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SUMMARY

The Cox proportional hazards model is widely used in time-to-event analysis. Two time scales are used in prac-
tice: time-on-study and chronological age. The former is the most frequently used time scale both in clinical
studies and longitudinal observation studies. There is no general consensus about which time scale is the best.
It has been asserted that if the cumulative baseline hazard is exponential or if the age-at-entry is independent of
the covariate, then the two models are equivalent. We show that neither of these conditions leads to equivalency.
Variability in the age-at-entry of individuals in the study causes the models to differ significantly. This is shown
both analytically and through a simulation study.

KEY WORDS: time-on-study time, baseline age, left-truncation, cumulative hazard, time scale, time-
to-event

1 INTRODUCTION

The Cox Proportional hazards (PH) model [1] is extensively used in the biomedical, engineering
and social sciences. These models are concerned with time-to-event analysis and are used in both
clinical and epidemiological cohort studies. The PH model provides a semiparametric method of
analyzing the association between a set of risk factors and the time to occurrence of an outcome.
It makes no assumptions concerning the nature or shape of the underlying survival distribution
or hazard function, but assumes a parametric form for the effect of the predictors on the hazard.
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Modeling the probability of failure per unit time (failure rate) for a subject at risk of failure is
the primary goal of the PH model.

An essential step in using the Cox PH model is the choice of time scale. The conventional
time scale on which to fit the model for both experimental and observational studies is time-on-
study. But in 1997, Korn et al. [2] argued that chronological age might be the most appropriate
time scale for observational studies. These two scales vary only in their choice of origin of the
time scale. If we use chronological age as the time scale then the origin of the time scale is the
date of birth. If time-on-study scale is used the origin is the date of diagnosis or first exami-
nation. Korn et al. also suggested two conditions for which the time-on-study time scale and
the chronological age scale are equivalent. The first condition assumes that the baseline hazard
λ0 as a function of age is exponential, i.e., λ0(a) = c exp(γa), where a is age and c and γ are
constants. The second condition assumes that the covariate z is independent of the baseline age
a0.

Two simulation studies have been carried out to address the issue: Thiebaut et al. in 2004 [3] and
Pencina et al. in 2007 [4]. However, these two simulation studies are somewhat contradictory to
each other. Thiebaut et al. conclude that exponentiality of the baseline hazards function makes
the two models perform similarly. Additionally, the models may perform differently even though
the covariate and the age-at-entry are independent. On the other hand, Pencina et al. argue
that if the covariate is independent of the age-at-entry the models perform equivalently.

Our own empirical studies [5] on this question find no evidence that either of these conditions
suggested by Korn et al. lead to equivalent models. This motivates us to look for the mechanism
which causes the models to be significantly different. This requires a careful look into the imple-
mentation of the Cox model under the two time scales. The Cox PH model does not make any
assumptions about the shape of the baseline hazard function, but assumes a parametric form for
the effect of the predictors on the hazard. These parameters are estimated by maximizing their
associated partial likelihood function. Examination of the partial likelihood and which variables
affect parameter estimation lead to the conclusion that variability in age-at-entry is responsible
for making the two time scale models significantly different. If the age-at-entry is same for all
the individuals, i.e., if there is no variability in the age-at-entry, the Cox models using two time
scales produce exactly the same coefficients. As the variability in the age-at-entry increases, the
estimates from the different time-scale models become increasingly different.

In this paper, we show how the method of partial likelihood leads to differing model estimates
in Section 2 and provide a simulation study exhibiting this behavior in Section 3. A discussion
of the results follows the simulations.

2 MODELS AND LIKELIHOODS

The PH model assumes that the underlying hazard (rather than survival time) is a function of
the independent variables (covariates) and the contributions of the covariates to the hazard are
multiplicative. Estimates of the parameters and inferences about them are based on maximizing
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the partial likelihood [6] and the asymptotic properties are justified using martingale and count-
ing process theory (Anderson and Gill, 1982) [7]. In the Cox PH model, time is utilized only to
order the events. It is not used directly in the estimation of the coefficients of the covariates.
Therefore, the different time scales in Cox models lead to different ways of ordering the events.

When we use time-on-study as time scale, we use age-at-entry as one of the covariates. Let
a0 be the age at which an individual enters the study and t be the length of time the individ-
ual is followed until he/she experiences an event of interest or terminates participation in the
study. Consider the simple case of a one-dimensional covariate x. Then the Cox model using
time-on-study as time scale with age at entry as covariate is given by:

λT (t|a0, x) = λ0T (t)exp(βx+ γa0) (1)

where β is the coefficient of x, γ is the coefficient of a0, the age-at-entry λ0T is the underlying
baseline hazard and λT (t) is the hazard function with time-on-study as time scale respectively.
The parameters β and γ are estimated by maximizing the following partial likelihood function.

LT (β) =
k∏
j=1

(
exp(βxj + γa0j)∑

i∈RjT
exp(βxi + γa0i)

)δj
(2)

where δj is the failure indicator and RjT is the risk set defined at jth failure.

Assume a to be the age at failure or censoring, λ0A the underlying baseline hazard and λA
the hazard function with chronological age as the time scale. The Cox PH model in this case is
given by:

λA(a) = λ0A(a)exp(βx) (3)

The parameter β is estimated by maximizing the following partial likelihood function.

LA(β) =
k∏
j=1

(
exp(βxj)∑

i∈RjA
exp(βxi)

)δj
(4)

In the Cox PH model, time is utilized only to order the events and does not contribute to the
likelihood function. The chronological age time scale model uses age a (= a0 + t) to order the
events and the covariate x contributes to the likelihood. a0 is not a part of the likelihood. On
the other hand, the time-on-study model uses t to order the events while a0 contributes to the
likelihood together with risk factor x. Thus, the information used to maximize the partial like-
lihoods 2 and 4 is not the same for each time scale.

The estimates of β in models (1) and (3) will differ whenever the partial likelihoods (2) and
(4) do. The two likelihoods (2) and (4) will be equal only when a0j is constant, i.e., if the age-
at-entry for each person in the study is the same. In such a case, the factor exp(γa0j) will drop
from both the numerator and denominator. Also, when the age-at-entry is same for everybody,
the event times are ordered exactly the same way and hence the individuals in the two risk sets,
associated with two time scales, are exactly the same resulting RjT = RjA for each event time j.
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In this situation, the risk factor x is independent of the age-at-entry a0. When a0j is not constant,
the two likelihoods cannot be equivalent even if the covariate x is independent of age-at-entry
a0 because the factor exp(γa0j) does not cancel out from the likelihood 2. Therefore, as long as
there is variability in the age-at-entry from person to person, the likelihoods will give different
estimates of coefficients (β) of covariate x.

If the baseline hazard function is exponential as a function of age (i.e. λ0A = c eγa), then
the Cox model using age as a time scale can be written as:

λA(a|x) = λ0A(a) eβx

= c eγaeβx

= c eγ(a0+t)eβx

= c eγteβx+γa0 (5)

where c and γ are constants, γ is a coefficient of variable age-at-entry. We can write the Cox
model using time-on-study as a time scale as:

λT (t|x, a0) = λ0T (t) eβx+γa0 (6)

Mathematically, the two models 5 and 6 are equivalent only when the baseline hazard func-
tion for time-on-study time scale model is exponential as a function of time-on-study time (i.e.
λ0T = c eγt). But, as seen above, they do not lead to equivalent estimates using partial likelihood
estimation as these baseline hazard functions do not make contribution to the likelihood.

In the Cox regression method, using semi-parametric methods, the estimation of the baseline
hazard and the coefficients are carried out in completely different ways. The baseline hazard
function is estimated using non-parametric method while coefficients are estimated parametri-
cally using the partial likelihood as mentioned above. The baseline hazard is not used to estimate
the coefficients. Therefore, even though the two time scale models look equivalent when the base-
line hazard as a function of age is exponential, this exponential property has no impact on the
partial likelihoods (2) and (4) with those two time scale models.

3 NUMERICAL SIMULATION STUDIES

We simulate the data under two assumptions: specifying the (i) time-on-study time scale and
(ii) age time scale as true time scales respectively. The data from the first method systematically
supports the time-on-study time scale model. We use this data to examine the differences in
the estimates of the two models under the assumptions that the age time scale is valid and
with exponential hazards. Similarly, the data from the second simulation supports the age scale
model which enables us to understand how a time-on-study time scale model works with these
assumption. For both cases, we use the distribution of systolic blood pressure (covariate) of real
life data set on Evans County White Male to generate the covariate values. The Evans County
Study consists of data collected in 1960 from individuals in Evans County, Georgia. The data
available for our use consists of 829 individuals aged 25-76 years with 566 deaths.
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3.1 Specifying time-on-study time scale model as a true model

If the baseline hazard is exponential then the distribution of the survival time follows Gompertz
distribution. Therefore, we generate the survival time using the Gompertz distribution. We
utilized the following simulation strategy to show how the variability in the age-at-entry results
in significantly different coefficient estimates for models 1 and 3.

1. True β is chosen to be 0.5.

2. At first, we fix the entry age to be 50 for all the subjects, i.e., we simulate entry age a0 as
a normal random variable N(µ = 50, σ = 0). Then, we gradually increase the variability
in a0 by increasing values of σ up to 10.

3. The covariate X is simulated from log normal distribution using

log(sbp) ∼ N(µ, σ2)

Where µ and σ2 are mean and variance of covariate, Systolic Blood Pressure (sbp), from
the real life data.

4. Survival time is then simulated [8] using a Gompertz distribution where the shape param-
eter is set to 1 and the scale parameter is adjusted to get average percentage of censoring
is approximately 75%.

The survival time can be derived by the following way: We have,

S(t|x) = exp[−H0(t)e
βx+γa0 ]

where

H0(t) =
∫ t

0
h0(u)du

is the cumulative baseline hazards function. Thus the distribution function is

F (t|x) = 1− exp[−H0(t)e
βx+γa0 ]

Let Y be a random variable with distribution function F , then U = F (Y ) follows a uniform
distribution on the interval from 0 to 1, abbreviated as U ∼ U [0, 1]. Moreover, if U ∼
U [0, 1], then (1−U) ∼ U [0, 1], too. Thus, let t be the survival time of the cox model, then

U = exp[−H0(t)e
βx+γa0 ] ∼ U [0, 1]

If h0(t) > 0 for all t, then H0 can be inverted and the survival time T of the Cox model
can be expressed as

T = H−1
0 [−log(U)e−(βx+γa0)]

We know the inverse cumulative hazards function for Gompertz distribution is

H−1
0 (t) =

1

α
log

(
α

λ
t+ 1

)
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Where α and λ are the shape and scale parameters respectively. Therefore, the Survival
time is

t =
1

α
log

[
1− α log(U)

λe−(βx+γa0)

]
(7)

5. Age at failure can be computed by Age = a0 + t

6. We introduce censoring by the following way: C = min(Exponential random variable, t).

7. Death Indicator is generated by the following way: d = I(ti < Ci)

8. We repeat the process 1000 times for 1000 subjects in each sample for each value of standard
deviation of a0.

9. Fit the models to estimate the coefficients.

We fitted three Cox models using (i) time-on-study time (ii) chronological age time and (iii) left-
truncated age time scales respectively. Then, we plotted the estimates of the coefficients, biases
and mean square errors against standard deviation of the age-at-entry for each model. When
the age-at-entry is same for all subjects, all those three models give exactly the same estimates
of coefficients, Figure 1.

As the variability in the age-at-entry increases, the models start disagreeing with each other.
As expected, the estimates from the time-on-study time scale model are quite stable and are
not influenced by the variability in the age-at-entry. The estimates from the chronological age
time scale model are quite sensitive to the variability in the age-at-entry. The model continues
underestimating the true coefficients as the variability in the entry-age increases. The estimates
from the left truncated age scale model are also dependent on the age-at-entry. However, the
estimates from left truncated age scale models are closer to the time-on-study time scale model
than those from the chronological age scale model.

3.2 Specifying age time scale model correctly.

We utilized the same algorithm as mentioned above to simulate survival time. Time-on-study
values were generated by subtracting the age-at-entry, a0, from the survival times. Censoring
parameter and failure indicators were defined as before. We fitted three Cox PH models using (i)
time-on-study time (ii) chronological age time and (iii) left-truncated age time scales respectively.
The plots show that the three models agree when everybody in the sample has exactly the same
age (Figure 2) and the models perform slightly differently as the variability in the age-at-entry
increases. Since the age time scale was correctly specified to simulate the data, this data models
well with age time scale. However, other two time scales also reasonably fit well to this data.

4 RESULTS AND DISCUSSION

We note that the partial likelihood function for time-on-study time scale model (2) includes
information about age-at-entry while there is no such contribution of the age-at-entry to the
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Figure 1: Plot of Beta, Bias and MSE against Standard deviation in entry age

likelihood for chronological age time scale model (4). As a result, the time-on-study time scale
model is capable of estimating the regression coefficients adjusting for the variability in the entry
age. When the time-on-study time is the correct time scale, the coefficients obtained from the
time-on-study time scale model are more stable and are not influenced by the variability in the
age-at-entry. There is no such mechanism in chronological age time scale model that can account
for this variability and therefore the model performs poorly for the data having dispersed age-at-
entry. On the other hand, when the chronological age is the correct time scale, the time-on-study
time scale model is reasonably close to the age scale model.

We can assess the models in each of the two scenarios of simulation in terms of the absolute
relative differences in their biases. We computed the relative differences of the biases from the
three models, taking two models at a time, at standard deviation values 0, 2, 4, 6, 8 and 10
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Figure 2: Plot of Beta, Bias and MSE against Standard deviation in entry age

of the age-at-entry. The upper half of the Table 1 represents the relative differences for the
first simulation study where time-on-study time was correctly specified and the lower half shows
those for the second simulation where age was correctly specified. Let r12, r13 and r23 represent
the relative differences in absolute biases between time-on-study and age, time-on-study and left
truncated age and age and left truncated age models respectively. For both simulations, in the
absence of variability of the entry-age, all the models yielded exactly the same coefficient, i.e.
r12 = r13 = r23 = 0. As the variability rises, the relative difference increases. The relative
differences are much higher in the first simulation scenario than those from the second simula-
tion scenario. For instance, at standard deviation equal to 2, r12 = 0.7290 in first case while
r12 = 0.0360 in second case. Similarly, at standard deviation equal to 6, r12 = 0.9036 in first
case while r12 = 0.0456 in the second case. This small demonstration shows us that the data
that models well with time-on-study time scale has no guarantee that it also models equally well
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Table 1: Comparison of the models in terms of variability in the age-at-entry. 1, 2 and 3 represent time-on-study
time scale model, chronological age time scale model and left truncated age time scale model respectively. r12, r13
and r23 represent absolute values of the pairwise relative difference in the biases. β is true coefficient.

Std.
Dev. r12 = abs

(
Bias1−Bias2

β

)
r13 = abs

(
Bias1−Bias3

β

)
r12 = abs

(
Bias2−Bias3

β

)
0 0.0000 0.0000 0.0000

Time on study 2 0.7290 0.3928 0.3363
time 4 0.8458 0.4100 0.4358

correctly 6 0.9036 0.4181 0.4855
specified 8 0.9099 0.4216 0.4883

10 0.9271 0.4176 0.5095
0 0.0000 0.0000 0.0000

Chronological 2 0.0360 0.0292 0.0652
age time 4 0.0558 0.0416 0.0975
correctly 6 0.0456 0.0488 0.0944
specified 8 0.0775 0.0553 0.1328

10 0.0877 0.0737 0.1615

with age time scale. But, the data that models well with age time scale also models reasonably
well with time-on-study time. Hence, the time-on-study scale is more robust to departures from
the model assumption and may be preferable over the chronological age model.

The partial likelihood function for the Cox regression method does not depend on the shape
of baseline hazard. Therefore, the true factor that makes the two time scale models different is
the variability in the age-at-entry. In fact, the two likelihood functions for models (1) and (3)
will be equal only when all the subjects entering the study have exactly the same age.

We observe above that the time-on-study time scale model is generally safer to use than the age
model. However, we further need to assess the models in terms of the stability of the estimated
coefficients and the predictive abilities of the models. This is an area for future investigation.
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