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Abstract

In this paper we consider an extrinsic approach to analyzing direct similarity
shapes of planar contours. We adapt Kendall’s definition of direct similarity shapes
of planar k-ads to shapes of planar contours, under certain regularity conditions,
and Ziezold’s nonparametric view on Fréchet mean shapes ([43]). The space of
direct similarity shapes of planar simple closed curves is embedded in a space
of Hilbert-Schmidt operators. Using Veronese-Whitney embeddings of Kendall’s
Σk

2 approximations of this embedding, for large k, one computes extrinsic sample
means of direct similarity shapes of closed curves and their asymptotic distribu-
tions. To estimate these means we appeal to a functional data analysis technique.
This methodology is also applied to a one-sample test for the extrinsic mean direct
similarity shape of regular contours. In addition, we consider using nonparametric
bootstrap to approximate confidence regions for such mean shapes. Computational
examples are also included for Ben Kimia’s contour library. Using the contour data
set, we demonstrate the computational efficiency of these techniques compared to
other methods for the analysis of mean contours. For application of our technique
on digital imaging data, specifically for cases when landmarks for the k-ad repre-
sentation of the contours are not provided, we propose an automated randomized
pseudo-landmark selection, that is useful for within population contour matching
and is coherent with the underlying asymptotic theory.

Keywords: extrinsic means, planar contours, functional data analysis, statistical
shape analysis, nonparametric bootstrap, digital image analysis, automated ran-
domized landmark selection
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1 Introduction

D. G. Kendall (1984)[22] defined the planar direct simila-
rity shape space Σk

2 as a space of orbits of k-ad’s, k la-
beled points in the Euclidean plane ( which is identified with
the complex plane ) and showed that such a shape space is
canonically diffeormorphic with a complex projective space
P (Ck−1)

= CP k−2. General nonparametric indices on shape spaces
were first defined by Ziezold (1977[44], 1994[43], 1998[42])
( see also Huckemann and Ziezold (2006)[12] ). Ziezold’s
suggestion of using Fréchet means were used in statistical
shape analysis by Le and Kume (2000)[27], by Kume and Le
(2000[26], 2003[25]), and by Bhattcahrya and Patrangenaru
(2003)[8]. To be specific, with the notation in Bandulasiri
et. al. (2009)[4], or in Huckemann and Hotz (2009) [13],
two k-ads z1 = (z1

1, . . . , z
k
1 ), z2 = (z1

2, . . . , z
k
2 ) ∈ Ck have

the same direct similarity shape, if there is a direct similarity
S of the complex plane, S(z) = wz + b, w ∈ C∗, b ∈ C,

such that S(zj
1) = zj

2,∀j = 1, . . . , k. If z̃a = 1
k(z1

a + . . . zk
a),

then S(z̃1) = z̃2, and since S is linear, if we set

(1) ζζζa = (ζ1
a , . . . , ζ

k
a ), ζj

a = zj
a − z̃a,∀j = 1, . . . , k,

then two nontrivial k-ads z1 and z2 ( for which the coordi-
nates of za are not the same ) have the same direct simila-
rity shape, if and only if ζζζ1, ζζζ2 are not zero and differ by a
nonzero scalar multiple. Note that the centered k-ads ζζζ1, ζζζ2

lie in the complex vector hyperplane L2
k of Ck, L2

k = {ζζζ =

(ζ1, . . . , ζk) ∈ Ck : ζζζ1k = 0} therefore the two nontrivial
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k-ads z1 and z2 have the same direct similarity shape, if and
only if ζζζ1, ζζζ2 ∈ L2

k\{0} are on the same 1-dimensional com-
plex vector subspace of L2

k, and thus the Kendall shape space
Σk

2 is identified with the complex projective space P(L2
k) of

the complex vector space L2
k.

An example of map identification of P (L2
k) with CP k−2 is

given by Kendall ( op. cit.)[22]. If Q̃ is the (k−1)×k matrix
of coefficients of the linear function from Ck to Ck−1 given
by

(2) ξj =
1√

j2 + j
(jζj+1−(ζ1+· · ·+ζj)), j = 1, . . . , k−1,

then the bijection

F : P (L2
k) → CP k−2, [ξξξ] = F ([ζζζ]) = [Q̃ζζζ]

is such in identification.

REMARK 1.1. In addition to direct similarity shapes of
k-ads ( labeled finite configurations ), one may define also
the direct similarity shape of finite unlabeled configurations
(subsets) of size k. Two such subsets A and B have the same
direct similarity shape if there is a direct similarity S such
that, as sets, S(A) = B. The corresponding shape space
of unlabeled planar configurations of size k can be identi-
fied with a subset of CP k−2. For example, Kendall (op. cit.)
showed that, when k = 3, given that CP 1 with the Fubini-
Study metric is isometric with a round sphere, the correspon-
ding shape space of unlabeled triads in the Euclidean plane
is Kendall’s ’spherical blackboard’ : a spherical triangle,
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two sides of which are shapes of isosceles triangles (one for
triangles with two angles larger then π

3 and the other with
one angle larger then π

3 ), and the third side degenerated tri-
angles ( collinear triads).

Kendall ( op. cit.) considers probability distributions
of direct similarity shapes, however his work does not in-
clude a definition for parameters of location and spread of
such distributions. Kent (1992) [23] defines the full Pro-
crustes estimate of a mean shape µ̂, and shows that for a
given sample [ζζζ1], . . . , [ζζζn] of points on CP k−2, this esti-
mate is µ̂ = [m], where m ∈ Ck−1 is the eigenvector cor-
responding to the largest eigenvalue of

∑n
i=1

1
‖ζζζi‖2ζζζ iζζζ

∗
i =

1
n

∑n
i=1 j([ζζζ i]), assuming this eigenvalue is simple; however

in Kent (op.cit.) there is no nonparametric definition for
the mean of a random direct similarity shape. Since com-
plex projective spaces do not have a linear structure, basic
notions of mean and covariance had to be defined from a
new perspective; the first paper to consider this crucial con-
cept is due to Ziezold (1994) [43], who defines the mean
set of a random direct similarity shape [U ] of a k-ads, re-
garded as a random point of CP k−2 as the Fréchet mean set
of [U ] with respect to the Fubini-Study (FS) metric, that was
singled out by Kendall among all distances on CP k−2. If
the FS mean set has a unique point [µ], from the consis-
tency of the Fréchet sample mean sets due to Ziezold (1977)
[44], it follows that the FS sample mean is a consistent es-
timate of [µ]. However, even if the spread of the random
shape [U ] is small enough to insure that both the FS mean
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and its sample counterpart are well defined, determination
of the FS sample mean given by the iterative algorithm in
Le (2001) [16] is computationally expensive. Patrangenaru
(1998) [33] defines the Veronese Whitney (VW) extrinsic
mean µj1 of a random point [X] on in terms of the VW em-
bedding j1 ofCP k−2 into the space S(k−1,C) of selfadjoint
(k − 1)× (k − 1) matrices is given by

(3) j1([ξξξ]) =
1

‖ξξξ‖2ξξξξξξ
∗,

as projection of the mean of j1[X] on j1(CP k−2), and shows
that µj1 exists if [X] the largest eigenvalue of E(XX∗) is
simple, and in this case µj1 = [µ], where µ is an eigen-
vector corresponding to the largest eigenvalue of E(XX∗),
and Bhattacharya and Patrangenaru (2005) [9] note that the
the VW extrinsic mean is the Fréchet mean of [X] for the
distance on CP k−2 induced by the Euclidean distance on
S(k − 1,C) via j1, given by

(4) dj1([ξ1], [ξ2]) = ‖ξ1ξ
∗
1 − ξ2ξ

∗
2‖.

Note that the shape space Σk
2 = P(L2

k) can be embedded
into the space S(k,C) of selfadjoint k × k matrices using a
similar VW embedding j given by

(5) j([ζζζ]) =
1

‖ζζζ‖2ζζζζζζ
∗,

and these VW-embeddings are related by

(6) j1([ξξξ]) = Kj([ζζζ])KT .

Therefore if [U ] is a random point on P (L2
k) with a j-nonfocal

probability measure Q, meaning that the largest eigenvalue
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of E(UU ∗) is simple ( Bandulsiri et. al. (2009) [4]), the
extrinsic VW - mean shape µj is given by the eigenvector
corresponding to the largest eigenvalue of E(UU ∗). From
this, it follows that if ζζζ1, . . . , ζζζn is a random sample from Q,
then the extrinsic sample mean µ̂E,n is the projective point
of the eigenvector corresponding to the largest eigenvalue
of 1

n

∑n
i=1

1
‖ζζζi‖2ζζζ iζζζ

∗
i = 1

n

∑n
i=1 j([ζζζ i]), which coincides with

Kent’s full Procrustes mean estimate, and shows that the
Kent full Procrustes mean estimator is a consistent estima-
tor of the VW extrinsic (direct similarity) mean shape. The
asymptotic distribution of the VW extrinsic sample mean
shape, and the resulting bootstrap distribution are given in
Bhattacharya and Patrangenaru (2005) [5], Bandulasiri et.
al (2009) [4] and in Amaral et at. (2010) [1].
Motivated by applications in object recognition from digital
images, Grenander (1993) [10] considered shapes as points
on some infinite dimensional differentiable manifold. A ma-
nifold model for direct similarity shapes of planar closed
curves, first suggested by Azencott (1994) [2], was pursued
in Azencott et. al. (1996)[3], and detailed by Younes (1998
[38], 1999 [39]). This idea gained ground at the turn of
the millennium, with more researchers studying shapes of
closed planar curves ( eg. Sebastian et. al. (2003) [34]).
A simple closed curve γ can be regarded as a one to one
piecewise differentiable function from the unit circle S1 to
C. If we take Kendall’s view point, each point γ(z) on this
curve can be regarded as a landmark, labeled by the point
z on S1. Ignoring the labels in the particular case of simple
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closed curves is equivalent to identifying two such curves
γ1, γ2 : S1 → C, if there is an orientation preserving diffeo-
morphism φ : S1 → S1, such that γ2 = γ1 ◦ φ. According
to Klassen et. al. (2004) [24], two curves γa : S1 → C, a =

1, 2 have the same direct similarity shape, if there is a direct
similarity S, and a self diffeomorphism φ of S1, such that
γ2 = S ◦ γ1 ◦ φ, meaning that, in fact, Klassen et. al. (2004)
[24] consider direct similarity shapes of contours ( ranges of
simple closed curves ).
Klassen et. al. (op. cit), Michor and Mumford (2004) [28]
and Younes et. al. (2008) [40] follow Small (1996) [35] or
Kendall’s choice, and define a Riemannian structure on the
resulting shape manifold. Klassen et. al. (op. cit) compute
the intrinsic sample mean shape ( Fréchet sample mean for
the resulting Riemannian distance ), called Karcher mean in
that paper. The reason that Klassen et. al. (op.cit.) opt
for a Riemannian distance over a distance induced by an
embedding into a Hilbert space is to be found in a flawed
remark in Srivastava and Klassen (2002)[36]: “What is the
significance of embedding in a Euclidean space and defining
a mean on through a Euclidean mean? In case one chooses
Riemannian distance (geodesic length), instead ... there is no
need for a Euclidean embedding, and we get an intrinsic de-
finition of a mean directly on the manifold ...The Euclidean
metric allows for posing the optimization problem in such a
way that ..., and hence, the popularity of extrinsic means in
engineering and statistics literatures. However, their depen-
dence on the choice of embedding makes them less attractive
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and leaves open this choice to the user.” Obviously there are
infinitely many nonisometric Riemannian structures on
any manifold and, moreover, given that an intrinsic sample
mean can be found as limit of an iterative gradient search al-
gorithm described in Klassen et. al. ( op.cit.), the choice of a
Riemannian distance is poor both conceptually and compu-
tationally. Besides the theoretical complications in Klassen
et. al. (op. cit.) as well as in the related papers Mio and
Srivastava (2004) [14], Mio et. al. (2005) [30], Srivastava
ett. al. (2005) [37], Mio et. al. (2005) [29], Kaziska and
Srivastava (2007) [20], computing an intrinsic sample mean
shape of a contour depends on a number of numerical steps
for discrete data. In the first place the number of points on
a contour, can not exceed the number of pixels of the back-
ground image. Secondly there are rounding errors in the gra-
dient algorithm, and thirdly, a closed curve is approximated
with a Fourier polynomial.
Our paper is meant to avoid all the above misgivings of the
intrinsic approach to direct similarity shape analysis of pla-
nar contours. In Section 2 we extend Kendall’s approach
to shape analysis, by considering regular contours, and de-
fining the direct similarity shape of a regular contour as a
point on the projective space of a Hilbert space H. The sim-
ple geometric regularity condition is generic, and, more im-
portantly, it is the key to transition from labeled contours
(parametrized curves ) to unlabeled contours, thus avoiding
the issue of identifying parametrized curves in Klassen et.
al. (op.cit.)[24]. Next we embed the projective space P (H)
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into the space LHS of Hilbert-Schmidt operators of H into
itself, via an infinite dimensional analogue of a Veronese-
Whitney embedding. This allows us to define and compute
the VW extrinsic mean of a random contour, in Proposition
2.1.

Section 3 is dedicated to asymptotics. The large sam-
ple distribution of the sample VW extrinsic mean contour is
given in equation (23), along with its studentized version in
equation (16). In practice, due to the infinite dimensionality,
the extrinsic sample covariance is degenerate, therefore the
asymptotics can not be used in practice. To avoid this mis-
giving, in Section 4, we use discrete approximations of the
contours and of the VW embedding, thus reducing the prob-
lem of estimating the VW mean shape of a contour as a limit
of VW mean shapes of matched configurations of points on
a sample of contours. As the number k of selected points
increases, care is taken to reorder these landmarks as if they
had all been selected initially. The key is to randomly select
additional landmarks from the list of remaining points on the
contour and resorting the landmarks such that the indices are
monotonically increasing. This algorithm shows that the in-
terpolation of the finite configuration of the extrinsic VW
sample mean shape, yielding the shape of a piecewise linear
contour, converges to the VW sample mean shape contour.
This section also provides a fully automated algorithm of
selecting the contours from a Black and White image, ex-
tracted from a digital camera image to represent a certain
feature.
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In Section 5, we follow a neighborhood methodology given
by Munk and Dette (1998)[31] in the context of regression,
to develop tests for hypotheses for the VW extrinsic mean
similarity shape in general. The neighboring hypothesis al-
ready proved its efficiency in similar hypothesis testing prob-
lems in image analysis, when applied to projective shapes of
planar curves ( see Munk et. al. (2007) [31]), where it was
shown that for large samples, the test statistic for the null
hypothesis has a standard normal distribution, so that nonpa-
rametric bootstrap could be used in practical recognition ap-
plications. To prove asymptotic normality of the test statistic
in our case, which is given in equation (40), we use an or-
thobasis in the space of Hilbert Schmidt operators, adapted
to the VW embedding, by extending a similar choice for an
adapted frame ( see Bhattacharya and Patrangenaru (2005)
[9] and in Bhattacharya and Bhattacharya (2008) [6]) to the
infinite dimensional case. Three concrete examples of test-
ing the one sample hypothesis for the VW mean contour for
contour data from the Ben Kimia library are also given in
this section.

Section 6 is dedicated to computations of sample mean
of planar contours for selected contours from Ben Kimia’s
contour database.

A first example of computations of bootstrap distributions
for VW means of finite approximations of contours can be
found in Amaral el al. (2010) [1]; the algorithm used there
is less flexible, using nonrandomized finite approximations
of contour data. In Section 7, we consider nonparametric
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bootstrap as a methodology to obtain a confidence region
for the mean direct similarity shapes of contours, based on
randomized finite approximations of the contours, that im-
poses at the same time a reasonable within sample match-
ing of the pseudo-landmarks as described in Section 4. We
compare the time efficiency of the bootstrap distributions for
VW mean shapes of contours with the bootstrap distribu-
tions for intrinsic samples mean shapes of contours, using
the algorithms in Klassen, et al. (2004) [24]. Obtaining
bootstrap confidence regions for shapes of contours using
our approach for the sample of the hand gesture example
considered is more then 3600 times faster.

The paper ends with a discussion suggesting the exten-
sion of our methodology for analysis of more complicated
infinite dimensional features captured in digital images.

2 Kendall’s shape spaces of planar contours

Recall that if V is a vector space over the commutative field
F, then the set of all one dimensional linear subspaces of V is
the projective space of V, and is labeled P(V). If V = Fd+1

we use the standard notation P (Fd+1) = FP d.

2.1 Infinite-dimensional Planar Similarity Shape Spaces

In this subsection we extend the notion of direct similarity
shape from planar k-ads to infinite labeled configurations,
including shapes of regular contours. While in general, the
labels can be assigned in infinitely many ways, we will dwell
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here only on contours, boundaries of 2D topological disks in
the plane. To keep things simple, we will make the addi-
tional assumption that there is a unique point p0 on such a
contour, at the maximum distance to its center of mass, so
that the label of any other point p on the contour is the coun-
terclockwise travel time at constant speed from p0 to p and
that the total time to travel time needed to travel from p0 to
itself around the contour once is the length of the contour.
Therefore we consider direct similarity shapes of nontrivial
contours in the plane as described above.

A contour γ̃ is the range of a piecewise differentiable
function, that is parameterized by arclength, i.e. γ : [0, L] →
C, γ(0) = γ(L), that is one-to-one on [0, L); therefore a con-
tour can also be regarded as the range of a one-to-one piece-
wise differentiable function from S1 to C. Recall that the
length of a piecewise differentiable curve γ : [a, b] → R2, is
defined as follows:

(7) l(γ̃) =

∫ b

a

‖dγ

dt
(t)‖dt,

and its center of mass (mean of a uniform distribution on γ̃)
is given by zγ̃ = (xγ̃, yγ̃), where

(8) xγ̃ =
1

L

∫

γ

xds, yγ̃ =
1

L

∫

γ

yds.

The contour γ̃ is said to be regular if γ is a simple closed
curve and there is a unique point z0 = argmaxz∈γ̃‖z − zγ̃‖.

Two contours γ̃1, γ̃2 have the same direct similarity shape
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if there is a direct similarity S : C → C, such that S(γ̃1) =

γ̃2.

REMARK 2.1. The centered curve γ̃0 = γ̃ − zγ̃ = {z −
zγ̃, z ∈ γ̃} has the same direct similarity shape as γ̃. Two
regular simple closed curves γ̃1, γ̃2 have the same similarity
shape if γ̃2,0 = λγ̃1,0, where λ is a nonzero complex number.

REMARK 2.2. A function γ : S1 → C is centered if∫
S1 γ(z)ds = 0. We consider regular contours since the

complex vector space spanned by centered functions γ yield-
ing regular contours γ̃ is a pre-Hilbert space. Henceforth we
will be working with the closure of this space. This Hilbert
space H, can and will be identified with the space of all
measurable square integrable centered functions from S1 to
C.

Let P (H) be the projective space corresponding to the
Hilbert space H.

REMARK 2.3. Let Σreg
2 be the set of all direct similarity

shapes of regular contours, which is the same as the space
of all shapes of regular contours centered at zero. From Re-
marks 2.1 and 2.2, with any regular contour C, we associate
a unique piecewise differentiable curve γ, such that C = γ̃,

by taking γ(0) = p0, the point at the maximum distance to
the center of C, and by arc length parameterizing γ in the
counter clockwise direction. Therefore Σreg

2 is a dense and
open subset of P (H). Henceforth, to simplify the notation,
we will omit the symbol ˜in γ̃ and identify a regular contour
with the associated closed curve, without confusion.
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We embed P (H) in LHS = H⊗H, the space of Hilbert-
Schmidt operators of H into itself, via the Veronese-Whitney
embedding j given by

(9) j([γ]) =
1

‖γ‖2γ ⊗ γ.

If ‖γ‖ = 1, this definition can be reformulated as

(10) j([γ]) = γ ⊗ γ.

Given that γ∗(β) =< β, γ > equation (10) is equivalent to

(11) j([γ])(β) =< β, γ > γ.

The range of this embedding is the submanifold M1 of rank
one Hilbert-Schmidt operators of H. Note that P (H) is a
Hilbert manifold which is embedded in the Hilbert space
LHS, and, for any probability measure Q on a Hilbert ma-
nifold M embedded in a Hilbert space, we may define the
extrinsic mean of Q w.r.t. that embedding, similarly to the fi-
nite dimensional case. Just as in the finite dimensional case,
we obtain the following result:

PROPOSITION 2.1. Assume Γ is a random object in P (H),

with ‖Γ‖2 finite. Then the Whitney - Veronese extrinsic
mean of Γ exists if and only if E( 1

‖Γ‖2Γ ⊗ Γ) has a sim-
ple largest eigenvalue, and in this case the extrinsic mean is
µE = [γ], where γ is an eigenvector for this eigenvalue.

If γ1, . . . , γn is a random sample of size n from Γ, then
the extrinsic sample mean µ̂E,n is the projective point of
the eigenvector corresponding to the largest eigenvalue of
1
n

∑n
i=1

1
‖γi‖2γi ⊗ γi.
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Caution should be taken in dealing with the existence of
regular contours with sections of the contour having extremely
high curvature. An example of a contour with such curva-
ture, but not regular, is provided in the left subplot of Fig. 1.
Using the standard Hilbert metric, the distance between the

Figure 1: Two nearby closed curves in the Hilbert space that have a fairly large distance d between them.

two contours pictured is near 0, despite the fact that the first
contour has locally a very high curvature. To adjust for such
situations, we want to consider a neighborhood of regular
curves according a modified distance function incorporating
the curvature in order to more properly indicate the differ-
ence in the shapes of the two regular contours. This distance
function, with the identification of a regular contour with an
arc length parameterized curve is defined as

(12) d(γ1, γ2) = sup
s
|κ1(s)− κ2(s)|+ sup

s
|γ1(s)− γ2(s)|
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where κ1 and κ2 are, respectively, the curvatures of γ1 and
γ2. It should be noted, however, that while we use this met-
ric to determine the neighborhood of curves of interest, the
Hilbert space metric is still used for all other purposes.

3 Asymptotic Distribution of the Sample Extrinsic Mean
Shape

For our planar direct similarity shape analysis, we are con-
sidering a Hilbert space over the complex numbers and its
associated projective space, which we have, respectively, de-
noted by H and P (H).

REMARK 3.1. For our purposes, from this point we will
regard all the manifolds and Hilbert spaces over the reals,
by restricting the scalars from C to R.

Recall that we embed P (H) in LHS, the space of Hilbert-
Schmidt operators of H into itself, via the Veronese-Whitney
embedding j given in (9). In our situation, as defined in
Proposition 2.1, the extrinsic ( Veronese-Whitney ) sample
mean µ̂E,n is equal to ê1, the eigenvector corresponding to
the largest eigenvalue of j(X)n = 1

n

∑n
i=1 γi ⊗ γi, where

γ1, . . . , γn is a random sample from Γ, a random object in
P (H). The extrinsic mean µE, also defined in Proposition
2.1, is[e1], where e1 is the eigenvector corresponding to the
largest eigenvalue of µ = E( 1

‖Γ‖2Γ ⊗ Γ). The asymptotic

distribution of j(X)n is as follows:

(13)
√

n(j(X)n − µ)
d−→ NLHS

(0, Σ) as n →∞,
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where NLHS
(0, Σ) denotes a zero mean Gaussian distribu-

tion on LHS with covariance operator Σ.
¿From Proposition 2.1, it follows that the projection Pj :

LHS → j(P (H)) ⊂ LHS is given by

(14) Pj(A) = νA ⊗ νA,

where νA is the eigenvector of norm 1 corresponding to the
largest eigenvalue of A, and Pj(µ) = j(µE). Applying the
delta method to (13) yields
(15)√

n(Pj(j(X)n)− j(µE))
d−→ NLHS

(0, dµPjΣ(dµPj)
T ),

as n → ∞, where dµPj denotes the differential of the pro-
jection Pj, evaluated at µ.

Again using the above definition of the projection to ob-
tain Pj(j(X)n) = j(µ̂E,n), this can be reexpressed as fol-
lows:

(16)
√

n(j(µ̂E,n)− j(µE))
d−→ NLHS

(0, dµPjΣ(dµPj)
T ),

as n → ∞. It remains to find the expression for dµPj. To
do so, we first consider a function F : H1 → H2. F is
differentiable at a point x ∈ H1 if F (x + h) − F (x) =

Th + ωx(h), for h ∈ H1 where limh→0
‖ωx(h)‖
‖h‖ = 0 and T ∈

BL(H1,H2), the set of bounded linear operators from H1 to
H2. The differential of F at x is defined as dxF = T .

To determine the formula for the differential, we must
consider the equivariance of the embedding J . Because of
this, we may assume without loss of generality that µ =

diag{δ2
a}a=1,2,3,.... As defined previously, the largest eigen-
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value of µ is a simple root of the characteristic polynomial,
with e1 as the corresponding complex eigenvector of norm 1,
where µE = [e1]. For the smaller eigenvalues, the eigenvec-
tors over R are given by ma = ea,m

′
a = iea, a = 1, 2, 3, . . .

and ma,m
′
a, a = 2, 3, . . . form an orthobasis for T[e1]P (H).

For any γ which is orthogonal to e1 w.r.t the real scalar prod-
uct, we define the path ψγ(t) = [cos(t)e1 + sin(t)γ]. Then
Tj([e1])j(P (H)) is generated by the vectors tangent to such
paths at t = 0. Such vectors have the form γ ⊗ e1 + e1 ⊗ γ.
In particular, since the eigenvectors of µ are orthogonal w.r.t
the complex scalar product, we may take γ = ma, a =

1, 2, 3, . . . , or γ = ima, a = 1, 2, 3, . . . to get an orthoba-
sis for Tj([e1])j(P (H)). Normalizing these vectors to have
unit lengths, we obtain the following orthonormal frame for
a = 1, 2, 3, . . . :

dµj(ma) = 2−1/2(ma ⊗ e1 + e1 ⊗ma),(17)

dµj(ima) = i2−1/2(ma ⊗ e1 + e1 ⊗ma),(18)

As stated previously, since the map J is equivariant, we may
assume that j(X)n is a diagonal operator D, with the eigen-
values δ2

1 > δ2
2 ≥ ... In this case,

dµE
j(ea) = 2−1/2E1

a = F 1
a ,(19)

dµE
j(iea) = i2−1/2E1

a = iF 1
a ,(20)

where Eb
a has all entries zero except those in the positions

(a, b) and (b, a) that are all equal to 1. From these formula-
tions, and from Bhattacharya and Patrangenaru (2005), com-
putations of the differential of Pj, in the finite dimensional
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case, it follows that dDPj(E
b
a) = 0, for all values a ≤ b,

except for a = 1 < b, and in this case

(21) dDPj(F
b
1 ) =

1

δ2
1 − δ2

b

F b
1 , dDPj(iF

b
1 ) =

1

δ2
1 − δ2

b

iF b
1 .

Equation (21) implies that the differential of the projection
Pj at µ is the operator Q1 given by

(22) Q1 =
∞∑

k=2

1

δ2
1 − δ2

k

Ek,

where δ2
1, δ

2
2, . . . are the eigenvalues of E( 1

‖Γ‖2Γ ⊗ Γ) and
E1, E2, . . . are the corresponding eigenprojections. Also, in
this situation, G is a normally distributed random element in
LHS. This results in the tangential component of difference
between the VW - images extrinsic sample mean and of the
extrinsic mean having an asymptotic normal distribution, al-
beit with a degenerate covariance operator. From these com-
putations, the asymptotic distribution of this difference can
be expressed more explicitly in the following manner.

(23)
√

n(tan(j(µ̂E,n)− j(µE)))
d−→ Q1G

However, this result cannot be used directly because Q1,
which is calculated using the eigenvalues of E( 1

‖Γ‖2Γ ⊗ Γ),
and µE are unknown. This problem is solved by estimating
µE by µ̂E,n and Q1 in the following manner.

(24) Q̂1 =
∞∑

k=2

1

δ̂2
1 − δ̂2

k

Êk,

where δ̂1, δ̂2, . . . are the eigenvalues of 1
n

∑n
i=1

1
‖γi‖2γi ⊗ γi

and Ê1, Ê2, . . . are the corresponding eigenprojections. Using
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this estimation, the asymptotic distribution is as follows:

(25)
√

n(t̂an(j(µ̂E,n)− j(µE)))
d≈ Q̂1G

Applying this result to (16), we obtain the following

(26)
√

n(j(µ̂E,n)− j(µE))
d≈ dµ̂n

PjG as n →∞,

where t̂an is the tangential component relative to the tangent
space of j(P (H)) at j(µ̂E,n) and µ̂n = ¯J(X)n is a consis-
tent estimator of µ. However, it must be noted that because
of the infinite dimensionality of G, in practice, a sample es-
timate for the covariance that is of full rank cannot be found.
Because of this issue, this result cannot be properly studen-
tized.

4 Finite Representation of Planar Contours

In order to perform computations involving regular planar
contours, the contours must be represented by a finite num-
ber k of landmarks. Since we are approximating curves
having infinitely many points, it follows that selecting more
landmarks will result in better approximations of a contour.
However, for digital imaging data, the number k of land-
marks is in fact bounded from above by the number of pi-
xels of the image of the contour. Contour image data can
be presented in multiple forms. The data can be provided
as an ordered set of landmarks, each being chosen accord-
ing to some rule, whether systematically selected or based
on the requirements of a specific application. In such an in-
stance, provided that all of the observations are made up of k

21



landmarks, the described analysis can be performed imme-
diately.

However, if the data is not provided as a set of coordi-
nates, but as an image with each pixel indicating whether
that point is on the contour or not, then before analysis can
begin, landmarks must be chosen. We propose to do this
by selecting a random sample of the contour points by sam-
pling from the uniform distribution on the contour. In order
to do this, we first find the point z0 at the largest distance
from the center of the contour and choose that as one of the
landmarks in order to maintain our methodology. We then
randomly select k − 1 landmarks from the remaining pixels
on the curve, making sure to maintain the proper ordering.
This is ensured by sorting the indices of the selected pixels
in order from smallest to largest.

It is important to choose an appropriate number of land-
marks for the given data set. The selected landmarks will be
distributed fairly uniformly around the contour for large va-
lues of k, ensuring that the curve is accurately represented by
the landmarks. However, doing so also increases the compu-
tational cost of performing calculations. This is most noti-
ceable when finding the bootstrap confidence regions for the
mean shape. Choosing too few landmarks, though, while
keeping computational cost down, can be extremely detri-
mental as the landmarks may not be sufficiently uniform to
provide adequate coverage of the contour. This can signifi-
cantly distort the finite representation of the shape, as shown
in Fig.2. In this particular instance, the shape of the dog, as
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represented with fewer landmarks, includes no information
about one of the ears and very little detail about one of the
feet. It should be noted that the extraction of the contour,

−0.06 −0.04 −0.02 0 0.02 0.04
−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04
1000 randomly chosen landmarks

−0.06 −0.04 −0.02 0 0.02 0.04
−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04
Representation of the 1000 randomly chosen landmarks as a contour

−0.06 −0.04 −0.02 0 0.02 0.04
−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04
200 randomly chosen landmarks

−0.06 −0.04 −0.02 0 0.02 0.04
−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04
Representation of the 200 randomly chosen landmarks as a contour

Figure 2: A dog represented by 1000 and, respectively, 200 randomly chosen landmarks

the selection of landmarks, parametrization and subsequent
relabeling of landmarks and the previously described eigen-
analysis can be automated, or semi-automated, allowing for
efficient execution of the methodology. An example of this
landmark selection process from start to finish is shown in
Fig. 3.

As stated previously, as the number of landmarks k used
to represent the contour increases, the better the representa-
tion of the curve will be. While in practice there is a maxi-
mum number of landmarks for use with digital image data,
in theory, as k →∞, the finite approximation of the contour
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(a) (b)

(c) (d)

Figure 3: An image of the contour of a boot from the Kimia image database (a) as a sillhouette, (b) as a contour, (c) as
200 randomly selected landmarks, and (d) as a contour constructed from the chosen landmarks

ζζζ will approach the functional representation γ. As such,
since [k] ∈ P (L2

k) and Σreg
2 is a subset of P (H), as k →∞,

P (L2
k) → P (H). Furthermore, for large values of k, we are

able to approximate the desired analysis for γ using corres-
ponding analysis for the finite approximation ζζζ in the follo-
wing manner.

We can express any vector x ∈ CP k−2 as (x1, . . . , xk−1)

and any element y ∈ H by (y1, y2, . . . ). That is to say
that for a given orthonormal basis e1, e2, . . . for H, we can
write y =

∑∞
i=1 yiei, so that ‖y‖2 =

∑∞
i=1 y2

i . We may
identify the Hilbert space H with l2, the space of square-
summable sequences, such that

∑∞
i=1 y2

i < ∞ and define
the mapping α : Ck−1 → l2 such that (x1, . . . , xk−1)

α−→
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(x1, . . . , xk−1, 0, . . . ). This relation is maintained when con-
sidering the respective projective spaces ofCk−1 and l2 using
the projective mapping P (α). However, as k increases, it
does not suffice to simply concatenate another landmark to
the previous set. This is due to the fact that the points are
ordered. Because of this, if a kth landmark were simply
appended, it would be restricted to fall between xk−1 and
x1, which would result in the landmarks no longer being se-
lected from a uniform distribution as k →∞.

In order to correct this issue, as k increases, the land-
marks must be reordered as if they had all been selected
initially. This is done by randomly selecting additional land-
marks from the list of remaining points on the contour and
resorting the landmarks such that the indices are monoto-
nically increasing. To illustrate this, denote the k initially
chosen ordered landmarks as zj1, . . . , zjp

, zjp+1
, . . . , zjk

and
the newly-chosen landmark as zjk+1

. Suppose that jp <

jk+1 < jp+1. Then the landmarks should be reordered as
(zj1, . . . , zjp

, zjk+1
, zjp+1

, . . . , zjk
) and relabeled as (zm1

, . . . , zmk+1
).

This results in the distance between successive landmarks
going to 0 in probability as the number of landmarks in-
creases. More formally, we define

(27)
∥∥[kz]

∥∥ = max
j=1,k

∥∥∥∥
kzj

‖kzj‖ −
kzj+1

‖kzj+1‖

∥∥∥∥, kzk+1 =k z1.

Recalling the arc-length parameterization for the contour dis-
cussed previously in (7),

P (‖kzj‖ > ε) = P (All k landmarks are within the remaining L−ε)
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We can assume w.l.o.g. that the section of the contour for
which the distance between landmarks is greater than ε is
over the arc parameterized by the interval (0, ε). In addition,
since the landmarks are independently chosen,

P (‖kzj‖ > ε) = (F (L)− F (ε))k = (
L

L
− ε

L
)k = (1− ε

L
)k,

where F is the cdf for the uniform distribution over the in-
terval (0, L). Taking the limit of this expression as k → ∞
results in ‖kzj‖ p−→ 0 since

lim
k→∞

P (‖kzj‖ > ε) = lim
k→∞

(1− ε

L
)k = 0

In order to perform the desired analysis, we not only need
to consider finite approximations of the countours, but also
of the embeddings. If we could work in the infinite-dimensional
setting, we would use the Veronese-Whitney embedding j([γ])

of P (H) into LHS , as defined in (9). Since we must dis-
cretize, though, we shall instead consider the Veronese-Whitney
embedding jk([ζζζ]) of P (L2

k) into S(k,C), as defined in (5).
The relationships between the complex projective spaces of
interest and the embeddings can be summarized in the follo-
wing diagram:

CP k−2 = P (Ck−1)
P (α)−−−−−−−−→ P (l2) = P (H)

↓ jk ↓ j

S(k − 1,C)
k→∞−−−−−−−−→ LHS

In addition, the features of the contour will also be better
approximated as k increases. One such case is the center of
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mass. Recalling that we denote the center of mass for the
uncentered finite approximation of the contour z by z̄k, then
the law of large numbers states that as k → ∞, z̄k → z̄γ.
This can be seen by examining the formula for z̄k.

z̄k =
1

k
(z1 + · · ·+ zk)

¿From this, we obtain the following:

z̄k+1 =
1

k + 1
(z1 + · · ·+ zk + zk+1)

=
1

k + 1
(kz̄k + zk+1)

=
k

k + 1
z̄k +

1

k + 1
zk+1.(28)

Based upon this formulation, z̄k+1 can be thought of as a
weighted average of z̄k and zk+1. For large values of k, zk+1

has a very small contribution to the center of mass. Based
upon this, it is apparent that z̄k → z̄γ as k → ∞, or that
the center of mass for the finite approximation of the curve
converges to the center of mass of the contour as the number
of landmarks used increases.

The length L of the contour will also be better approxi-
mated for large values of k. The length kL for the k-ad can
be calculated using

(29) kL =
k+1∑
j=2

‖zj − zj−1‖,

where zk+1 = z1. If k is small, as in the case of k = 200

in Figure 2, then kL may not provide an adequate estimate
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of L. However, because the landmarks are sampled from
the uniform distribution, when k is large, we are able to also
approximate the arclength parametrization of γ in the follo-
wing manner:

(30) γ(
j − 1

k
kL) ≈ zj for j = 1, . . . , k + 1.

It follows that an estimate for the arclength of the contour
from time j−1

k kL to j′−1
k kL, where 1 ≤ j < j ′ ≤ k + 1 can

be calculated as

(31) kL
j′
j =

j′∑

i=j+1

‖zi − zi−1‖.

When working with digital imaging data, the length of
a contour can be used to assist in determining the number
of landmarks to be chosen. When the contour is extracted
from the image, it will be represented by K pixels and the
length KL of this representation of the contour can be calcu-
lated using (29). To determine an appropriate lower bound
for the number of landmarks, randomly select landmarks for
various values of k. Compute kL for each of these k-ads
using (29) and compute the relative error compared to KL.
This should be repeated many times to obtain a mean re-
lative error and standard deviation of the relative error for
each value of k used. To determine an appropriate number
of landmarks to use, compare the mean relative error to a
desired threshold. Additionally, the distributions of the re-
lative errors could also be examined. It is important to note
that this methodology serves as a guide for choosing an ap-
propriate lower bound for k and that, while choosing larger
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values of k is desired, adjustments may need to be made if
Ki << Kj for images i and j in a data set.

Recall that L2
k = {ζζζ = (ζ1, . . . , ζk) ∈ Ck : ζζζ1k = 0}

is the set of all centered k-ads. It is also important to un-
derstand the relationships of these vector subspaces as addi-
tional landmarks are added. Most notably, examining how
the first k landmarks are recentered when a (k + 1)-th land-
mark is added describes the relationship between L2

k and the
restriction of L2

k+1 to those (k + 1)-ads containing the ori-
ginal k landmarks. To do so, we consider the definition of
the centered landmarks. Recall that zj is the jth uncentered
landmark and allow ζj,k and ζj,k+1 to be, respectively, the
corresponding centered jth landmark for the k-ad and for
the k + 1-ad. Using these definitions, we obtain the follo-
wing.

ζj,k = zj − z̄k(32)

ζj,k+1 = zj − z̄k+1(33)

Combining (32) and (33) results in

(34) ζj,k+1 = ζj,k + z̄k − z̄k+1.

However, because the centers of mass for the k-ad and k+

1-ad are related via (28), we can use utilize this information
to express the centered landmarks in the following manner:

(35) ζj,k+1 = ζj,k +
1

k + 1
(z̄k − zk+1), j = 1, k.

In order to find a similar formula for the k + 1th centered
landmark, the fact that the centered landmarks add to 0 is
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utilized

ζk+1,k+1 = −
k∑

j=1

ζj,k+1.

However, the coordinates for ζk+1,k+1 can also be found using
(33).

REMARK 4.1. Note that from formula (35) it follows that
the distance ‖ζj,k+1 − ζj,k‖ is smaller than 1

k+1 times the
diameter D of the convex hull of the contour. From this,
it can be shown that ‖ζj,k+1−ζj,k‖ goes to 0 as k goes to∞:

‖ζj,k+1 − ζj,k‖ = ‖z̄k − z̄k+1‖
=

1

k + 1
‖z̄k − zk+1‖

=
1

k + 1

∥∥∥∥
1

k

k∑

j=1

zj − zk+1

∥∥∥∥

=
1

k + 1

∥∥∥∥
∑k

j=1(zj − zk+1)

k

∥∥∥∥

≤ 1

k + 1

∥∥∥∥
∑k

j=1 D

k

∥∥∥∥

=
‖D‖
k + 1

k→∞−−−→ 0.(36)

It is apparent that the coordinates for each landmark from
the centered k-ad change in increasingly small amounts as
additional landmarks are added. It then follows that, as k →
∞, the coordinates of a landmark form the centered k-ad
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converge to the coordinates of the corresponding point on
the centered contour.

We consider the inclusion ιk of Ck in Ck+1 by adding a 0

for the last coordinate. Now Lk ⊂ Ck and Lk+1 ⊂ Ck+1, so
the effect of adding zk+1 to the k-ad, is given by a function
Ak : Lk → Lk+1 that leads to a function αk : P (Lk) →
P (Lk+1) in the form αk = φk ◦ ιk, where ιk : Lk → Lk+1 is
the restriction of the inclusion map ιk and φk is an automor-
phism close to the identity of P (Lk+1). This can be shown
in the following manner.

Using (34) and (35), the formula for αk can be expressed
as
(37)

αk([ζk]) = [(ζk, 0)+
1

k + 1
(z̄k−zk+1)(1k, 0)+(0k, zk+1−z̄k+1)].

Letting ζ̃k+1 = (ζk, zk+1 − z̄k+1), then [ζk+1] = αk([ζk]) =

φk([ζ̃k+1]) = [Aζ̃k+1]. Setting ai,j to be the entries of A for
i, j = 1, . . . , k + 1, it follows that ai,j = 0 for i 6= j and
j 6= k + 1 and that

ai,iζi,k+ai,k+1(zk+1−z̄k+1) = ζi,k+
1

k + 1
(z̄k−zk+1) for i = 1, . . . , k

ak+1,k+1(zk+1 − z̄k+1) = (zk+1 − z̄k+1).

Solving this system of equations, it is apparent that ai,i = 1

for i = 1, . . . , k + 1 and that ai,k+1 = − 1
k+1

( zk+1−z̄k

zk+1−z̄k+1

)
for

i = 1, . . . , k. It follows that for large values of k, A ≈ Ik+1

and that [ζk+1] ≈ φk([ζk+1]).
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5 A One-Sample Test for Mean Shape

As above, let [γ1], . . . , [γn] be i.i.d.r. objects on P (H) and
let Xi = j([γi]) for i = 1, . . . , n. Following a neighbor-
hood method in the context of regression by Munk and Dette
(1998)[31], from Munk et al. (2008)[32] we can develop
similar tests for hypotheses for the extrinsic mean µE in ge-
neral. Suppose that j : P (H) → LHS is the embedding in
Section 4, M is a compact submanifold of dimension d of
P (H) and that δ > 0 is a given positive number. We now
introduce the functional on P (H),

(38) ϕM([γ]) = ρ2([γ],M) = infm∈Mρ2([γ],m),

where the distance ρ is inherited from the Euclidean distance
on LHS via the embedding j.

From here, we can test the following hypotheses:
(39)
H0 : µE ∈ Mδ∪Bδ for some δ > 0, vs.Ha : µE ∈ M c

δ∩Bc
δ,

where Mδ = {[γ] ∈ P (H) : ϕM([γ]) < δ2} and Bδ = {[γ] :

ϕM([γ]) = δ2, Σ̃E|ν[γ](Mδ) > 0}, where Σ̃E is the extrin-
sic covariance matrix (see Bhattacharya and Patrangenaru
(2005) [9]). As shown in Munk et al. (2008) [32], the test
statistic for these types of hypotheses has a standard normal
distribution for large sample sizes.

REMARK 5.1. For 0 < α < 1, let ξ1−α denote the (1−α)-
th quantile of the standard normal distribution. The neigh-
borhood hypothesis testing is used in this section, when the
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submanifold M consists of a point m0 on P (H). In this par-
ticular situation Tm0

M = 0 , therefore the test statistic for
the hypotheses specified in (39) is given by:

(40) Z =
√

n{ϕM(µ̂E)− δ2}/sn,

where

(41) s2
n = 4〈ν̂, SE,nν̂〉

and

SE,n =
1

n

n∑

i=1

(tan ˆ̃µ dj(X)n
Pj(j(Xi)− j(X)n))⊗

⊗(tan ˆ̃µ dj(X)n
Pj(j(Xi)− j(X)n))(42)

is the extrinsic sample covariance matrix for {Xi}n
i=1, and

(43) ν̂ = (dµ̂E,n
)−1(t̂anj(µ̂E,n)(j(m0)− j(µ̂E,n)).

Assume Xr = [γr], ‖γr‖ = 1, r = 1, . . . , n is a ran-
dom sample from a j-nonfocal probability measure Q with a
nondegenerate j-extrinsic covariance matrix on P (H). Then
equation (26) has a complex version of the matrix perturba-
tion results in Watson (1983,p.216), extension to the infinite
dimensional case, of the complex formulation in Amaral et.
al. (2010) of the studentized limit theorem for VW-sample
means on CP k−2 in Bhattacharya and Patrangenaru (2005).
This shows that asymptotically the tangential component of
the VW-sample mean around the VW-population mean has
a complex multivariate normal distribution. Note that such a
distribution has a Hermitian covariance matrix ( see Good-

33



man (1963)), therefore in this setting, the extrinsic covari-
ance matrix and its sample counterpart are Hermitian matri-
ces . In particular, if we extend the CLT for VW-extrinsic
sample mean Kendall shapes in Bhattacharya and Patrange-
naru (2005), to the infinite dimensional case, the j-extrinsic
sample covariance matrix SE,n, when regarded as an infinite
Hermitian complex matrix has the following entries

SE,n,ab = n−1(δ̂2
1 − δ̂2

a)
−1(δ̂2

1 − δ̂2
b )
−1(44)

n∑
r=1

< ma, γr >< mb, γr >∗ | < m1, γr > |2, a, b = 1, 2, . . .

with respect to the complex orthobasis m2,m3,m4, . . . of
unit eigenvectors in Section 3. Recall that this orthobasis
( over C in Tµ̂E,n

P (H) corresponds via the differential dµ̂E,n

with an orthobasis (overC ) in the tangent space Tj(µ̂E,n)j(P (H)),

therefore one can compute the components ν̂a of ν̂ from
equation (43) with respect to m2,m3,m4, . . . , and derive for
s2
n in (41) the following expression

(45) s2
n = 4

∞∑

a,b=2

SE,n,abν̂
aν̂b,

where SE,n,ab given in equation (44) are regarded as entries
of a Hermitian matrix.

5.1 Application of the One Sample Test for Mean Contour Shape

We now consider a few examples for which the one sam-
ple test for extrinsic mean shape is performed. The first two
cases we explore involve samples of contours of pears. In
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the first scenario, we consider a sample of n = 83 pears,
with each contour being represented by k = 300 landmarks.
The sample extrinsic mean shape and hypothesized extrinsic
mean shape are shown in Fig 4. After performing the cal-
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Figure 4: The sample extrinsic mean shape of a sample of 83 pears and, respectively, the hypothesized extrinsic mean
shape

culations, we determined that for an asymptotic level 0.05
test, the largest value of δ for which we would reject the
null hypothesis is 0.1969, meaning that our procedure does
nor reject the null hypothesis, unless δ is very small, namely
smaller then 0.1969. Considering the large number of land-
marks on the contour, this indeed is a very small number.

We now consider another instance involving contours of
pears. In this case, the sample consists of n = 87 pears, with
each contour again being represented by k = 300 landmarks.
The sample extrinsic mean shape and hypothesized extrinsic
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mean shape are shown in Fig 5. It was determined that for an
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Figure 5: The sample extrinsic mean shape of a sample of 87 pears and, respectively, the hypothesized extrinsic mean
shape

asymptotic level 0.05 test, the maximum value of δ for which
we would reject the null hypothesis is 1.2941. This means
that, unlike in the first case, most reasonably small values of
δ would lead to the rejection of the null hypothesis.

We now consider another example for which the one sam-
ple test for extrinsic mean shape is performed. In this case,
we want to test whether the extrinsic mean shape for a sam-
ple of contours of n = 10 sting rays represented by k = 300

landmarks is the shape shown on the right hand side in Fig.
6. After performing the calculations, it was determined that
for an asymptotic level 0.05 test, the largest value of δ for
which we would reject the null hypothesis is 0.0290, mean-
ing that in order to reject H0 at this level, we would need to
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Figure 6: The extrinsic sample mean shape of a sample of 10 sting rays and, respectively, the hypothesized extrinsic
mean shape

require the distance between the shapes to be almost 0. This
suggests that for most reasonable values of δ, we would not
reject the null hypothesis.

This test could be performed similarly for a variety of ap-
plications. One such situation would be if there was a crop,
such as pears, that had a consistent mean shape over many
seasons and a new treatment was used during the growing
of the crop and you want to see if the treatment has affected
the mean shape of the crop. Another application would be
to use the test as a method of classifying the subject of the
contour based upon its shape.
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6 Computations of Sample Means of Planar Curves

Based on the described techniques to calculate extrinsic means,
we present some results using selected planar closed curves
from Ben Kimia’s contour database. A few groups of con-
tours and their extrinsic mean shapes are given below.

(a) (b)
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Figure 7: (a) Sample of 4 curves of ’t’ gestures and (b) the extrinsic mean shape of the sample of ’t’ gestures
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Figure 8: (a) Sample of 9 curves of ”dogs” and (b) the extrinsic mean shape of the sample of dogs

Our computations display many of the characteristics of
the extrinsic mean shape. Similarly to the standard arith-
metic mean, we see that the extrinsic mean provides a sum-
mary of the shapes by reducing the variability. This is best
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Figure 9: (a) Sample of 20 curves of ”sting ray” fish and (b) the extrinsic mean shape of the sample of sting rays.
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Figure 10: (a) Sample of 20 curves of worm fish and (b) the extrinsic mean shape of the sample of worm fish.
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Figure 11: (a) Sample of 20 curves of red snapper fish and (b) the extrinsic mean shape of the sample of red snapper
fish.

39



(a) (b)

−0.08 −0.06 −0.04 −0.02 0 0.02 0.04 0.06 0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

1th G

Figure 12: (a) Sample of 20 curves of pears and (b) the extrinsic mean shape of the sample of pears.

shown with the contours of the dogs in Fig. 8. For this data,
there is a large amount of variability in the contours, espe-
cially in the legs and tail, resulting in the sample extrinsic
mean shape capturing less detail in these regions. This re-
sult is also very noticeable with the worm fish (Fig. 10), the
red snapper (Fig. 11), and the pears (Fig. 12).

Also of note is the extrinsic mean shape (Fig. 9 (a)) of the
sample of contours of sting rays ( Fig. 9 (b)). In this case,
15 of the 20 sting rays have straight tails. The other 5 have
tails that are curved to varying degrees and in different direc-
tions. Despite these differences in the tails of the observed
contours, the extrinsic mean shape has a straight tail, but is
wider in order to account for the curved tails.

It is apparent that we can describe each group of pla-
nar contours very well by the VW mean shape from the
above computational outcomes. Moreover, one advantage of
the extrinsic mean method is that our extrinsic mean shape
preserves geometric characteristics of a random family of
shapes. Another advantage is that the computation is much
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more efficient with respect to the actual processing time.

7 Bootstrap Confidence Regions for the Sample Mean

As with most types of data, it may not be enough to obtain an
estimate of the mean shape. Indeed, it is desirable to under-
stand the variability of the estimate. The method employed
here to explore this is the nonparametric bootstrap. This is
accomplished by repeatedly resampling from the available
data. By doing so, we can obtain a confidence region for the
mean shape (see Bandulasiri, et al. (2008) [4]). Below are
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Figure 13: Bootstrap 95% confidence region for the extrinsic mean shape of (a)the ”t” hand gesture and (b) the dogs.

examples of 95% bootstrap confidence regions for the same
sets of contours as provided previously. These regions are
based upon 400 resamples from the data. These computa-
tions reveal that these regions behave as would be expected.
For instance, the confidence region for the ’t’ hand gesture in
Fig. 13(a) is wider in the portions of the shape where there is
more variability in the sample (Fig. 7), such as the knuckle
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and finger areas, but is narrower in the portions where there
is less variability in the sample, such as the wrist. This is
also evident in the confidence region for the sting rays 14(a)
since the bands are thicker in the regions corresponding to
the tail of the fish, where, as shown in Fig. 9, the variability
is the greatest.
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Figure 14: Bootstrap 95% confidence region for the extrinsic mean shape of (a)the sting rays and (b) the wormfish.

It is also noticeable that the samples with less variability
have narrower confidence regions, as well. Comparing the
samples of dogs, wormfish, and pears (Figs. 8, 10, & 12, re-
spectively), it is easy to see that the contours of the dogs have
more variability than the contours of the wormfish, which
have more variability than the contours of the pears. This
is reflected in the widths of the confidence regions for these
three groups of contours, as seen in Figs. 13(b), 14(b) and
15(b).

In addition to being able to obtain sensible and fairly intu-
itive results, this approach is advantageous because it allows
us to easily produce a confidence region for the VW mean
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Figure 15: Bootstrap 95% confidence region for the extrinsic mean shape of (a)the red snapper fish and (b) the pears.

shape without making any assumptions about the underly-
ing distribution of the shapes. Furthermore, the processing
time needed to compute the bootstrap confidence regions or
the VW mean, is small compared to employing an intrinsic
mean method, as the intrinsic mean algorithms used are it-
erative, and consequently result in a higher computational
cost.

One such method of obtaining means is that described
by Klassen, et al. (2004) [24]. Obtaining bootstrap confi-
dence regions for contours using this approach requires far
more computational time. As an example, this methodology
was performed on a sample of hand gestures representing
the letter “L” using the concepts of elastic shape representa-
tion, as described in Joshi et al. (2007) [19]. The resulting
bootstrap confidence region is given in Fig. 16(a). Using
MATLAB on a machine running Windows XP on an Intel
Core 2 Duo processor running at 2.33 GHz, these compu-
tations required 47.9 hours. Using the same machine and
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the same data, using our methodology, only 47.5 seconds
were needed to perform the computations. The resulting
bootstrap confidence region is shown in Fig. 16(b). While
both methods perform well at producing estimates for mean
shape and providing bootstrap confidence regions, the ex-
trinsic approach is far more computationally efficient. For a
more detailed account of the many advantages of an extrin-
sic analysis of data on manifolds, especially when it comes
to obtaining bootstrap confidence regions, see also Bhat-
tacharya et.al.(2010)[7].
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Figure 16: Bootstrap 95% confidence region for (a) the intrinsic mean shape, as defined by Klassen et al. (2004), and
(b) the extrinsic mean shape of the ”l” hand gesture.

8 Discussion

In this paper, we have only described the estimation of the
extrinsic mean shape of planar closed curves, but this ap-
proach could be extended further to any infinite configura-
tions in the Euclidean plane, including 1-dimensional CW-
complexes and planar domains, given that the plane is sepa-
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rable. For example, one may consider shapes of edge maps
obtained from gray-level images, such as that in Fig. 17.
In these cases, the problem of properly matching becomes
much more difficult. Using edge maps as an example, this is
because, not only do points on a given edge from one image
need to be matched to corresponding points on the corres-
ponding edge in another image, but each edge in an image
must be matched to the corresponding edge in another im-
age, as well.

(a) (b)

Figure 17: (a) A grey-level image of a electronic circuit and (b) the edge-map of the circuit found using Canny edge
detection. The original image is included as an example for image processing in MATLAB.
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