three intial lines. Since A has 8 degrees of freedom and we only have five

constraints, it is not fully determined. Using additional constraints we get

l2 = ACm̃1 = F m̃1(2.12)

F is called the fundamental matrix. AsC has rank 2 and A has rank 3, F has rank 2. The right kernel of C and hence F

is obviously the epipolee. The fact that all epipolar lines in the second image pass throughẽ2 for all points, left kernel

of F is ẽ2. ẽt
2F = 0. F defines a bilinear constraint between the coordinates of corresponding image points. Ifm̃2 is

the point in the second image corresponding tom̃1, it must lie on the epipolar linel2 = F m̃1, and hencẽmt
2.l1 = 0.

The epipolar constraint can therefore be written:

m̃t
2F m̃1 = 0(2.13)

2.3.1 Estimating the Fundamental Matrix

To obtain the epipolar geometry, we need to estimate F. This can be done using some initial point correspondences

between the images. Each matching pair of points between the two images provides a single linear constraint on

F. This allows F to be estimated linearly (up to the usual arbitrary scale factor) from 8 independent correspondences.
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However, F as defined has only seven degrees of freedom: 2 from C (the epipole position) and 5 from A. Algebraically,

F has 9 linear coefficients modulo one overall scale factor, but the rank 2 condition implies the additional constraint .

Hence, F can actually be computed from only 7 matches in general position plus the rank constraint. However, since

the latter is a cubic there will generally be three possible solutions in this case. Below is an method presented by a

paper of R. Hartley [15]. Assume that we have already found some matches between the images. Each correspondence

provides a linear constraint on the coefficients of F. Expanding, we get:

xx′f11 + xy′f12 + xf13 + yx′f21 + yy′f22 + yf23 + x′f31 + y′f32 + f33 = 0(2.14)

where the coordinates of̃m1 andm̃2 are respectively(x, y, 1)tand(x′, y′, 1)t. Combining the equations obtained for

each match gives a linear system that can be writtenAf = 0, wheref is a vector containing the 9 coefficients of F,

and each row of A is built from the coordinatesm̃1 andm̃2 of a single match. Since F is defined only up to an overall

scale factor, we can restrict the solution forf to have norm 1. We usually have more than the minimum number (8)

of points, but these are perturbed by noise so we will look for a least squares solution. As , this amounts to finding

the eigenvector associated with the smallest eigenvalue of the symmetric, positive semidefinite normal matrixAtA.

There are standard numerical techniques for this computation [30]. However, this formulation does not enforce the

rank constraint, so a second step must be added to the computation to project the solution F onto the rank 2 subspace.

This can be done by taking the Singular Value Decomposition of F and setting the smallest singular value to zero.

Basically, SVD decomposes F in the form

(2.15) F = QDR,

where D is diagonal, and Q and R are orthogonal. Setting the smallest diagonal element of D to 0 and reconstituting

gives the desired result. The above method is standard, but if applied naively it is quite unstable. A typical image

coordinate in a image might be . Some of the entries in a typical row of A are , others are , and the last entry is

, so there is a variation in size of among the entries of A, and hence of among the entries ofAtA. This means that

numerically,AtA is extremely ill-conditioned: the solution contains an implicit least squares trade off, but it is nothing

like the trade off we would actually like for maximum stability. A simple solution to this is to normalize the pixel

coordinates from [0,255] to [-1,1] before proceeding. This provides a well-balanced matrix A and much more stable
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and accurate results for F.

Remark 2.1. The problem of a estimating the mean fundamental matrix with confidence remains open. As shown

above, so far the computer vision literature was focused only on giving a point estimate for the mean fundamental

matrix, based on a large number of observed points in the pair of images of the same 3D scene, not a confidence

region for this matrix.

2.4 Calculation of Projection MatricesP1 and P2 using the Fundamental matrix

In order to obtain 3D co-ordinates of the image we need the camera matricesP1 andP2. Without the knowledge of

the intrinsic parameters of the camera, these can only be estimated up to a projective transformation. Recall that

m̃t
2F m̃1 = 0(2.16)

and if the projective world coordinates of observed projective coordinates[m̃1] and[m̃2] is [M], then[m̃1] = P1[M]

and[m̃2] = P2[M]. By substituting these in the equation (2.16), we get

(2.17) [M]′P′1FP2[M] = 0∀[M],

which implies thatP ′1FP2 is a positive semidefinite matrix. So we generateP1 andP2 using the fundamental matrix,

such that it satisfy this condition. In Hartley and Zisserman, [16] it is shown that ifP1 = [I3|0] andP2 = [SF +

e1v
′|λe1] for any skew symmetric matrixS, vectorv and scalarλ this condition is satisfied. In particular we may

chooseS = [e1]×.

2.5 Reconstruction of a 3D scene from two 2D views

An algorithm for the reconstruction of a 3D scene from two planar views is given bellow:

1. Obtain corresponding landmarks from two planar images. The number of landmarks should be at least 8. Call

the same landmark in each of these imagesx1 andx2.

2. Convert the 2D coordinates to homogenous coordinates inRP 2 by adding a 1 as the third coordinate of the

observed 2D coordinate. Call them[m̃1] and[m̃2].
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3. Using the equation

m̃t
2F m̃1 = 0,(2.18)

in linear form, which results in

xx′f11 + xy′f12 + xf13 + yx′f21 + yy′f22 + yf23 + x′f31 + y′f32 + f33 = 0(2.19)

which can be written asAf = 0, where A is a matrix andk ≥ 8. If there is no noise, A should have a null space

of size one and f should be found. But due to noise, it is not the case. In that case we compute the eigenvalues

of A and find the eigenvector corresponding to the smallest eigenvalue of A. Then use the 9 entries of that as the

entries ofF, which is an approximation to Fundamental matrix F. Since F should have rank 2, we impose this

condition using singular value decomposition ofF. That after the SVD ofF, setting the last row of the diagonal

matrix to zero.

4. Compute the projection matrices up to an projective transformation usingP1 = [I3|0] andP2 = [e×F + |e1].

5. Since[m̃1] = P1[M], we can obtain the first 3 coordinates of[M] corresponding to[m̃1], then using them along

with the equation[m̃2] = P2[M], we can find the full projective coordinates of[M].

6. Using the inhomogeneous coordinates[M] can be reconstructed if we divide the three homogeneous coordinates

by the fourth homogeneous coordinate.

The key reconstruction result from pairs noncalibrated camera view is given in Hartley and Zisserman, [16], section

9.3. :

Theorem 2.1. (Faugeras, Hartley, Gupta, Chang ) If a set of point correspondences in two views in absence of occlu-

sions determine the fundamental matrix uniquely, then the 3D scene may be reconstructed from these correspondences

alone, and two such reconstructions are projectively equivalent.
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3 Projective Shape Analysis

3.1 The projective shape space

The notations and results in this section are mostly from Mardia and Patrangenaru (2005)[25]. LetG(k, m) denote the

set of all ordered systems ofk points(p1, ..., pk) in RPm, k > m + 2, for which (p1, ..., pm+2) is a projective frame.

PGL(m) acts simply transitively onG(k,m) by α(p1, ..., pk) = (αp1, ..., αpk), where(α, p) → αp is the natural

action on the right ofPGL(m) onRPm.

Definition 3.1. The projective shape spacePΣk
m, or space of projectivek–ads inRPm is the quotientG(k, m)/PGL(m).

Proposition 3.1. PΣk
m is a manifold diffeomorphic with(RPm)q where

q = k −m− 2.

Proof. We defineF : PΣk
m → (RPm)q by F ((p1, ..., pk)mod α) = (pπ

m+3, ..., p
π
k ), whereπ = (p1, ..., pm+2)

and

pπ
i = [z1(xi) : ... : zm+1(xi)](3.1)

where

z(xi) = (z1(xi), ..., zm+1(xi))T , ‖ z(xi) ‖= 1, i = m + 3, ..., k,

with zj(·) is given at (3). The mappingF is a well defined diffeomorphism between the two homogeneous spaces.

3.2 Asymptotic Results

We define here appropriate location and dispersion for probability onPΣk
m. Subsequently for a random sample

(X1, ..., Xn) from a given probability distributionQ, we find consistent estimators for the population location and

derive its asymptotic distribution. We assume that a distanceρ onPΣk
m is prespecified ( in general, Bhattacharya and

Patrangenaru [2] consider the case of a distanceρ on a manifolds). For example,ρ for PΣ4
1 can be the arc length after

doubling the angles in the angular representation.

Through distanceρ, it is possible to define a measure of dispersion following the general treatment of Fréchet (1948)
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[11]( see also Kendall et al., 1999 [18]). Given a probability measureQ on PΣk
m, we define forψ ∈ PΣk

m, the

functional

FQ(ψ) = E[ρ2(x, ψ)] =
∫

PΣk
m

ρ2(x, ψ)Q(dx).(3.2)

Note that forR1, we can take

FQ(ψ) = E((x− ψ)2).

Then thetotal Fréchet population variancetΣF is defined as

tΣF = infψ∈PΣk
m
FQ(ψ)

where the prefixt to Σ stands for total and suffixF stands for Fŕechet.

The above definition is attributed to Fréchet (1948)[11] in the general context of probability measures on metric

spaces. Tests for total population variance for distributions with small support on flat manifolds have been used by

Patrangenaru (2001)[28]. Assume there is a uniqueψ ∈ PΣk
m, such thattΣF = FQ(ψ); such aψ is said to be the

Fréchet population mean,

ψ := µF .

Note forx ∈ R1, tΣF = E(x − ψ)2, we haveψ = E(x) which is unique. However, for the uniform distribution on

PΣk
m ψ is not unique.

Let (X1, ..., Xn) be i.i.d. r.v.’s with probability measureQ and letQ̂n be the empirical probability measure

Q̂n =
1
n

(δX1 + ... + δXn).(3.3)

TheFréchet sample mean setis the set̂µF = {ψ̂ ∈ PΣk
m, FQ̂n

(ψ̂) = tΣF (Q̂n)}. If µ̂F has a unique element, this

element is called the Fréchet sample mean and is labelledXF . The strong consistency of the Fréchet sample mean

set on a compact metric space is due to Ziezold (1977) which implies that ifµF exists, then any measurable choiceψ̂

from µ̂F is a strongly consistent estimator ofµF .

Form > 1 we use an extrinsic approach, which we now describe. If

j : PΣk
m → EN
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is an embedding into an Euclidean space and we use the chord distanceρ

ρ(p1, p2) = ||j(p1)− j(p2)||, p1, p2 ∈ PΣk
m

then the Fŕechet mean is calledextrinsicmean and labelledµE,j , or µE whenj is known.

First, we consider the case ofq = 1 in our formulation which has already been studied in directional statistics

(see Mardia & Jupp, 1999 [23]; Prentice, 1984[31]). By Proposition 2.2, the spacePΣm+3
m is identified with theaxial

spaceRPm. We consider the embeddingj of RPm into S(m + 1), the space of symmetric matrices (Kent, 1992)

given for the directional representation[x] = {±x, ‖ x ‖= 1}, by

j([x]) = xxT .(3.4)

Here, the Euclidian norm of a matrixA ∈ S(m + 1) is given by‖ A ‖2= trAAT , i.e. A is an(m + 1) × (m + 1)

symmetric matrix and ifA = j([x]) with ‖ x ‖= 1 then‖ A ‖= 1. Bhattacharya & Patrangenaru (2003) [2]have

shown that if[X], ‖X‖ = 1 is a random variable valued inRPm, then the extrinsic population mean exists if the largest

eigenvalue ofE(XXT ) is simple (i.e., has multiplicity one) and in this caseµE = [µ], whereµ is an eigenvector of

E(XXT ) corresponding to the largest eigenvalue, with‖µ‖ = 1. Moreover, if [Xr], (‖Xr‖ = 1), r = 1, ..., n, is

a random sample from a probability measureQ onRPm and the extrinsic meanµE of Q exists, then the extrinsic

sample mean[X]E is a strongly consistent estimator ofµE(Q). Note that when it exists[X]E is given by[X]E = [m],

wherem is a unit eigenvector of1n
∑n

n=1 XrX
T
r , corresponding to the largest eigenvalue. It may be noted that in

this case[X]E is also the maximum likelihood estimator (MLE) for the mean of a Bingham distribution (Prentice,

1984 [31]; Kent, 1992 [20]), and for the mean of the Dimroth–Watson distribution, whose density function at[x] is

proportional toexp(k(µ ·x)2), wherek is a constant. For these or more general parametric families, MLE asymptotics

or bootstrap methods are commonly used (Fisher et. al.(1996)[10]).

If we use the directional representation of projective shapes, fork > m + 3 or q > 1, we can define an embeddingjk

of PΣk
m is (S(m + 1))q in terms ofj:

jk([x1], ..., [xq]) = (j[x1], ..., j[xq])(3.5)
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wherexs ∈ Rm+1, ‖ xs ‖= 1; s = 1, ..., q. If the largest eigenvalue of each of the components ofE(jk(Q)) is simple,

then from Bhattacharya and Patrangenaru (2003)[2] it follows that the extrinsic meanµE,jk(Q) exists and

µE := µE,jk(Q) = ([γ1(m + 1)], ..., [γq(m + 1)])(3.6)

whereγs(m + 1) is a unit eigenvector corresponding to the largest eigenvalue of thesth component ofE(jk(Q)) i.e.,

of E(XsX
T
s ). If Xr, r = 1, ..., n is a random sample fromQ, then in the directional representation

Xr = ([Xr,1], ..., [Xr,q]), ‖ Xr,s ‖= 1; s = 1, ..., q,(3.7)

whereXr,s is a (m + 1) × 1 vector, andXr is (m + 1) × q matrix. The matrix of sums of squares and products of

Xrs, thesth directional components ofXr for fixeds is given by

Js = Σn
r=1XrsX

T
rs , s = 1, ..., q,(3.8)

which is an(m+1)×(m+1) matrix. Letds(a) andgs(a) be the eigenvalues in increasing order and the corresponding

unit eigenvector ofJs, a = 1, ..., m + 1. Then the extrinsic sample mean in this case is

Xn,E = ([g1(m + 1)], ..., [gq(m + 1)]).(3.9)

For q = 1, Xn,E reduces to the mean above, namely,g1(m + 1) = m. Arrange the pairs of indices(s, a), s =

1, ..., q; a = 1, ..., m, in their lexicographic order, and define the{m(q)} × {m(q)} symmetric matrixG, by

G(s,a),(t,b) = n−1(ds(m + 1)− ds(a))−1(dt(m + 1)− dt(b))−1

n∑
r=1

(gT
s (a)Xr,s)(gT

t (b)Xr,t)(gT
s (m + 1)Xr,s)(gT

t (m + 1)Xr,t).(3.10)

It is known thatG is a strongly consistent estimator of the covariance matrix ofjk(Q) restricted to the tangent space of

jk((RPm)q) atjk(µE), with respect to the orthobasis determined by the eigenvectorsgs(a), s = 1, ..., q; a = 1, ..., m.

Fors = 1, ..., q, let

Ds = (gs(1), ..., gs(m + 1)) ∈M(m + 1,m;R).
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If µ = ([γ1], · · · , [γq]), whereγs is a unit column vector inRm+1, for s = 1, · · · , q, we define a Hotelling’sT 2

type-statistic

T (Xn,E ; µ) = n(γT
1 D1, ..., γ

T
q Dq)G−1(γT

1 D1, ..., γ
T
q Dq)T .(3.11)

Mardia and Patrangenaru (2005) [25] proved the following Theorem and its corollary regarding the asymptotic distri-

bution ofT (Xn,E ; µE).

Theorem 3.1. (Mardia - Patrangenaru ) Assume(Xr)r=1,··· ,n is a random sample from a probability measureQ

on (RPm)q and letλs(a) andγs(a) be the eigenvalues in increasing order and corresponding unit eigenvectors of

E[X1,sX
T
1,s]. If λs(1) > 0, for s = 1, · · · , q, thenT (Xn,e;µE) converges weakly toχ2

mq.

Corollary 3.1. Let (Xr), r = 1, ..., n be a random sample fromQ on (RPm)q, and in the spherical representation

Xr = ([Xr,1], ..., [Xr,q]) and in addition assumeQ has a nonzero absolutely continuous component. For a random

resample(X∗
1 , ..., X∗

n) from (X1, ..., Xn), consider the eigenvalues of1n
∑n

r=1 X∗
r,sX

∗T
r,s in increasing order and

corresponding unit eigenvectorsd∗s(a) andg∗s (a), a = 1, · · · ,m + 1. Let G∗ be the matrix obtained fromG, by

substituting all the entries with∗−entries. Then the bootstrap distribution function of the statistic

T (X
∗
n,E ; Xn,E) = n(g∗T1 (m + 1)D∗

1,··· ,g
∗T
q (m + 1)D∗

q ) G∗−1

(g∗T1 (m + 1)D∗
1,··· ,g

∗T
q (m + 1)D∗

q )T .(3.12)

approximates the true distribution ofT ([Xn,E ; µE ]) given by(3.11), with an error of order0p(n−2).

3.3 Projective Shape Analysis of two-Views from non calibrated cameras

Without some prior knowledge of a scene’s placement with respect to a 3D coordinate frame, it is generally not pos-

sible to reconstruct the absolute position or orientation of a a scene from a pair of views. This is true even if we have

information of the cameras internal parameters. This ambiguity can be expressed by saying that the scene is deter-

mined at best up to a Euclidean transformation with respect to the world frame ( see Hartley and Zisserman, chapter

9 [16]). If nothing is known of the calibration of either camera, nor the placement of one camera with respect to the
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other, the ambiguity of reconstruction is expressed by the key Theorem 2.1. The projective ambiguity in theorem 2.1

offers little help in answering fundamental questions in pattern recognition. In this section we shed a new light on this

theorem, thus opening a new era in pattern recognition of 3D scenes.

We start with a consequence of theorem 2.1.

Corollary 3.2. AssumeC = (X1, ..., Xk), k > 5, is a configuration of points with homogeneous coordinatesXi ∈

R4, ∀i = 1, ..., k, that corresponds to the paired planar configurationsCi = (xi,1, ..., Xi,k), k > 5, i = 1, 2, in two

planar images taken by noncalibrated cameras. Then for any other configuration

an arbitrary projective transformation. In particular, if H is4×4 invertible matrix, representing a projective trans-

formation ofP3, then replacing points C byHXi and matrices P and P’ byPH−1 andP ′H−1 does not change the

image points. This shows that the points V and the cameras can be determined only up to a projective transformation.

So when multiple images of the same object taken from different views are available , it makes sense to talk about

a mean shape. In this section we present theory on how to do such calculation. Later on in the section ”Applications”,

actual calculation of such a mean is given.

Following is an derivation of formulae for transformation of calculated projective coordinates inRP3 to a new

system of coordinates which are independent of orientation and the frame selected and also formula for the mean

shape inRP3. A projective framein RP 3 is an ordered system of 5 points in general position.

Recall PGL(3) acts freely on the set of projective frames inRP 3.

DEFINITION The projective coordinate(s)of a pointp ∈ RP 3 w.r.t. a projective frameπ = (p1, ..., p5) is (are)

defined as

pπ = α−1(p)

whereα ∈ PGL(3)

Assumex1, ..., x5 are points in general position andx = (x1, ..., x3) is an arbitrary point inR3. Note that in

our notation, the superscripts are reserved for the components of a point whereas the subscripts are for the labels of
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points. In order to determine the projective coordinates ofp = [x : 1] w.r.t. the projective frame associated with

(x1, ..., x5) we setx̃ = (x1, ..., x4)T and consider the4 × 4 matrix U3 = [x̃1, ..., x̃4], the jth column of which, is

x̃j = (xj , 1)T , j = 1, . . . , 4. We define an intermediate system of homogeneous coordinates

v(x) = U−1
3 x̃(3.13)

and writev(x) = (v1(x), . . . , v4(x))T .

Next we set

zj(x) =
vj(x)
vj(x5)

/|| vj(x)
vj(x5)

||, j = 1, ..., 4(3.14)

so that the last pointx5 is now used. The projective coordinate(s) ofx are given by the point[z1(x) : .... : z4(x)],

where(z1(x))2 + ....+(z4(x))2 = 1. In this way, we identify the position of a pointp with respect toπ with an u ori-

ented direction ( axis ). LetG(k, 3) denote the set of all ordered systems ofk points(p1, ..., pk) for which (p1, ..., p5)

is a projective frame,k > 5. PGL(5) acts simply transitively onG(k, 5) by α(p1, ..., pk) = (αp1, ..., αpk).

Using previous results we can concludePΣk
3 is a manifold diffeomorphic with(RP 3)q where

q = k − 5.

3.3.1 Extrinsic Mean for m=3

Form = 3 we use an extrinsic approach, which is described below using [?] If

j : PΣk
m → EN

is an embedding into an Euclidean space and we use the chord distanceρ

ρ(p1, p2) = ||j(p1)− j(p2)||, p1, p2 ∈ PΣk
3

then the Fŕechet mean is calledextrinsicmean and labelledµE,j , or µE whenj is known [25]. For the special case of

k = 6, that is when we have observed coordinates of 6 points in a scene, the spacePΣ6
3 is identified with theaxial
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spaceRP 3. We consider the embeddingj of RP 3 into S(4), the space of symmetric matrices (Kent, 1992) given for

the directional representation[x] = {±x, ‖ x ‖= 1}, by

j([x]) = xxT .(3.15)

Here, the Euclidian norm of a matrixA ∈ S(4) is given by‖ A ‖2= trAAT , i.e. A is an4× 4 symmetric matrix and

if A = j([x]) with ‖ x ‖= 1 then‖ A ‖= 1.

According to Bhattacharya & Patrangenaru (2001a)[X], ‖X‖ = 1 is a random variable valued inRP 3, then the

extrinsic population mean exists if the largest eigenvalue ofE(XXT ) is simple (i.e., has multiplicity one) and in

this caseµE = [µ], whereµ is an eigenvector ofE(XXT ) corresponding to the largest eigenvalue, with‖µ‖ = 1.

Moreover, if [Xr], (‖Xr‖ = 1), r = 1, ..., n, is a random sample from a probability measureQ on RPm and the

extrinsic meanµE of Q exists, then the extrinsic sample mean[X]E is a strongly consistent estimator ofµE(Q). Note

that when it exists[X]E is given by[X]E = [m], wherem is a unit eigenvector of1n
∑n

n=1 XrX
T
r , corresponding

to the largest eigenvalue. It may be noted that in this case[X]E is also the maximum likelihood estimator (MLE)

for the mean of a Bingham distribution (Prentice, 1984; Kent, 1992 [20]), and for the mean of the Dimroth–Watson

distribution, whose density function at[x] is proportional toexp(k(µ · x)2), wherek is a constant. For these or more

general parametric families, MLE asymptotics or bootstrap methods (Fisher and Hall, 1992) are commonly used.

If we use the directional representation of projective shapes, fork > 6 or q > 1, we can define an embeddingjk of

PΣk
3 is (S(4))q in terms ofj:

jk([x1], ..., [xq]) = (j[x1], ..., j[xq])(3.16)

wherexs ∈ R4, ‖ xs ‖= 1; s = 1, ..., q. If the largest eigenvalue of each of the components ofE(jk(Q)) is simple,

then from Bhattacharya and Patrangenaru (2001b) it follows that the extrinsic meanµE,jk(Q) exists and

µE := µE,jk(Q) = ([γ1(4)], ..., [γq(4)])(3.17)

whereγs(4) is a unit eigenvector corresponding to the largest eigenvalue of thesth component ofE(jk(Q)) i.e., of

E(XsX
T
s ). If Xr, r = 1, ..., n is a random sample fromQ, then in the directional representation

Xr = ([Xr,1], ..., [Xr,q]), ‖ Xr,s ‖= 1; s = 1, ..., q,(3.18)
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whereXr,s is a(4)× 1 vector, andXr is (4)× q matrix. The matrix of sums of squares and products ofXrs, thesth

directional components ofXr for fixeds is given by

Js = Σn
r=1XrsX

T
rs , s = 1, ..., q,(3.19)

which is an(4) × (4) matrix. Letds(a) andgs(a) be the eigenvalues in increasing order and the corresponding unit

eigenvector ofJs, a = 1, ..., 4. Then the extrinsic sample mean in this case is

Xn,E = ([g1(4)], ..., [gq(4)]).(3.20)

For q = 1, Xn,E , that is in the case when coordinates of 6 points are available, above formula reduces to the mean

above, namely,g1(4) = m. Arrange the pairs of indices(s, a), s = 1, ..., q; a = 1, ..., 3, in their lexicographic order,

and define the3q × 3q symmetric matrixG, by

G(s,a),(t,b) = n−1(ds(4)− ds(a))−1(dt(4)− dt(b))−1

n∑
r=1

(gT
s (a)Xr,s)(gT

t (b)Xr,t)(gT
s (4)Xr,s)(gT

t (4)Xr,t).(3.21)

As it is shown [25],G is a strongly consistent estimator of the covariance matrix ofjk(Q) restricted to the tangent

space ofjk((RP 3)q) at jk(µE), with respect to the orthobasis determined by the eigenvectorsgs(a), s = 1, ..., q; a =

1, ..., 3.

Fors = 1, ..., q, let

Ds = (gs(1), ..., gs(4)) ∈M(4, 3;R).

If µ = ([γ1], · · · , [γq]), whereγs is a unit column vector inR4, for s = 1, · · · , q, a Hotelling’sT 2 type-statistic is

defined as

T (Xn,E ; µ) = n(γT
1 D1, ..., γ

T
q Dq)G−1(γT

1 D1, ..., γ
T
q Dq)T .(3.22)

Also by [25] an asymptotic distributionT (Xn,e;µE) converges weakly toχ2
3q. For a random resample(X∗

1 , ..., X∗
n)

from (X1, ..., Xn), consider the eigenvalues of1
n

∑n
r=1 X∗

r,sX
∗T
r,s in increasing order and corresponding unit eigen-

vectorsd∗s(a) andg∗s (a), a = 1, · · · , 4. Let G∗ be the matrix obtained fromG, by substituting all the entries with
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∗−entries. Then the bootstrap distribution function of the statistic

T (X
∗
n,E ;Xn,E) = n(g∗T1 (4)D∗

1,··· ,g
∗T
q (4)D∗

q ) G∗−1

(g∗T1 (4)D∗
1,··· ,g

∗T
q (m + 1)D∗

q )T .(3.23)

approximates the true distribution ofT ([Xn,E ;µE ]) given above with an error of order0p(n−2).

3.4 Estimation of Mean Projective shape of a 3D object

3D Reconstruction of a toy building from 2D image pairs, and its projective shape space statistics.

Figure 3 display a digital image of a toy building made from three wood blocks. Corners of the blocks were taken

as landmarks, which are numbered as shown in Figure 3. Fourteen separate views this object are displayed in the

Figure 2. Eight pairs of 2D camera images of the same object were used to reconstruct eight object samples, each

consisting of 19RP 3 coordinates. Recording of landmark coordinates of camera image pairs was done using the

Matlab commandsimreadandcpselect.

Figure 2: Digital camera views of a 3D toy building

Table 1 display coordinates of the 19 landmarks in each of sixteen camera images. Camera images are organized

as pairs each of which were used to reconstruct a 3D object inRP 3 such as the ones displayed in the Figures 4.

Homogeneous coordinates of the eight reconstructed objects, using the standard reconstruction algorithm (Ma et. al.

(2004), p.188 ) are displayed in the Table??. Finally thej−extrinsic sample mean of the sample of 8 reconstructed

3D objects is given in the Table 3.
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Figure 3: Nineteen landmarks displayed that are used for 3D scene reconstruction, and statistical analysis.

Table 1: Coordinates of landmarks from camera images

Landmark No. 1 2 3 4 5 6 7 8 9 10

x 0.58 0.41 0.58 0.76 0.39 0.56 0.75 0.30 0.57 0.84

Image 1
y -0.76 -0.70 -0.62 -0.68 -0.43 -0.34 -0.41 -0.38 -0.25 -0.36

x 0.51 0.39 0.57 0.68 0.40 0.57 0.70 0.33 0.63 0.80

Image 2
y -0.76 -0.67 -0.62 -0.69 -0.39 -0.35 -0.43 -0.33 -0.26 -0.40

Landmark No. 11 12 13 14 15 16 17 18 19

x 0.28 0.54 0.82 0.09 0.54 1.00 0.07 0.52 0.96

Image 1
y 0.01 0.15 0.03 0.10 0.36 0.14 0.71 1.00 0.73

x 0.33 0.63 0.79 0.21 0.75 1.0 0.21 0.74 0.99

Image 2
y 0.06 0.14 -0.00 0.18 0.34 0.06 0.80 1.00 0.66
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Landmark No. 1 2 3 4 5 6 7 8 9 10

x 1.68 1.56 1.76 1.92 1.57 1.80 1.92 1.47 1.85 2.10

Image 3
y 0.21 0.25 0.30 0.27 0.54 0.58 0.55 0.59 0.65 0.55

x 1.74 1.50 1.60 1.83 1.49 1.59 1.83 1.38 1.52 1.88

Image 4
y 0.38 0.42 0.48 0.45 0.63 0.72 0.70 0.67 0.79 0.73

Landmark No. 11 12 13 14 15 16 17 18 19

x 1.48 1.82 2.10 1.29 1.93 2.31 1.32 1.91 2.26

Image 3
y 1.00 1.08 0.98 1.12 1.26 1.05 1.80 1.97 1.75

x 1.37 1.52 1.87 1.13 1.39 1.00 1.13 1.37 1.95

Image 4
y 1.02 1.15 1.09 1.08 1.31 1.20 1.61 1.91 1.77

Landmark No. 1 2 3 4 5 6 7 8 9 10

x 1.66 1.52 1.66 1.80 1.51 1.65 1.80 1.44 1.67 1.87

Image 5
y 0.56 0.60 0.65 0.61 0.79 0.83 0.79 0.83 0.90 0.83

x 1.73 1.62 1.77 1.88 1.62 1.78 1.89 1.56 1.80 1.96

Image 6
y 0.73 0.78 0.81 0.77 0.96 0.99 0.95 1.00 1.05 0.97

Landmark No. 11 12 13 14 15 16 17 18 19

x 1.43 1.64 1.87 1.29 1.65 2.02 1.29 1.65 2.01

Image 5
y 1.11 1.18 1.11 1.18 1.31 1.17 1.64 1.78 1.63

x 1.55 1.80 1.95 1.45 1.86 2.11 1.45 1.86 2.11

Image 6
y 1.28 1.33 1.25 1.34 1.45 1.30 1.81 1.91 1.76
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Landmark No. 1 2 3 4 5 6 7 8 9 10

x 1.86 1.60 1.72 2.00 1.58 1.70 2.00 1.45 1.62 2.07

Image 7
y 0.23 0.26 0.38 0.34 0.53 0.66 0.62 0.58 0.77 0.69

x 1.59 1.37 1.55 1.79 1.36 1.54 1.80 1.24 1.52 1.89

Image 8
y 0.23 0.31 0.40 0.32 0.59 0.67 0.60 0.64 0.81 0.67

Landmark No. 11 12 13 14 15 16 17 18 19

x 1.46 1.62 2.05 1.19 1.45 2.20 1.19 1.47 2.17

Image 7
y 0.96 1.16 1.09 1.04 1.42 1.25 1.64 2.05 1.84

x 1.25 1.52 1.89 1.01 1.47 2.10 1.04 1.50 2.07

Image 8
y 1.06 1.22 1.07 1.16 1.49 1.19 1.76 2.12 1.80

Landmark No. 1 2 3 4 5 6 7 8 9 10

x 1.86 1.60 1.72 2.00 1.58 1.70 2.00 1.45 1.62 2.07

Image 9
y 0.23 0.26 0.38 0.34 0.53 0.66 0.62 0.58 0.77 0.69

x 1.50 1.42 1.74 1.83 1.46 1.79 1.87 1.42 1.93 2.02

Image 10
y 0.20 0.35 0.35 0.20 0.66 0.66 0.50 0.76 0.77 0.53

Landmark No. 11 12 13 14 15 16 17 18 19

x 1.46 1.62 2.05 1.19 1.45 2.20 1.19 1.47 2.17

Image 9
y 0.96 1.16 1.09 1.04 1.42 1.25 1.64 2.05 1.84

x 1.49 1.97 2.07 1.40 2.28 2.39 1.50 2.32 2.42

Image 10
y 1.20 1.20 0.94 1.39 1.43 0.96 2.05 2.093 1.60
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Landmark No. 1 2 3 4 5 6 7 8 9 10

x 1.21 1.01 1.37 1.59 0.96 1.32 1.54 0.85 1.42 1.71

Image 11
y 0.36 0.53 0.66 0.50 0.91 1.02 0.85 1.01 1.24 0.94

x 1.44 1.09 1.27 1.63 1.04 1.22 1.60 0.88 1.11 1.69

Image 12
y 0.50 0.56 0.74 0.69 0.91 1.08 1.05 0.96 1.29 1.16

Landmark No. 11 12 13 14 15 16 17 18 19

x 0.81 1.36 1.63 0.58 1.54 1.98 0.57 1.43 1.85

Image 11
y 1.52 1.75 1.43 1.76 2.20 1.60 2.47 2.87 2.24

x 0.85 1.07 1.62 0.48 0.86 1.80 0.47 0.81 1.68

Image 12
y 1.44 1.75 1.65 1.55 2.17 1.92 2.24 2.86 2.58

Landmark No. 1 2 3 4 5 6 7 8 9 10

x 1.71 1.28 1.36 1.81 1.24 1.31 1.75 1.02 1.14 1.82

Image 13
y 0.57 0.56 0.80 0.78 0.95 1.18 1.16 0.95 1.34 1.31

x 1.66 1.18 1.37 1.87 1.11 1.30 1.80 0.88 1.16 1.90

Image 14
y 0.32 0.40 0.72 0.63 0.82 1.13 1.06 0.88 1.41 1.24

Landmark No. 11 12 13 14 15 16 17 18 19

x 0.98 1.09 1.72 0.59 0.70 1.82 0.57 0.67 1.69

Image 13
y 1.46 1.85 1.83 1.52 2.23 2.15 2.17 2.96 2.84

x 0.84 1.09 1.78 0.40 0.79 2.01 0.40 0.74 1.82

Image 14
y 1.42 1.92 1.76 1.56 2.49 2.16 2.35 3.16 2.84
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Landmark No. 1 2 3 4 5 6 7 8 9 10

x 1.01 .72 1.20 1.45 0.79 1.24 1.51 0.67 1.34 1.71

Image 15
y 0.31 0.59 0.70 0.41 1.02 1.12 0.83 1.17 1.38 0.91

x 0.46 0.36 0.87 0.95 0.44 0.94 1.02 0.40 1.18 1.25

Image 16
y 0.46 0.78 0.78 0.45 1.18 1.19 0.85 1.42 1.40 0.89

Landmark No. 11 12 13 14 15 16 17 18 19

x 0.76 1.38 1.74 0.52 1.63 2.17 0.67 1.69 2.15

Image 15
y 1.72 1.93 1.46 2.06 2.50 1.61 2.79 3.18 2.33

x 0.52 1.24 1.31 0.47 1.75 1.76 0.60 1.74 1.80

Image 16
y 1.91 1.91 1.39 2.31 2.36 1.42 3.00 3.05 2.00

Table 2: Reconstructed Object Coordinates of the 8 Objects

Landmark No. 1 2 3 4 5 6 7 8 9 10

x 0.16 -0.19 0.17 0.52 -0.22 0.12 0.49 -0.40 0.14 0.69

Reconstructed
y -2.52 -2.40 -2.25 -2.37 -1.87 -1.68 -1.82 -1.77 -1.50 -1.72

3D Img 1 z 0.34 0.07 0.42 0.66 0.00 0.33 0.60 -0.14 0.42 0.79

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 11 12 13 14 15 16 17 18 19

x -0.45 0.08 0.63 -0.82 0.09 1.00 -0.85 0.03 0.91

Reconstructed
y -0.99 -0.70 -0.95 -0.79 -0.28 -0.72 0.42 1.00 0.45

3D Img 1 z -0.28 0.29 0.65 -0.56 0.47 1.05 -0.75 0.23 0.85

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Landmark No. 1 2 3 4 5 6 7 8 9 10

x 0.46 0.35 0.52 0.66 0.36 0.56 0.67 0.27 0.60 0.82

Reconstructed
y -0.78 -0.74 -0.70 -0.73 -0.46 -0.42 -0.44 -0.40 -0.34 -0.44

3D Img 2 z -0.83 -0.59 -0.68 -0.91 -0.56 -0.65 -0.89 -0.45 -0.57 -0.94

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 11 12 13 14 15 16 17 18 19

x 0.29 0.58 0.82 0.12 0.68 1.00 0.15 0.66 0.96

Reconstructed
y 0.02 0.09 -0.00 0.13 0.27 0.06 0.83 1.00 0.77

3D Img 2 z -0.40 -0.55 -0.90 -0.16 -0.39 -1.01 -0.11 -0.32 -0.91

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 1 2 3 4 5 6 7 8 9 10

x 0.64 0.50 0.64 0.78 0.50 0.63 0.78 0.43 0.64 0.85

Reconstructed
y -0.37 -0.32 -0.27 -0.32 -0.11 -0.07 -0.11 -0.07 0.01 -0.07

3D Img 3 z -0.90 -0.79 -0.93 -1.03 -0.79 -0.93 -1.03 -0.73 -0.95 -1.10

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 11 12 13 14 15 16 17 18 19

x 0.41 0.63 0.85 0.27 0.64 1.00 0.27 0.63 0.99

Reconstructed
y 0.25 0.33 0.25 0.32 0.47 0.31 0.84 1.00 0.83

3D Img 3 z -0.72 -0.95 -1.08 -0.63 -1.00 -1.23 -0.62 -0.98 -1.22

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Landmark No. 1 2 3 4 5 6 7 8 9 10

x 0.69 0.46 0.56 0.82 0.43 0.55 0.82 0.32 0.48 0.88

Reconstructed
y -0.78 -0.74 -0.63 -0.67 -0.49 -0.36 -0.39 -0.43 -0.25 -0.33

3D Img 4 z -0.72 -0.50 -0.66 -0.89 -0.47 -0.63 -0.88 -0.35 -0.61 -0.96

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 11 12 13 14 15 16 17 18 19

x 0.33 0.48 0.87 0.08 0.32 1.00 0.08 0.33 0.97

Reconstructed
y -0.06 0.14 0.06 0.02 0.39 0.22 0.60 1.00 0.80

3D Img 4 z -0.33 -0.58 -0.93 -0.10 -0.50 -1.12 -0.08 -0.48 -1.04

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 1 2 3 4 5 6 7 8 9 10

x 0.69 0.46 0.56 0.82 0.43 0.55 0.82 0.32 0.48 0.88

Reconstructed
y -0.78 -0.74 -0.63 -0.67 -0.49 -0.36 -0.39 -0.43 -0.25 -0.33

3D Img 5 z -0.57 -0.46 -0.71 -0.83 -0.39 -0.65 -0.76 -0.33 -0.71 -0.87

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 11 12 13 14 15 16 17 18 19

x 0.33 0.48 0.87 0.08 0.32 1.00 0.08 0.33 0.97

Reconstructed
y -0.06 0.14 0.06 0.02 0.39 0.22 0.60 1.00 0.80

3D Img 5 z -0.24 -0.61 -0.77 -0.11 -0.77 -1.01 0.03 -0.59 -0.83

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Landmark No. 1 2 3 4 5 6 7 8 9 10

x 0.22 0.02 0.38 0.61 -0.03 0.34 0.55 -0.14 0.43 0.72

Reconstructed
y -0.75 -0.63 -0.54 -0.65 -0.36 -0.29 -0.41 -0.30 -0.14 -0.35

3D Img 6 z 0.41 0.03 0.25 0.64 0.03 0.25 0.66 -0.15 0.15 0.77

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 11 12 13 14 15 16 17 18 19

x -0.18 0.37 0.65 -0.41 0.55 1.00 -0.42 0.44 0.86

Reconstructed
y 0.06 0.22 -0.00 0.23 0.53 0.11 0.72 1.00 0.56

3D Img 6 z -0.12 0.17 0.75 -0.50 -0.01 0.98 -0.42 0.03 0.95

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 1 2 3 4 5 6 7 8 9 10

x 0.88 0.41 0.49 0.99 0.36 0.44 0.92 0.12 0.25 0.99

Reconstructed
y -0.62 -0.62 -0.46 -0.47 -0.36 -0.20 -0.21 -0.36 -0.10 -0.11

3D Img 7 z -0.42 -0.02 -0.27 -0.69 -0.07 -0.32 -0.74 0.12 -0.26 -0.88

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 11 12 13 14 15 16 17 18 19

x 0.07 0.19 0.89 -0.35 -0.24 1.00 -0.38 -0.26 0.86

Reconstructed
y -0.01 0.25 0.24 0.03 0.50 0.45 0.47 1.00 0.92

3D Img 7 z 0.01 -0.34 -0.91 0.37 -0.22 -1.22 0.16 -0.35 -1.23

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Landmark No. 1 2 3 4 5 6 7 8 9 10

x -0.07 -0.33 0.11 0.34 -0.27 0.14 0.39 -0.38 0.24 0.58

Reconstructed
y -0.80 -0.63 -0.56 -0.74 -0.36 -0.30 -0.48 -0.26 -0.13 -0.43

3D Img 8 z -0.48 -0.59 -0.02 0.06 -0.50 0.05 0.13 -0.54 0.32 0.40

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

Landmark No. 11 12 13 14 15 16 17 18 19

x -0.30 0.28 0.61 -0.52 0.50 1.00 -0.38 0.56 0.99

Reconstructed
y 0.08 0.21 -0.08 0.29 0.57 0.01 0.76 1.00 0.46

3D Img 8 z -0.41 0.39 0.46 -0.47 0.95 0.95 -0.32 0.94 1.01

w 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

3.5 Results

We use landmarks 13, 15, 17, 18, and 19 to form a projective axis for each projective shape. First the eight recon-

structed 3D images are mapped to(RP 3)14 (19−3−2 = 14). The extrinsic mean of the eight shapes is then computed,

which is shown in Fig. 5(a). The spherical coordinates of the landmarks are given in Tab .3. The estimated co-variance

matrix is shown in Fig. 6, where the middle gray corresponds to zero, white color corresponds most positive, while

black corresponds to most negative.

Table 3: Extrinsic Sample Mean

Proj. Sp. Copy 1 2 3 4 5 6 7 8 9

x 0.62 0.67 0.52 0.47 0.73 0.58 0.52 0.77 0.47

j− Ext. Samp. Mean y 0.53 0.49 0.52 0.56 0.46 0.49 0.54 0.42 0.46

z 0.24 0.16 0.20 0.30 0.17 0.22 0.34 0.12 0.18

w 0.52 0.53 0.65 0.61 0.47 0.62 0.57 0.46 0.73
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Proj. Sp. Copy 10 11 12 13 14

x 0.38 0.87 0.63 0.91 -0.01

j− Ext. Samp. Mean y 0.55 0.34 0.36 0.25 0.45

z 0.38 0.13 0.23 0.01 0.64

w 0.63 0.34 0.64 0.33 0.62

To estimate the confidence regions for the estimated extrinsic mean, we first use bootstrap to generate 1000 realiza-

tions, where each realization consists of eight shape samples. For each realization, we estimate the bootstrap extrinsic

mean, a few examples of which is shown Fig. 5(b)-(h). We use the Bonferroni simultaneous confidence interval to

estimate the confidence interval for confidence level of90%. To represent the region, the bootstrapped means are first

represented in the tangent space of the estimated mean. Fig. 7 shows the extrinsic mean (solid blue line) and boot-

strapped extrinsic means (1000 red lines) along with the Bonferroni intervals given by solid green lines. Table 5 shows

the lower and upper Bonferroni intervals in the tangent space. Since the estimated extrinsic mean is the zero vector in

the tangent space, it is well within the confidence region given by Bonferroni simultaneous confidence intervals.

Table 4: Bonferroni Confidence Intervals (for level 90%)

1 2 3 4 5 6 7

x -0.080 0.069 -0.067 0.068 -0.079 0.046 -0.074 0.043 -0.066 0.074 -0.059 0.059 -0.072 0.052

y -0.013 0.015 -0.013 0.012 -0.012 0.015 -0.010 0.010 -0.013 0.017 -0.013 0.012 -0.010 0.011

z -0.036 0.041 -0.025 0.028 -0.025 0.023 -0.029 0.028 -0.037 0.035 -0.022 0.032 -0.030 0.033

8 9 10 11 12 13 14

x -0.073 0.085 -0.051 0.039 -0.023 0.034 -0.064 0.074 -0.088 0.085 -0.086 0.094 -0.096 0.131

y -0.012 0.014 -0.014 0.015 -0.010 0.009 -0.009 0.009 -0.018 0.013 -0.008 0.009 -0.028 0.020

z -0.026 0.033 -0.015 0.018 -0.021 0.033 -0.027 0.030 -0.035 0.043 -0.040 0.037 -0.035 0.056

To further illustrate the Bonferroni confidence intervals, we first construct a low dimensional representation of the

bootstrap mean distributions in the tangent space using the principal component analysis. We choose the first three

principal components, which capture 94.7% of the total variance. Then each bootstrap mean along with the extrinsic
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mean is projected in the three dimensional space. We plot each mean as a point in the three dimensional space. Fig. 9

shows the distribution of bootstrap means, where the box shows the Bonferroni confidence intervals and the blue (+)

shows the extrinsic mean. It is clear that the estimated mean is well within the Bonferroni confidence regions.

Table 5: Bonferroni Confidence Intervals in the 3D principal space (for level 90%)

1st PC 2nd PC 3rd PC

Bonferroni intervals -0.206 0.199 -0.088 0.098 -0.053 0.057

Extrinsic mean 0.004 0.003 -0.001
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Figure 4: The eight reconstructed 3D projective shapes. Here a projective transformation is applied to to each shape

so that landmarks 13, 15, 17, 18, 19 match inR4.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5: (a) The estimated extrinsic mean shown as a 3D projective shape. (b)-(h) Randomly selected estimated

extrinsic means based on bootstrap samples. In each case, a projective transformation is applied to to each shape so

that landmarks 13, 15, 17, 18, 19 match that of reconstructed 3D image 1 as shown in Fig. 4. inR4.
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Figure 6: Estimated covariance matrix shown as an image.
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Figure 9: Bootstrap extrinsic mean distribution in the three dimensional principal space.
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