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1 Introduction

This document is a technical report containing a detailed description of KFM1: version 1 of the
Karst Flow Model; this report is a companion to Loper and Chicken (2011) [1]. A second technical
report, Chicken and Loper (2011) [2], describes the implementation of the model using R.

KFM is a model of flow in a karstic aquifer capable of predicting the time history of discharge at
a karstic spring, given the recharge history within the springshed and the time history of the head at
the spring. In a karstic aquifer with a well developed conduits system, regional flow occurs primarily
(though not exclusively) within conduits; di!use recharge is transferred locally via laminar Darcian
flow to a nearby conduit and then is conveyed by turbulent flow through conduit network to a
spring. The location and number of these conduits is in large part unknown. However, the ability to
convey water regionally is an emrgent property of this complex system that is only weakly dependent
on the locations and carrying capacities of individual conduits. KFM deals with this uncertainty
by constructing a network of connections that are potential conduits. These connections meet at
discrete points called nodes, dividing the springshed into a number of triangular elements. An
activation factor is assigned to each connection, permitting control of the number and locations of
conduits.

The geometry of the network is established in §2 and relations among heads and fluxes are set
out in §3. Steady flow is quantified in §4, while unsteady flow is considered in §5. The model is
summarized in §6. Auxiliary information is found in a set of appendices. Specifically, Appendix A
contains a glossary of technical terms used in this report (and in the companion article) and a list of
symbols employed in the main text; Appendix B contains sample formats of the tables and matrices
used in KFM; Appendix C contains a discussion of possible procedures for the automatic placement
of nodes; Appendix D contains a discussion of possible procedures for the automatic assignment
of activation factors; Appendix E contains a justification of the assumption of constant conduit
gradients; Appendix F contains a calculation of the size of a minimum conduit.

This introductory section includes a brief discussion of the assumptions in §1.1, of the matrices
and tables in §1.2 and of the inputs to the model in §1.3.
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1.1 Assumptions

This subsection contains a list of assumptions, many of which will be relaxed in future versions of
KFM.

A1. The transfers of water within elements obey Darcy’s law.
A2. Flow in conduits is turbulent.
A3. Head varies linearly with distance along a given conduit (see Appendix E).
A4. Conduits do not cross; they must meet at a node.
A5. In steady-state, flow along conduits is preferentially in the direction to the spring, with no

‘backflow’, defined as flow from a given node to another which is farther from the spring.
A6. The springshed is drained by a single spring.
A7. The size of the springshed is constant, independent of stage, and known.
A8. There is no flow of water across the springshed boundary.
A9. The porosities of all elements are identical and uniform (independent of geographic position

and height).
A10. Buoyancy e!ects are negligible.
A11. There is no input via sinking streams.
A12. There is no storage of water at the nodes.
A13. There is no exchange of water between the spring run and the aquifer.

This version of KFM has one node designated as the spring, which is the only location where water
leaves the springshed. The geographic Cartesian coordinate system employed in the calculations is
centered on the spring, is located at (0, 0). Typically the spring is an interior point of an inland
springshed and on the boundary of a springshed that touches a river, a lake or the coast. Water can
enter the springshed two di!erent ways: as recharge to elements and as back flow at the spring in
the case that the spring basin is flooded. Surface input to nodes will be considered in a later version
of the model. KFM deals with flow; transport will be considered separately.

Water may be transferred from a given element to its adjoining conduits and possibly to its
adjoining elements. The parameter ! controls whether element-to-element transfers of water are
included in the model; if ! = 0, element-to-element transfers do not occur, while if ! = 1, such
transfers do occur.

1.2 Tables and matrices

The model depends heavily on tables and matrices that quantify the geometry of the nodes, con-
nections & elements, the status of the steady state heads & fluxes and the progress of the unsteady
state. These are summarized in Appendix B. The tables and matrices quantifying the geometry are
described in §2, while that quantifying the steady-state is considered in §4.
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1.3 Inputs for the model

The geometry is established by specifying the number and locations of the nodes, and specifying
which node is the spring; see §2.1. The conduit network is established by specifying a set of the
activation constants and the shape of the steady-state water table (see §2.6 and §4.1). The steady
state is established by specification of the steady node heads, the steady recharge rate and value for
!. In addition, the locations and timing of inputs of water to the aquifer need to be specified. These
inputs are summarized in §6.

A karst aquifer receives water in three possible ways –

> as infiltration to the porous matrix,
> as direct input to the conduit system at swallets and
> as the spring flows backward.

The first and third of these inputs are considered in version 1 of KFM; the addition of direct
input at swallets is to be considered in a subsequent version.

2 Establishment of geometry

As a preliminary to calculating flow, it is necessary to construct and quantify the structure of the
springshed, particularly the conduit network. Delaunay triangulation is an essential element in this
process, includes

> determining the locations of boundary and interior nodes and constructing a Node Table listing
the pertinent attributes of each node (§2.1),

> dividing the springshed into a number of triangular elements bounded by straight-line connec-
tions that join neighboring nodes (§2.2),

> constructing a Connection Table listing the pertinent attributes of each connection (§2.2),
> constructing an Element Table listing the pertinent attributes of each element (§2.2),
> constructing two geometric matrices: the GCN Matrix identifying the nodes at either end of

each connection and the GEC Matrix identifying the connections adjoining each element (§2.3),
> calculating the incenter distance and response time for each element (§2.4),
> specifying whether each connection is the location of a conduit or not (§2.5),
> presenting a number of matrices that quantify water transfers (§2.6) and
> presenting a formula quantifying conduit likelihood (§2.7).

2.1 Quantify the springshed: nodes and spring

The springshed is a simple closed region on a two-dimensional (x-y) plane having area AM , the
boundary of which is a set of B straight lines joining a set of B boundary nodes. In addition, the
springshed contains a set of I interior nodes. The total number of nodes is given by
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N = B + I. (2.1)

The spring is may lie either within the springshed or on the boundary. Positions are measured using
a Cartesian coordinate system having the spring at its origin.

Known nodes include the spring and any that have been identifed by divers. Others may be
inferred from sinks and swallets. Additional nodes may be placed by hand or automatically by the
code, as described in Appendix C. The following discussion assumes that the number and locations
of all nodes are known and given in a single table of size N by 2. (The spring is the node at the
origin.)

Geometric information regarding the nodes is calculated and stored in the Node Table as follows.

2.1a Calculate the distance of each node from the spring, then sort the nodes according to distance
from the spring. Assign each node an node identifying number, n, running from 1 to N . Number the
nodes according to their distance from the spring, with n = 1 assigned to the most distant boundary
node, and the spring being node n = N .

2.1b. Construct a Node Table consisting of N rows and five columns, as illustrated in appendix
B1.1.1.

2.1c. Put the node identifying numbers (in counting order from 1 to N) in the first column. Put
all zeros in the 2nd column, and the x position, y position and distance to the spring in the 3rd, 4th

and 5th columns, respectively. (Distance is included for diagnostic purposes.)
2.1d. Use the ConvexHull command of the Delaunay Triangulation package to identify the

boundary nodes. For each boundary node, change the 0 to 1 in the 2nd column and appropriate row.

The map area of the springshed, AM , may be determined1 by dividing the springshed into a set
of B triangles, each having one vertex at the origin and the other two at boundary nodes, and sum
the areas of these triangles, using the formula

AT =
1

2
|x1y2 ! x2y1| (2.2)

where (x1, y1) and (x2, y2) are the coordinates of the relevant boundary nodes. The area of the
springshed can be adjusted to a specified value by suitably expanding or contracting the locations
of the additional nodes.

2.2 Connections and elements

Delaunay triangulation identifies nearest-neighbor node pairs and joins them with straight lines
that will be called connections. Each connection is a potential conduit. In what follows, these are
referred to as connections rather than conduits, to make clear the fact that they may not be realized
as conduits. A connection is a directed line between a distal node and a proximal node. For a given

1This prescription assumes that any ray from the origin intersects the boundary only once.
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connection, the end more distant from the spring will be referred to as the distal end, and that
closer to the spring will be called the proximal end. The set of connections divide the springshed
into triangular elements. The relation among nodes, connections and elements is depicted in Figure
1.

 
node 

n = 1 !  N 

element 

e = 1 !  E 

connection 

c = 1 !  C 

Figure 1: A schematic depiction of the relation
among nodes, connections and elements

The total number of connections is

C = 2B + 3I ! 3 (2.3)

and the total number of elements is

E = B + 2I ! 2. (2.4)

Information about the connections is stored
in a Connection Table and information about
the elements is stored in an Element Table;
these tables are constructed as follows:

2.2a Use DelaunayTriangulation, with the
node positions given by the 3rd and 4th columns
of the Node Table, to identify the ‘nearest neigh-
bor’ nodes for each node.

2.2b. Determine the end nodes for each connection (by listing all pairs of nodes appearing in the
output of Delaunay Triangulation, then removing duplicates) and order the connections according
to their distance from the spring.

2.2c. Assign each connection a connection identifying number, c, running from 1 to C, with c = 1

being the connection closest to the spring and c = C being the connection farthest away.
2.2d. Construct a Connection Table, having C rows and eight columns, as illustrated in appendix

B1.1.2. Put the connection identifying numbers (in counting order from 1 to C) in the first column
and the identifying numbers of the distal and proximal nodes in the 2nd and 3rd columns, respectively
and the mean distance from the spring in the 8th column. The entries of the 4th through 7th columns
are zero at this point; they will be filled later.

2.2e. Calculate the length, Lc, of each connection, using the 2nd and 3rd columns of the Connec-
tion Table to identify the distal and proximal nodes and the 3rd and 4th columns of the Node Table
to identify their locations. Enter this information in the 4th column of the Connection Table.

2.2f. Change all entries in the 5th column of the Connection Table to unity, then for each
connection that has non-zero entries in the second column for both its distal and proximal nodes,
change the entry in the 5th column of the Connection Table to 0. The parameter in the 5th column
is denoted as "c, and is used in (2.11) and (3.6).

2.2g. Using the output of the Delaunay Triangulation, identify the three nodes at the vertices of
each triangular element (This is accomplished by taking each node and two of its nearest neighbors
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in sequential order and eliminating duplicates.), then order the elements by mean distance from the
spring.

2.2h. Assign each triangular element an element identifying number, e, running from 1 to E,
with that having the greatest mean distance being numbered 1 and that having the smallest mean
distance being numbered E.

2.2i. Construct an Element Table having E rows and 10 columns, as illustrated in appendix
B1.1.3. Put the element identifying numbers (in counting order from 1 to E) in the first column
and the mean distance in the 10th column. The entries of the 2nd through 9th columns are zero at
this point.

2.2j. Store the identities of the nodes at the vertices of element e, which have been obtained in
step 2.2e, in the 2nd through 4th columns.

2.2k. For each element, use the node locations in the 2nd through 4th columns of the Element
Table and in the 2nd and 3rd columns of the Connection Table to identify the three connections
adjoining element e. Store this information in the 4th through 6th columns of the Element Table.

2.2l. Using the coordinates of the nodes forming the vertices of a given element, calculate the
area of the element, using the formula

Ae =
1

2
|x1y3 + x2y3 + x3y1 ! x2y1 ! x3y2x1y3| (2.5)

and enter the result in the 8th column of the Element Table.

2.3 Geometric matrices

Relations between connections & nodes and elements & connections are stored in two geometric
matrices, called the GCN Matrix and the GEC Matrix, as follows:

2.3a. Construct the GCN Matrix having C rows and N columns. The entries in this matrix are
denoted by #cn and are either +1, –1 or 0. Start with 0 in each of its CN entries. If node n is at
the distal end of connection c replace 0 by –1 in the appropriate entry of the table. If node n is at
the proximal end of connection c replace 0 by +1 in the appropriate entry of the table. Note that
each row contains –1 once and +1 once, with the other entries in that row being zero. The factor
|#cn| + #cn equals 2 if node n is at the proximal end of connection c and 0 otherwise.; |#cn| ! #cn

equals 2 if node n is at the distal end of connection c and 0 otherwise.
2.3b. Construct the GECMatrix having E rows and C columns. The entries in this matrix

are denoted by µec and have values 0 or 1. Start with 0 in each of its EC entries. If connection c

adjoins element e replace 0 by 1 in the appropriate entry of the table. Note that each row contains
+1 thrice, with the other entries in that row being zero. Note that most columns contain +1 twice,
with the other entries in that column being zero.
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2.4 Incenter distance and element response time

The incenter is an interior point of a triangle (i.e., an element) that is equidistant from the three
sides. The incenter distance (that is, the distance from the incenter to each of the sides), Se, for
element e can be calculated from the familiar formula for the area of a triangle (A = SL/2), together
with Heron’s formula, relating the area of a triangle to the lengths of its sides:

Se =
1

2

!
1

Le
(Le ! 2L1) (Le ! 2L2) (Le ! 2L3), (2.6)

where

Le =
C"

c=1

µecLc (2.7)

is the length of perimeter of the element and Lj is the length of connection j associated with the
element in question. Note that there are 3 non-zero terms in this summation. For an equilateral
triangle 6

"
3Se = Leand 36Ae =

"
3L2

e.
For each element:

2.4a Identify the three connections that form its sides, using the GEC Matrix.
2.4b Obtain the lengths of these connections from the 4th column of the Connection Table.
2.4c Use formula (2.6) to calculate the incenter distance for the element in question. Store this

information in the 9th column of the Element Table.

The transfer of water between two adjoining elements is inversely proportional to the sum of
incenter distances of the two elements:

Sc =
E"

e=1

Seµec. (2.8)

The element response time, te, is the exponential decay scale of water flowing from an element
to three adjacent conduits. te is equal to the excess volume, Ve, of water in element e divided by the
rate, Qe, of transfer of water from the element: te = Ve/Qe. Ve is the product of porosity $, element
area Ae, and excess depth or head !he: Ve = $Ae!he. According to Darcy’s law Qe = TLe!he/Se

where T is the simulated transmissivity of the porous matrix. It follows that te is given by

te = $
AeSe

TLe
= $

S2
e

2T
, (2.9)

where the second form has been obtained using Ae = SeLe/2. te = 3 day for an element having $

= 0.3 and Se = 300 m, for example, provided T # 0.052m2s–1.
The response times are proportional to the element areas. For a fixed value of T , the overall

response time of a model aquifer varies as 1/E. It follows that if T were the actual transmissivity of
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the real aquifer, the model aquifer would have a realistic response time only if it had approximately
the same number of elements as the real aquifer. In order to simulate realistic aquifer behavior with
a smaller number of elements, the transmissivity should be written as

T = T0/E, (2.10)

where T0 is the product of the actual aquifer transmissivity and the number of elements in the real
aquifer. The following equations contain the parameter T ; (2.10) is not explicitly employed. In
running the model one has the choice of specifying either T or T0.

2.5 Connections and conduits: Activation factors

Connections are potential locations of conduits. A key feature of the model is the assignment of an
activation factor %c (= 0 or 1) to each connection; if a connection is not the site of a conduit, %c = 0

and the connection is inactive, while a connection that is a conduit is assigned %c = 1 and said to be
activated. Explored conduits should be assigned %c = 1. Bounding lines are not conduits; they are
assigned %c = 0. If ! = 0 the assignment process must be constrained to yield a single network of
conduits with an active conduit adjoining each element, but if ! = 1 there are no such constraints.

There are two approaches to assigning activation factors: provide this information as input or
calculate the factors. In this version of KFM, these factors will be assigned. In future versions, these
may be calculated using various algorithms, such as those described in Appendix D.

Activation factors are entered into the Connection Table as follows.

2.5a. Information regarding the activated connections is found in an input vector of length C,
containing ordered entries of 1 if the connection is the location of a conduit and 0 if not. This
information is stored in the 6th column of the Connection Table.

2.6 Control parameters

Element-to element transfers of water are controlled by a square matrix having entries

&ee! =
Se

Le

C"

c=1

µec (1! %c)"c
Lc

Sc
(2'ee! ! µe!c) , (2.11)

where 'ee! are the entries of the identity matrix. The structure of this matrix may be understood as
follows. For a specified value of e, the factor µec is non-zero for only three values of c, identifying the
three connections adjoining element e. It follows that the sums over c have at most three non-zero
terms. If a conduit is present for connection c, the factor (1! %c) is zero and if the connection
is on the boundary "c = 0, so that entries on the right-hand side of (2.110 are non-zero only if
c is an interior connection that is not the location of a conduit. The factor µe!c is non-zero for
two values of e!, identifying the two elements adjoining connection c, one of which is the original
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element e. The element-to-element transfers are directly proportional to the connection lengths
and inversely proportional to the incenter distances. The factor Se/Le is introduced to simplify
subsequent equations.

The strength of coupling between head in element e and head at node n via adjoining conduits
is quantified by the DEN Matrix having E rows and N columns, with entries given by

(en =
1

2Le

C"

c=1

µec |#cn|%cLc. (2.12)

The DEN matrix is fairly sparse; the entries in each row of this matrix sum to unity.
The time-stepping procedure of §5 employs the DEE Matrix having E rows and E columns, with

entries given by

)ee! =

#
2
te
!t

+ *e

$
'ee! + !&ee! , (2.13)

where

*e =
1

Le

C"

c=1

µec%cLc (2.14)

is the fraction of the perimeter of element e having conduits and !t is the duration of the time step
in the numerical integration scheme. The DEE matrix is fairly sparse, typically dominated by the
diagonal entries; it is not symmetric.

The dynamic influence of the head at node n! on the flow of water to node n (excepting the
spring) is governed by the DNN Matrix having N rows and N columns, with entries given by

+nn! = !
C"

c=1

|#cn|%c,cn! , (2.15)

where

,cn = Lc

E"

e=1

µec

Se

%
E"

e!=1

)"1
ee!(e!n ! 1

2
|#cn|

&
(2.16)

are entries of the DCN Matrix, having C rows and N columns. The DNN Matrix is symmetric and
singular (its determinant is zero).

Note that &ee! , (en, ,cn, +nn! and )ee! are all dimensionless. The relations among nodes, conduits
and elements are illustrated in Figure 2. Connection c joins two nodes; it runs fromits distal node
(having #cn = !1) to its proximal node (having #cn = 1). Typically a node adjoins from three to
six connections. Element e is bounded by the three connections having µec = 1 and has at its apices
the three nodes for which (en $= 0. A connection is the site of a conduit if %c = 1 and "c = 0; see
§2.5. Each conduit has two adjoining elements. Each element has 0, 1, 2 or 3 adjoining conduits. If
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elements e and e! adjoin across a connection, &ee! $= 0.

2.7 Flux allocation and conduit likelihood 

element 

adjoining 

element 

node 
connection 

!c 

"cn 

µec 
#en 

conduit 

$ee% 

&c 

Figure 2: A schematic depiction of the rela-
tions among elements, connections, conduits and
nodes, showing the matrices determining neigh-
boring components.

The allocation of flux from nodes to conduits is
controlled by a C by N matrix having entries
given by

"cn =
1

2
(|#cn|! #cn)%c-c, (2.17)

where -c is a weighting factor. This entry
is non-zero only if connection c is activated
(%c = 1) and has node n at its distal end
(|#cn| ! #cn = 2). Since no connection has the
spring at its distal end, the N th column contains
all zeros. Note that "cn is zero for boundary
connections. If the conduit network is a tree,
the flux allocation procedure in §4 is indepen-
dent of -c.

Conduits form in karst aquifers by dissolu-
tion of the porous matrix by corrosive waters. Since conduits promote the flow of such waters, there
is a positive feedback between flow and dissolution, leading to the growth of large conduits. Since
this process is enhanced by flow, conduits that are oriented toward the spring will grow preferentially
to those that are oriented at an angle and will carry a disproportionately large fraction of the flow.
It follows that the weighting factor -c should be a decreasing function of the angle, .c, between the
conduit and a ray drawn from its center and the spring. A plausible relation is the -c = cos.c.
Applying this,

2.7a for each connection, calculate

-c =

'
xd ! xp

( '
xd + xp

(
+
'
yd ! yp

( '
yd + yp

(
)
(xd ! xp)2 + (yd ! yp)2

)
(xd + xp)2 + (yd + yp)2

, (2.18)

where the distal and proximal nodes of the connection are located at (xd, yd) and (xp, yp), respec-
tively. Enter this quantity in the 7th column of the Connection Table.
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3 Head and flux relations

In this section various relations between heads and fluxes are developed, focusing on heads in §3.1 and
fluxes in §3.2. These relations apply to both the steady and time-dependent states. The steady-state
is considered in §4.

3.1 Head relations

This subsection presents relations for the connection head hc, the hydraulic gradient in a connection
ic and the element head he in terms of the node heads, hn.

The head, hc, in connection c is assumed to be the mean of the heads at the two ends:

hc =
1

2

N"

n=1

|#cn|hn, (3.1)

while the mean hydraulic gradient in that connection is

ic = ! 1

Lc

N"

n=1

#cnhn, (3.2)

where Lc is the length of connection c. Note that each sum in (3.1) and (3.2) contains two non-zero
terms and that ic has been defined such that positive values denote flow toward the spring. In steady
state, ic is always non-negative.

Although the head within the elements varies with horizontal position, in this simple model the
head in element e is represented by its mean value, he. This varies in response to recharge to the
element and flux from the element to adjoining conduits:

dhe

dt
= re !

Qe

$Ae
, (3.3)

where re is the rate of increase of ehad due to recharge (and equal to the recharge to element e

divided by the porosity), Ae is the area of element e and Qe is the volume flux of water from
element e to its adjoining connections and elements. This simple first-order ODE is discretized in
§5.

3.2 Volume flux relations

This subsection quantifies the volume flux of water from element e, denoted as Qe, which consists
of fluxes to adjacent conduits, Qec, and elements, Q̂ec:

Qe =
C"

c=1

*
Qec + !Q̂ec

+
. (3.4)
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The flux Qec is non-zero only if the element and connection are adjoining (µec = 1) and if a conduit
is present (%c = 1). According to Darcy’s law, the volume flux is given by

Qec = %cµecLc
T

Se
(he ! hc) . (3.5)

The element-to-element flux is given by a similar formula:

Q̂ec = (1! %c)"cµecLc
T

Sc

%
2he !

E"

e=1

µe!che!

&
. (3.6)

The flux Q̂ec is non-zero only if the second element is adjoining (µec = 1), a conduit is not present
(%c = 0) and the connection is not on the boundary ("c = 1). Note that

,E
e=1 µe!che! ! he is the

head in the other element adjoining connection c and Sc is the sum of the incenter distances; see
(2.8).

Using (3.1), (3.5) and (3.6), (3.4) may be expressed as

Qe = T
Le

Se

%
*ehe !

N"

n!=1

(en!hn! + !
E"

e!=1

&ee!he!

&
. (3.7)

With this, (3.3) may be expressed as

te
dhe

dt
+ *ehe + !

E"

e=1

&ee!he! = tere +
N"

n!=1

(en!hn! . (3.8)

The first term on the right-hand side is a prescribed forcing function for the mathematical problem.
The flux to conduit c from its two adjoining elements is obtained by summing (3.5) over all

elements. Using (3.1) this is

Qc =
E"

e=1

Qec = T%cLc

E"

e=1

µec

Se

%
he !

1

2

N"

n=1

|#cn|hn

&
. (3.9)

Note that the sum over e in (3.9) has only two non-zero terms. This expression quantifies the flux
of water between connection c and its two adjoining elements, in terms of the heads in those two
elements and the heads at the nodes at either end of the connection.

The mean volume flux, Q̄c, of water flowing turbulently in a conduit is proportional to the square
root of the hydraulic gradient given by (3.2). Expressing the constant of proportionality in terms of
steady-state conditions (denoted by a superscript ss), the mean flux in conduit c is

Q̄c = Q̄ss
c sgn (ic)

-
|ic| /issc . (3.10)

Note that (3.10) requires knowledge of steady-state conditions, which are determined in §4.
The net amount of water flowing to and from each node (excepting the spring) via conduits must
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be equal to zero. Using (3.9) this requirement may be expressed as

C"

c=1

#cn

#
Q̄c +

sgn (#cn)

2
Qc

$
= 0. (3.11)

Although the unsteady fluxes in conduits can be of either sign, a basic premise of the model is
that in steady state, conduits convey water toward the spring. With this in mind, the fluxes to and
from node n may be categorized according to the orientation of its various conduits relative to the
spring. The flux Qd

n arriving at node n via more distant conduits is given by

Qd
n =

C"

c=1

#cn + |#cn|
2

#
Q̄c +

1

2
Qc

$
. (3.12)

Since no connections feed water to node 1, Qd
1 = 0. The apportionment of this flux to connections

leading toward the spring is quantified in §4.2; see (4.9).

3.3 Spring flux and head

The N +E+1 variables of interest are E element heads, he, N node heads, hn, and the spring flux,
Qsp. The element heads are determined by (3.8) while N ! 1 of the node heads are determined by
the condition of water conservation (3.11). These total N +E ! 1 equations; two more are needed.
The additional equations are those quantifying the spring flux and head. The spring flux is given
by the application of (3.12) to the spring. Noting that #cN cannot be negative, this is

Qsp =
C"

c=1

#cN

#
Q̄c +

1

2
Qc

$
. (3.13)

There are several possible ways to determine the spring head. If the spring discharges over a lip
into a spring run, then the relation is of the form

Qsp = H (hN ) , (3.14)

where the function H depends on the variation of cross-stream distance and mean flow speed with
stage. Often the cross-stream distance is su"ciently large that the spring head has a smaller range
of variation than the head at other nodes, a reasonable first approximation is to replace (3.14) with

hN = 0. (3.15)

Alternatively if the spring discharges into a river or at the coast, the head at the spring is determined
independently of the spring discharge and hN is a specified function of time:

hN = hR (t) . (3.16)
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4 Model calibration: Steady-state recharge and flow

The model is calibrated by quantifying the steady conduit flux, Qss
c , and gradient, issc , using a

specified steady water-table distribution and the steady-state recharge rate. First, in §4.1 the Darcy-
Weisbach equation is used to estimate the steady hydraulic gradient close to the spring. Next, the
steady-state node heads and conduit gradients are quantified using the regional water table in §4.2.

formula for allocating recharge from a given element to the three adjoining conduits is developed
in §4.3, and this formula is used in §4.3 to quantify the steady flux from elements to connections
and the flux at each node; this information is stored in the Connection Table and the last column
of the Node Table.

4.1 Steady-state heads

The steady-state node heads are determined by equating them to a specified head-distribution
formula. Typically there are two complementary sources of information regarding this formula;
a map of water-table elevations providesguidance for the distal portions of the springshed, while the
steady hydraulic gradient close to the spring can be estimated from the Darcy Weisbach equation:

iss =

"
%f

4ga5/2
(Qss)2 , (4.1)

where a is the (known) area of the spring vent, f is the friction factor and g is the local acceleration
of gravity. For conduits that have not been mapped, this relation can be solved for the conduit area:

ac =

."
%f

4gissc
(Qss)2

/2/5
. (4.2)

Note that that the conduit sizes are constants, not varying with time.
The time-averaged water-table elevations are typically determined from observations over time

of water levels in wells and at other discrete locations. These data are then parameterized using a
smooth function of horizontal position. This distribution is based primarily on heads in elements
and is an upper bound on the steay node heads. Making appropriate adjustment in the values of
the aprameters to account for thi di!erence, the steady node head are assumed to satisfy a formula
such as

hss (D) = h1D + h2D
2, (4.3)

where D is distnce from the spring and h1 and h2 are specified coe"cients. This equation, or some
similar formula, is used to determine the steady-state node heads, hss

n .
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The steady-state element head, hss
e , is given by the steady-state version of (3.8):

E"

e!=1

)ss
ee!h

ss
e! = rsste +

N"

n=1

(enh
ss
n , (4.4)

where )ss
ee! = *e'ee!+!&ee! is the steady-state version of (2.13), obtained by taking the limit !t % &.

Typically the recharge head, given by the first term on the right-hand side of (4.4), is modest in
magnitude. For example, with, rss = 0.2 m/year and te = 100 days, say, the recharge head is less
than 10 cm. Equation (4.4) is readily solved for hss

e :

hss
e =

E"

e!=1

()ss
ee!)

"1

%
rsste! +

N"

n=1

(e!nh
ss
n

&
, (4.5)

where ()ss
ee!)

"1 are the entries of the inverse of the matrix having entries )ss
ee! .

4.2 Steady-state fluxes and volumes

Steady-state input to the aquifer occurs via di!use recharge to elements at a uniform rate $rss

(dimensions: depth per unit time) to each and every element, so that in the absence of transfers of
water from the elements, the head would increase at the rate rss. In steady state element e receives
a volume flux $rssAe of water (dimensions: volume per unit time). The steady spring flux is the
sum of all recharge:

Qss = $rssAM , (4.6)

where AM is the total area of the springshed. The aquifer is drained as water is transferred from
elements to conduits (i.e., activated connections) and subsequently flows to the spring. In this
subsection, the steady-state values of these fluxes are quantified.

The steady flux of water from adjoining elements to connection c is found from the steady-state
version of (3.9):

Qss
c = T%cLc

E"

e=1

µec

Se

%
hss
e ! 1

2

N"

n=1

|#cn|hss
n

&
. (4.7)

Next consider the allocation of the steady flux of water arriving at node n via more distant
connections, given by the steady version of (3.12):

Qdss
n =

C"

c=1

#cn + |#cn|
2

#
Q̄ss

c +
1

2
Qss

c

$
. (4.8)

These fluxes are to be allocated to the set of conduits (activated connections) that are proximal (i.e.,
closer to the spring) to the node in question. Since the primary function of the conduit network is to

15



convey water to the spring, it is assumed that fluxes are apportioned preferentially to conduits that
point more directly to the spring, with the weighting factor being the cosine of the angle between
the connection and a ray dawn from its midpoint to the spring; this is quantified by (2.18). That is,

Q̄ss
c =

"cnQdss
n,C

c!=1 "c!n

+
1

2
Qss

c , (4.9)

with "cn, Qdss
n and Qss

c given by (2.17), (4.8) and (4.7), respectively. Equations (4.8) and (4.9) are
to be evaluated sequentially for n =1 to N–1, but not at the spring. Equation (4.8), evaluated at
the spring (node n = N) gives the steady spring discharge:

Qss =
C"

c=1

#cN

#
Q̄ss

c +
1

2
Qss

c

$
. (4.10)

A check on the calculations: versions: (4.6) and (4.10) of steady spring discharge should agree.
A basic premise of the model is that conduits convey water toward the spring in steady state.

This premise requires that none of the values of Q̄ss
c be negative. This condition is controlled by

varying the value of the simulated transmissivity, T. A su"ciently small value will ensure that all
values of Q̄ss

c are non-negative.
The volume of water stored in the elements in steady state is

V ss
E =

E"

e=1

Aeh
ss
e . (4.11)

4.3 Steady Connection Table

Relevant information regarding the steady state is stored in the Steady Connection Table as follows.

4.3a. Construct a Steady Connection Table, having C rows and five columns. The first column
contains the identifying numbers of the connections.

4.3b. For each connection c, determine the steady-state gradient issc using (3.2), with the values
of #cn found in the GCN Matrix and the steady node heads determined using (4.3). Store the result
in the 2nd column of the Steady Connection Table.

4.3c. For each connection c, determine the added flux Qss
c using (4.7) and store the result in the

3rd column of the Steady Connection Table.
4.3d. For each connection c, determine the mean flux Q̄ss

c using (4.9) and store the result in the
4th column of the Steady Connection Table.

4.3e. For each connection c, calculate the cross-sectional area using (4.2) and store the result in
the 5th column of the Steady Connection Table.
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5 Unsteady heads and fluxes

A minimal set of time-stepping equations, involving only the head nodes, is developed in this section.
In what follows, is convenient to introduce the dimensionless time

/ = t/!t. (5.1)

where !t is a prescribed duration (for example, !t might be one day). The various heads and fluxes
will be quantified at discrete intervals of time / = k, for k = 1, 2, 3, . . . ,K, , beginning with some
instant of time identified as t = 0 and continuing until time / = K. The values of the variables
at t = 0 are specified; for example, these values might be the steady values found in the previous
sections.

Subscripts k–1 and k denote a time-dependent variable evaluated at times / = k ! 1 and / = k,
respectively, and a tilde denotes the mean value of a variable during the time interval , e.g.,

X̃k =

0 k

k"1
X (/) d/, (5.2)

where X stands for any time-dependent variable. A simple representation of these averages uses
the values at time / = k, while a more sophisticated representation uses the mean of the values at
times / = k ! 1 and / = k. There is no mathematical advantage gained by choosing the simpler
representation, as the variables at the later time need to be evaluated in either case. Let

X̃k =
1

2
(Xk +Xk"1) . (5.3)

In each interval of time from / = k ! 1 to / = k the increase,

Rek = r̃e!t = !t

0 k

k"1
red/, (5.4)

in head of element e due to recharge is assumed to be known input data. (Rainfall is measured at
the end of the time interval.) In steady state,

Rss
ek = rss!t. (5.5)

If there were no transfers, the total increase in the volume of water stored within the element
would be $RekAe. The actual change is di!erent from this, due to transfer of water between the
element and its adjoining elements and connections. The head in element e at time / = k is given
by a discretized version of (3.8):

hek = he(k"1) +Rek ! !t

te

%
*eh̃ek + !

E"

e=1

&ee! h̃e!k !
N"

n!=1

(en! h̃n!k

&
, (5.6)
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Using (5.3), (5.6) may be expressed as

E"

e!=1

)ee! h̃e!k =
N"

n=1

(enh̃nk + gek, (5.7)

where )ee! are given by (2.13), (en by (2.12) and

gek = te
'
2he(k"1) +Rek

(
/!t. (5.8)

Equation (5.7) is readily solved for h̃e!k:

h̃e!k =
E"

e!=1

)"1
ee!

%
N"

n=1

(enh̃nk + gek

&
. (5.9)

It may be verified with the use of (2.13), (5.5) and (5.8) that in steady state (5.9) agrees with (4.5).
Substituting (5.9) into the mean value of (3.9) yields

Q̃ck = T%c

%
1

Lc

N"

n=1

,cnh̃nk + 0ck

&
. (5.10)

where ,cn is given by (2.16) and

0ck =
E"

e=1

µec

Se

E"

e!=1

)"1
ee!ge!k. (5.11)

The node heads are determined by satisfaction of the condition of no accumulation or deficit of
flow at each node, quantified by (3.11). Using (5.3) and (5.10), this becomes

N"

n!=1

+nn! h̃n!k ! 1

T

C"

c=1

#cnQ̄ck = gnk, (5.12)

where +nn! and Q̄c are given by (2.15) and (3.10), respectively, and

gnk =
C"

c=1

|#cn|
#
%cLc0ck ! 1

2T
Qc(k"1)

$
. (5.13)

An alternate version of (5.12) is

N"

n!=1

+nn!hn!k ! 2

T

C"

c=1

#cnQ̄ck = ĝnk, (5.14)

where
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ĝnk = 2gnk !
N"

n!=1

+nn!hn!(k"1). (5.15)

Equation (5.14) is to be used for all nodes excepting the spring (n = 1 % N–1). Also, (5.9) may be
expressed as

hek =
E"

e!=1

)"1
ee!

1
N"

n=1

(en
'
hnk + hn(k"1)

(
+ 2ge!k

2
! he(k"1). (5.16)

There are a number of possible ways to solve (5.14). A particularly safe procedure is to seek a
solution by minimizing the mean square error function

Fk (hnk) =
N"1"

n=1

%
N"

n!=1

+nn!hn!k ! 2

T

C"

c=1

#cnQ̄ck ! ĝnk

&2

. (5.17)

A much faster procedure, which gives the same answer in all cases tested so far, is to use (3.10) to
write (5.14) (without approximation) as

N"

n!=1

+nn!hn!k ! 1

T

C"

c=1

#cnQ̄ss
c)

issc
33iOck

33
ick = ĝnk +

2

T

C"

c=1

#cnQ̄ss
c"

issc
1ck, (5.18)

where iOck is a specified set of gradients and

1ck = sgn (ick)
-
|ick|!

ick

2
)33iOck

33
. (5.19)

In this scheme, the linearized term on the right-hand side of (5.18) has the same gradient as the
non-linear term when iOck = ick. Next, using (3.2), (5.18) becomes

N"1"

n!=1

2nn!hn!k = jnk, (5.20)

where the entries of square matrix ! are

2nn! = +nn! +
1

T

C"

c=1

#cn#cn!Q̄ss
c

Lc

)
issc

33iOck
33

(5.21)

and the entries of the forcing vector J are

jnk = ĝnk +
2

T

C"

c=1

#cnQ̄ss
c"

issc
1ck ! 2nNhNk. (5.22)

Equation (5.20) applies at all nodes excepting the spring (n = N). This equation is solved by
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inverting a reduced matrix !R, formed by deleting the N th row and N th column from !. Denoting
the entries of the inverse of !R by

'
2Rnn!

("1, the solution of (5.20) is

hnk =
N"1"

n!=1

'
2Rnn!

("1
jRnk, (5.23)

where jRnk, are the components of a reduced forcing vector, formed by deleting the N th entry from
J.

In an iteration procedure, iOck is the set of gradients obtained on the previous timestep or iteration,
and the factors ick appearing in 1ck are replaced by their values at the previous iteration:

1ck = 1O
ck =

1

2
sgn

'
iOck

()33iOck
33. (5.24)

The iteration procedure is repeated until a specified convergence criterion is met. One possible
criterion is

max (Fk) < FM , (5.25)

where FM is a specified number.

6 Summary

This section contains a summary of the procedure for setting up the geometry of the springshed
(§6.1), a list of the parameters that need to be specified (§6.2) and summary of the time-stepping
procedure (§6.3).

6.1 Geometric inputs

There are two geometric inputs: the x-y positions of N nodes and the set of activated connections.
The first geometric input to the model code is an N by 2 table containing the geographic locations

(relative to the spring) of N nodes. Typically the total number, N, of nodes will be specified. There
are two types of nodes: known and simulated. Known nodes include the spring and conduit juctions
that have been identified by divers. Others can be inferred from surface features such as sinks and
swallets. Simulated nodes are additional nodes placed at will, either by hand or automatically by
the numerical code. Possible node-location algorithms are discussed in Appendix C.

Given the set of node locations, the connections and elements may be determined by Delaunay
triangulation, and the geometric tables described in Appendix B may be constructed (excepting the
6th column of the Connection Table).

The second geometric input is either an ordered vector of length C, identifying the connections
that are conduits, or else an algorithm for determining which connections are conduits. Possible
conduit-determining algorithms are discussed in Appendix D.
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6.2 Input parameters

The steady state is established by specification of

• the porosity $ and transmissivity T ;

• the steady-state spring flux , Qss, and recharge rate $rss (recall that rss is the rate of rise of
element heads due to recharge $rss);

• the steady-state node heads [If formula (4.3) is used, this requires specification of h1 and h2].;

• the control on element-to-element transfers: !.

In order to quantify the conduit areas, f and g need to be specified as well.
The springshed area must satatisfy

AM =
Qss

$rss
. (6.1)

The area of the springshed can be adjusted to satisfy this condition by multiplying the x-y positions
of the simulated nodes by the factor

-
AM/A where A is the initial area of the springshed.

The time-stepping algorithm requires specification of

• the timestep !t and number of timesteps I;

• a convergence criterion, such as FM (if the linear iteration scheme is used);

• the recharge $rek to each element (this is a matrix of size E by K );

• the spring head hNk (this is a vector of length K ; if actual data is used, it may be necessary
to adjust the zero level of the spring head by a specified height)

6.3 Time-stepping

As noted above, time dependent flow within the aquifer is calculated by a forward-stepping process
in time, with the state of the aquifer determined at discrete intervals of time t = k!t, where k is
an integer running from 1 to K. Before beginning timestepping, it is necessary to specify the state
of the aquifer at t = 0. If a di!erent initial state is not known, the steady-state values of heads and
fluxes can be used as the initial condition. The key variables in the time dependent problem are the
N–1 node heads hn (hN is known), determined by (5.14) or (5.23). Once hn has been found at a
given timestep, the element heads he may be determined from (5.16), the connection head hc from
(3.1), the mean connection flux Q̄c from (3.10), etc.
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Appendix A. Glossary and notation

A.1. Glossary

Activation factor : A number indicating whether a connection is the location of a conduit; a value
of 1 indicates a conduit is present, 0 indicates not.

Boundary line : A straight line forming part of the boundary of the springshed.

Boundary node : A node which lies on the boundary of the springshed.

Connection: A directed line segment between two ‘nearest neighbor’ nodes, forming a side of one or
two elements. The connection extends from its distal node to its proximal node. Connections
are possible locations of conduits.

Connection identifying number : An integer assigned to a given connection: c = 1 % C, ordered
by distance from the spring, with closest being #1 and farthest being #C. Alternately, a
connection can be identified by an ordered pair of numbers: (the identifying numbers of the
distal and proximal nodes).

Conduit: A macroscopic void roughly in the form of a cylinder.

Conduit system: A set of connected conduits capable of conveying water e"ciently and rapidly
on a regional scale.

DCN Matrix : A C by N matrix, with elements ,cn, quantifying strength of the dynamic coupling
between connections and nodes.

DEE Matrix : An E by E matrix, with elements )ee! , quantifying strength of the dynamic coupling
among elements .

DEN Matrix : An E by N matrix, with elements (en, quantifying strength of the dynamic coupling
between elements and their adjoining nodes.

DNN Matrix : An N by N matrix, with elements +nn! , quantifying strength of the dynamic
coupling among nodes.
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Distal : Farther from the spring.

Distal node: A node at the distal end of a connection.

Element: A triangular portion of the springshed, having three connections as its sides. The spring-
shed is divided into a finite number of elements.

Element identifying number : An integer assigned to a given element: e = 1 % E, ordered by
distance from the spring, with farthest being #1 and closest being #E.

GEC Matrix : An E by C matrix, with elements µec, identifying the connections forming the sides
of each element and the elements bordering each connection.

GCN Matrix : A C by N matrix, with elements #cn, identifying the nodes at the ends of each
connection and the connections abutting each node. #cn = {+1,!1, 0} if node n is {at the
proximal end, at the distal end, not touching} connection c.

Interior node: A node not on the boundary of the springshed.

Node: A point in the springshed where three (or more) connections intersect.

Node identifying number : An integer assigned to a given node: n = 1 % N , ordered by distance
from the spring, with farthest being #1 and the spring being #N .

Proximal : Closer to the spring.

Proximal node: A node at the proximal end of a connection.

Recharge: Water added to the aquifer due via infiltration of rainfall.

Spring : A specific node to which all recharged water flows.

Springshed : A specified land surface; all recharge to this surface flows to the spring.

A.2 Notation employed in the main text

a cross-sectional area of the spring vent; see (4.1)

ac cross sectional area of a conduit; see (4.2)

A map area

Ae area of element e; see (2.5)

AM area of springshed; see §2.1

AT area of a triangle having a vertex at the origin; see (2.2)
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B number of lines forming the springshed boundary and number of boundary nodes

c connection identifying number; see §2.2c

C total number of connections; see (2.3)

D distance from spring; see (4.3)

e element identifying number; see §2.2h

E total number of elements; see (2.4)

f friction factor for turbulent flow in rough-walled conduits

Fk a minimization function; see (5.17)

FM a specified convergence criterion; see (5.25)

g local acceleration of gravity: 9.81 m s-2

gek a parameter defined by (5.8)

gnk a parameter defined by (5.13)

ĝnk a parameter defined by (5.15)

h head (dimensions: length)

hss steady-state head distribution in the springshed; see (4.3)

hc mean head in connection c; see (3.1)

he e!ective head in element e; see (3.3) and (5.9)

hss
e steady-state head in element e; see (4.5)

h̃e time-averaged head in element e

hn head at node n

hss
n steady-state head at node n

hN head at the spring

h̃n time-averaged head at node n

hR a specified spring head as a function of time; see (3.16)

h1, h2 coe"cients in the head-distance relation; see (4.3)

H function relating spring head and flux; see (3.14)
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i hydraulic gradient

ic mean hydraulic gradient in connection c; see (3.2)

issc steady-state gradient; see (3.10) and (4.1)

iOck a specified set of gradients; see (5.18)

I number of interior nodes

jnk a forcing function given by (5.22)

k an integer counting label for time

K maximum counting label for time

Lc length of connection c; see §2.2e

Le perimeter of element e; see (2.7)

n node identifying number; see §2.1b

N total number of nodes; see (2.1)

Q volume flux of water (dimensions: volume/time)

Qsp discharge at spring; see (3.13)

Qss steady-state discharge at the spring; see (4.6)

Qc flux added to connection c from the two adjacent elements; see (3.9)

Qss
c steady-state flux to connection c from its two adjoining elements; see (4.7)

Q̄c mean flux in connection c; see (3.10)

Q̄ss
c the steady-state flux in connection c; see (4.9)

Qec flux to connection c from element e; see (3.5)

Q̂ec flux to an adjoining element from element e; see (3.6)

Qe flux from element e to adjacent conduits and elements; see (3.7)

Qd
n flux to node n via more distal conduits; see (3.12)

Qdss
n steady-state flux to node n via more distal conduits; see (4.8)

r rate of increase of head due to infiltration (dimensions: length/time)

re rate of increase of head in element e due to infiltration; see (4.11)
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rss steady-state rate of increase of head in element e due to infiltration; see (4.4)

R head increase due to infiltration (dimensions: length)

Rek head increase in element e in the kth time interval due to infiltration; see (5.4)

Sc sum of incenter distances; see (2.8)

Se distance of incenter from sides of element e; see (2.6)

t time

te intrinsic element response time; see (2.9)

T simulated transmissivity of the porous medium (dimensions: length2/time)

T0 actual transmissivity of the porous medium times the actual number of elements; see
(2.10)

V ss
E steady-state volume of water stored in the elements; see (4.11)

x, y horizontal Cartesian coordinates centered at the spring

! a parameter controlling element-to-element transfers of water. If ! = 0 no such transfers
occur, while if ! = 1, these transfers occur

"c a parameter denoting boundary ("c = 0) and interior ("c = 1) connections; see §2.2f.

0ck a parameter defined by (5.11)

' a parameter denoting a boundary node; see §2.1d

'ee! entries of the identity matrix of size E by E

!t a prescribed duration (e.g., one day)

2nn! entries of a matrix ! defined by (5.21)
'
2Rnn!

("1 entries of the inverse of the reduced matrix formed by removing the N th column and
N th row of !

+nn! entries in the DNN matrix of size N by N quantifying the dynamic coupling between
head at nodes n and n!; see (2.15)

µec entries in the GEC Matrix indicating whether connection c adjoins element e; if yes
µec = 1; if not µec = 0; see §2.4b

,cn entries in the DCN Matrix, given by (2.16)
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*c the fraction of the perimeter of element e having conduits; see (2.14)

%c activation factor for connection c; see §2.6

#cn entries in the GCN Matrix indicating whether node n is at the distal end (#cn = !1),
proximal end (#cn = +1) or not touching (#cn = 0) connection c; see §2.4a.

/ dimensionless time; see (5.1)

(en entries in the DEN Matrix, quantifying the coupling between he and hn; see (2.12)

$ matrix porosity

" a square matrix having entries )ee!

)ee! entries of the DEE Matrix, ", defined by (2.13)

)ss
ee! = *e + !&ee! ; see (4.4)

)"1
ee! entries of a square matrix that is the inverse of #

()ss
ee!)

"1 entries of the inverse of the matrix having entries )ss
ee!

-c cosine of the angle between connection c and a ray from its midpoint to the spring; see
(2.18)

&ee! an entry of a square matrix quantifying element-to-element transfers of water; see (2.11)

1ck a vector defined by (5.19) and approximated by(5.24)

Appendix B. Descriptions of tables and matrices

Information regarding the geometry of the springshed, the steady-state conditions and time-dependent
states of the aquifer are stored in various tables and matrices, as described in this appendix. These
are classified as geometric (§B1), steady (§B2) or time-dependent (§B3).

B1 Geometric tables and matrices

Information regarding the geometry of the springshed is stored in three tables and two matrices.
The tables (described in §B1.1) contain information regarding the nodes, connections and elements,
while the matrices (described in §B1.2) abstract the information regarding neighboring relations
among nodes, connections and elements. These matrices facilitate the numerical computations.
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B1.1 Geometric Tables

The three geometric tables are the Node Table, Element Table and Connection Table. Inputs for
these tables include the number and locations of the nodes. The former need to be specified, while
the latter may be either specified or calculated. The entries in the node lists need not be in any
particular order; the code automatically orders the list of nodes and identifies the boundary nodes.
The third and fourth columns of the Node Table contain the input information, after the nodes
have been ordered according to distance from the spring. All other entries in these three tables are
calculated by the code.

In the following sample tables, second line of column headings give the sections where the quan-
tities are evaluated. Positions and distances are measured relative to the spring.

B1.1.1 Node Table
n = ' = x = y = D =

§2.1d §2.1d §2.1d §2.1d §2.1d
1
2
3
...
N

B1.1.2 Connection Table. dn = distal node, pn = proximal node.
c = dn pn Lc = "c = %c = -c = Dc =

§2.2d §2.2d §2.2d §2.2e §2.2f §2.5a §2.6a,b §2.2d
1
2
3
...
C

B1.1.3 Element Table. dn = distal node, mn = medial node, pn = proximal node, pc = proximal
connection, mc = medial connection, dc = distal connection.

e = dn mn pn pc mc dc Ae = Se = De =

§2.2h §2.2j §2.2j §2.2j §2.2k §2.2k §2.2k §2.2l §2.4c §2.2i
1
2
3
...
E
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B1.2 Geometric Matrices

Two matrices that describe the geometric relations among nodes, connections and elements are the
GCN Matrix and the GEC Matrix.

The elements of the C by N Geometric Connection-Node (GCN) Matrix are denoted by #cn.
An entry –1,+1, 0 indicates that that node n {is at the distal end, is at the proximal end, is not
touching} connection c; see §2.5a. Each row of this matrix contains one +1 and one –1; the other
entries are 0.

The elements of the E by C Geometric Element-Connection (GEC) Matrix are denoted by µec.
An entry +1, 0 indicates that that connection c {adjoins, does not adjoin} element e; see §2.5b.
Each row of this matrix contains three entries of +1; each column contains two; all other entries are
0.

B2 Dynamic matrices

The dynamic relations among conduits, element and nodes are quantified in four dynamic matrices.
The entries of the Dynamic Element-Node (DEN) Matrix are denoted by (en and given by (2.12).

This is a fairly sparse matrix.
The entries of the Dynamic Element-Element (DEE) Matrix are denoted by )ee! and given by

(2.13).
The entries of the Dynamic Node-Node (DNN) Matrix are denoted by +nn! and given by (2.15).

This is a symmetric, singular matrix (its determinant is zero).
The entries of the Dynamic Conduit-Node (DCN) Matrix are denoted by ,cn and given by (2.16).

B3 Steady Connection Table

The Steady Connection Table contains information regarding the gradient, flux and size of the
conduits.

c = issc = Qss
c = Q̄ss

c = ac =

§4.3a §4.3b §4.3c §4.3d §4.3e
1
2
3
...
C

B4 Time-dependent tables

The output of the time-stepping algorithm is stored in various vectors and tables, as needed. These
include a vector of length K giving the spring discharge, an N by K node- head table and an E by
K element-head table.
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Appendix C. Node locations

This appendix describes a procedure for establishing the locations of boundary and interior nodes
for a springshed of specified size, including in §C1 a list of possible options for placement of nodes
within the springshed. This procedure is guided by relation 4.6 between steady-state recharge rate,
steady-state spring flux and springshed area. If the first two quantities are known, at least roughly,
that relation gives an approximate size for the springshed. The following procedure assumes that
the estimated area of the springshed is known.

In what follows, distances will be measured using an x! y Cartesian coordinate system centered
on the spring; that is, the spring is at the origin of the coordinate system. The spring is a node.
There may be some information regarding the shape of the springshed and location of the spring.
For example, if the spring is at the coast or at edge of a lake or river, the spring is on the boundary
of the springshed. Otherwise, the spring is located at an interior point of the springshed.

Begin by specifying a (convex) region approximating the shape and size of the springshed. The
boundary of this region is set of M lines connecting a set of M points: these lines given by fm '
!mx + "my + 1 = 0 where the constants !m and "m are prescribed and m is a counting index,
running from 1 to M. The springshed lies within the region of the x ! y plane satisfying the set of
inequalities fm > 0, for m = 1 % M . If the spring is on the boundary, suppose that a line tangent to
thespringshed at the spring is given by fT ' !Tx+ "T y = 0 with the springshed satisfying fT > 0.

A procedure for locating boundary and interior nodes for the springshed is as follows.
Ca. Decide on the total number of nodes, N.
Cb. Label the region bounding lines consecutively. Find the intersection points of consecutive

lines, plus the intersection point of lines 1 and M.
Cc. Determine the distance, D0, between the most-distant point and the spring.
Cd. Seed the square –D0 < x < D0 and –D0 < y < D0, with candidate nodes, one at a time. If

the x!y coordinates of a candidate node satisfy each and every inequality fm > 0, accept this point
as a node and store it in a temporary file (perhaps the first column of the Node Table). Otherwise,
discard the candidate node. Proceed until the total number of nodes (including the spring) equals
N. If the spring is boundary of the springshed, go to step Ce. If it is on the interior, go to step Cf.

Ce. If the spring is on the springshed boundary, find the node closest to the line fT = !2D0.
Subtract the x! y coordinate locations of this node from the coordinate locations of all N nodes.

Cf. Find the convex hull of the set of N nodes. These nodes form the set of boundary nodes.
The others form the set of interior nodes. Let the integer B denote the number of boundary nodes.

Cg. Adjust the area of the springshed as follows. Divide the springshed into a set of B triangles,
each having one vertex at the origin and the other two at boundary nodes. Calculate the area of each
such triangle, using the formula Ab = |x1y2 ! x2y1| /2 where (x1, y1) and (x2, y2) are the coordinates
of the relevant boundary nodes. Sum these areas: AB =

,B
b=1 Ab. Multiply the coordinate values

of each node by
-
AM/AB , where AM is the desired area of the springshed.

The result is a random realization of the sets of boundary and interior nodes, with the spring
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in the appropriate set and the springshed of the desired size. Note: some the various options listed
below may be added to the node-selection process.

C1 Node options

This subappendix lists possible options to guide the placement of nodes, while still retaining a strong
random character.

Node option 1. Place a node at the location of each known junction of explored conduits (if
any).

Node option 2. Make the number density, 3, of nodes be greater closer to the spring, by
producing a Gaussian density distribution: 3 = 30 exp

'
!#D2/D2

0

(
where 30 is the maximum number

density, D is the distance from the spring and # is a specified coe"cient.
Node option 3. Make the density, 3, of nodes be an anisotropic Gaussian density distribution:

3 = 30 exp
'
!
4
#xx2 + #yy2

5
/D2

0

(
where #x and #y are specified coe"cients.

Node option 4. Eliminate the possibility that two nodes are close together. As each prospective
node is evaluated following step 2.2e, determine the distance, l, to its nearest neighboring node. If
that distance is less than a constant specified factor 4, reject the prospective node.

Node option 5. Reduce the probability that two nodes are close together. As each prospective
node is evaluated following step 2.2e, determine the distance, l, to its nearest neighboring node. If
that distance is less than 4, reduce the probability of placing the prospective node by the factor .

Node option 6. Modify option 5 by making the exclusion distance 4 be a function a function
of distance from the spring: 4 (D).

Node option 7. Introduce an exclusion distance to avoid having nodes occur close to the
bounding lines. For example, if f(x, y) < 0.1, say, give the candidate node a probability equal to f ,
where f = !x+ "y + 1 .

Appendix D : Activation factor

Activation factors, %c, may be assigned randomly, or guided by field information or by various algo-
rithms. For example, if certain conduits are known to exist, this information can guide the location
of certain nodes and the assignment of appropriate activation factors. Without field information,
the assignment of activation factors may be guided by the realization that conduits form in karst
aquifers by dissolution of the porous matrix by corrosive waters.

This appendix describes several possible ways to assign activation factors to the connections.
Two simple ways are:

> activate every connection.
> input this information in the form of a vector of length C, containing a sequence of 0’s and

1’s.
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D1. Most-direct tree

In a most-direct tree only the most-direct connection (having the largest value of -) is activated
for each node. To construct a most-direct tree the goes to each node, proceed as follows. For each
node, starting with n = 1 and proceeding through node N–1,

D1a. Identify the set of connections for which the node in question is a distal node. (These are
the connections having node n as an entry in the 2nd column of the Connection Table.)

D1b. Activate (set %c = 1) for that connection in the set identified in step D1a having the largest
value of - (found in the 5th column of the Connection Table) and de-activate (set %c = 0) the others
in that set.

D2. Minimal conduit networks

An interesting class of conduit networks are minimal networks, which have the minimal number
of conduits necessary to drain each element. To construct the most-direct minimal network (not
necessarily a tree) that has a conduit adjacent to each and every element, proceed as follows. Start
by setting e = 0.

D2a. Place a value of 0 in the 6th column of the Connection Table for all c = 1 to C.
D2b. Set e = e+ 1. If e = E + 1, STOP the procedure. Otherwise, GO to step D2c.
D2c. If any of the three connections associated with this element is activated (has % = 1), GO

to step D2b. Otherwise activate (i.e., set % = 1 for) the associated connection having the largest
value of - (found in the 5th column of the Connection Table); that is, change the entry for that
connection in the 6th column of the Connection Table from 0 to 1, then GO to step D2d.

D2d. Determine the proximal node for the connection that was just activated (in step D2c or in
step D2f). If that node is the spring, GO to step D2b. If not, GO to step D2e.

D2e. Identify the set of connections that have the node of step D2d as a distal node. If any of
these connections has been activated (has been assigned % = 1), then GO to step D2b. If none have
been activated, GO to step D2f.

D2f. Activate the connection in that set having the largest value of - (found in the 5th column
of the Connection Table); that is, change the entry for that connection in the 6th column of the
Connection Table from 0 to 1, then GO to step D2d.

A variant of the procedure would be – in step D2c – to activate an associated connection at
random. A second variant would be to use a weighted probability (weighted by the activation
factors) in choosing which connection to activate. A third variant would be to vary the order in
which elements are considered.

D3 Iterative mode improvement

Rather than keeping the pre-assigned values of %c, these values can be changed (or refined) so as
to provide a better fit of the model output to the behavior of a known springshed. This method
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assumes that initial values for %c have been assigned. The essence of the method is to systematically
perturb the choices of %c and choose those perturbations that provide an improved fit. One di"culty
with this method is that number of free parameters can be quite large.

Appendix E. Variable conduit size

This appendix explores the e!ect of variable-area conduits on the behavior of KFM. Since the volume
flux of water in a conduit is dependent on both the cross-sectional area and gradient [e.g. see (4.1)],
it is possible to maintain the assumption of a linear conduit gradient, even though the flux varies
with position along the conduit, provide the area of the conduit has the appropriate variation. The
purpose of this appendix is to quantify this assertion.

E1. Steady state

This sub-appendix determines the variation of conduit cross-sectional area with distance along the
conduit that is necessary to maintain the linear relations given by the steady-state versions of (3.1)
and (3.2). If the steady-state gradient is constant, then that according to the Darcy-Weisbach
equation [see(4.1)], the local conduit area is proportional to the local steady-state conduit flux to
the 4/5 power.

The proximal conduit flux, Qp
c is the sum of the distal flux, Qd

c and the flux added from adjoining
elements, Qc:

Qp
c = Qd

c +Qc.

This relation holds in both steady and unsteady state. The issue to address now is the distribution of
Qc along the conduit. Let this distribution be denoted by qc and be a function of the (dimensionless)
relative along-conduit distance, w, with w = 0 at the distal end and = 1 at the proximal end. Assume
that this flux distribution is proportional to the width of the adjoining elements. For simplicity,
further assume that the elements are isosceles so that the maximum flux per unit length is at the
midpoint. That is,

qc (x) = 12Qc

6
7

8
x2 for 0 < w ( 1/2

(1! x)2 for 1/2 < w < 1

The normalizing factor of 12 ensures that
9 1
0 qcdx = Qc. The distributed conduit flux, Qcx (x) is the

sum of the flux entering at the distal end, plus the accumulated flux from the adjoining elements

Qcx (x) = Qd
c +

0 x

0
qc (5) d5

or
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Qcx (x) = Qd
c +Qc

6
7

8
4x3 for 0 < w ( 1/2

1 + 4 (1! x)3 for 1/2 < w < 1

Note that Q̄c = Qcx (1/2) = Qd
c +Qc/2.

The local conduit area, denoted by acx, is determined from (4.2) with Qcx given above. If the
flux in the conduit is not zero at the distal end, this may be expressed as

acx (x) = adc

#
1 +

qssc (x)

Qdss
c

$4/5

with

adc =

."
%f

4gissc

'
Qdss

c

(2
/2/5

being the cross-sectional area at the distal end of the conduit.
Evaluating the areas and fluxes at the midpoint gives the values used in KFM. A further refine-

ment of the model would be to relax the assumption that the conduit gradient is constant in steady
state.

E2. Unsteady state

The next step is to determine the shape of the gradient distribution, ĩc, when the fluxes are time-
dependent. This is determined by the Darcy-Weisbach equation, written as

icx (x, t) = issc

.
qc (x, t)

qssc (x)

/2
.

Since the spatial structures of qc (x, t) and qssc (x) are identical, it follows that the conduit gradient
remains a constant (independent of position along the conduit) in the time-dependent case. Its value
is determined at any position along the conduit. That is, equations 3.1 and 3.2 remain valid in the
unsteady state.

In sum, the model is not changed in any substantive way by allowing the cross-sectional area of
a conduit to vary with distance along the conduit.

Appendix F. Minimum conduit

A conduit is defined as an elongated void that carries turbulent flow under mean hydrologic con-
ditions, and the minimum conduit is that having marginally turbulent flow under mean hydrologic
conditions. The character of flow is quantified by the Reynolds number, which may be expressed as
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Re =
2U

,

!
a

%
,

where , is the kinematic viscosity of water, U is the mean speed of flow in the conduit and a is
its cross-sectional area. Laminar flowbecomes unstable and transitions to turbulent if the Reynolds
number exceeds a critical value, Recrit, having a magnitude about 2000 for flow in smooth-walled
pipes.

When the flow is laminar, the mean speed is given by

U =
gia

12%,
,

where g is the local acceleration of gravity and i is the hydraulic gradient. Combining these two
equations, it is seen that the flow must transition to turbulent if the cross-sectional area exceed the
minimum value given by

amin = %

#
Recrit6,2

gi

$2/3

.

With g = 9.81 ms"1, , = 10"6 m2s"1, ic = 0.0003 and Recrit = 2000, this gives amin ! 8)10"4 m2.
When flow is turbulent, the mean speed is given by the Darcy-Weisbach equation,

U = 2

:
gi

f

!
a

%

where f is the friction factor, and the turbulent flux carried by the minimum conduit is

Qmin = Uamin = 2

:
gi"
%f

a5/4min.

With the above parameter estimates and f = 0.05, Qmin ! 5 ) 10"5 m3s"1 = 4.3m3day"1. With
a mean recharge rate of 3.3 " 10"3 m/day, this flux is achieved by draining a map area slightly
greater than 1,000 m2.
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