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Summary:

It is increasingly interesting to model the relationship between two sets of high-dimensional measurements with

potentially high correlations. Canonical correlation analysis (CCA) is a classical tool that explores the dependency

of two multivariate random variables and extracts canonical pairs of highly correlated linear combinations. Driven

by applications in genomics, text mining, and imaging research, among others, many recent studies generalize CCA

to high-dimensional settings. However, most of them either rely on strong assumptions on covariance matrices, or do

not produce nested solutions. We propose a new sparse CCA (SCCA) method that recasts high-dimensional CCA

as an iterative penalized least squares problem. Thanks to the new iterative penalized least squares formulation, our

method directly penalizes and estimates the sparse CCA directions with efficient algorithms. Therefore, in contrast

to some existing methods, the new SCCA does not impose any sparsity assumptions on the covariance matrices. The

proposed SCCA is also very flexible in the sense that it can be easily combined with properly chosen penalty functions

to perform structured variable selection and incorporate prior information. Moreover, our proposal of SCCA produces

nested solutions and thus provides great convenient in practice. Theoretical results show that SCCA can consistently

estimate the true canonical pairs with an overwhelming probability in ultra-high dimensions. Numerical results also

demonstrate the competitive performance of SCCA.
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1. Introduction

Analysis of high-dimensional data has been a major research area for statisticians in the

past decade. Topics such as regression, generalized linear models and principal component

analysis have been intensively studied. Such research provides insights into how to generalize

classical statistical methods to high dimensions. However, existing research often focuses on

problems with only one high-dimensional measurement, such as the predictors in regression.

In many contemporary scientific problems, researchers have to model the relationship

between two sets of high-dimensional measurements. For example, Witten et al. (2009) ana-

lyzed the relationship between gene expression levels and comparative genomic hybridization

measurements of breast cancer patients; Hardoon and Shawe-Taylor (2011) investigated the

relationship between paired German and Danish texts; Wang et al. (2015) investigated the

interactions between groups of genes; and Fang et al. (2016) studied the association between

genetic factors and brain activities of schizophrenia patients. In all these problems, we need

to discover the association of the high-dimensional measurements on each other.

Canonical correlation analysis (CCA) is a classical method to analyze the relationship

between two multivariate measurements. Consider random vectors X ∈ Rp and Y ∈ Rq.

Define ΣYX = cov(Y,X), ΣXX = cov(X) and ΣYY = cov(Y). For a positive integer

K < min{p, q}, CCA finds canonical directions {α∗k,β
∗
k}Kk=1 that sequentially maximize

the correlation between (α∗k)TY and (β∗k)TX. Given the first (k − 1) pairs, {(α∗l ,β
∗
l )}k−1l=1 ,

the k-th pair is (α∗k,β
∗
k) = arg max(αk,βk) α

T
kΣYXβk, s.t. αT

kΣYYαk = 1,βT

kΣXXβk =

1,αT
kΣYYα

∗
l = 0,βT

kΣXXβ
∗
l = 0 for l < k. In practice, CCA substitutes ΣYX, ΣXX and

ΣYY with their sample estimates Σ̂YX, Σ̂XX and Σ̂YY. When the dimensions are low, α∗k,β
∗
k

can be estimated through singular value decomposition on Σ̂
−1/2
YY Σ̂YXΣ̂

−1/2
XX (Hotelling, 1936).

However, the classical CCA approach cannot analyze high-dimensional datasets, where

p, q � n, because Σ̂YY and Σ̂XX are not invertible. On the other hand, linear combinations
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involving all predictors may be difficult to interpret, while sparse estimates of the canonical

pairs are much more desirable. In light of these issues, many efforts have been spent on

generalizing CCA to high dimensions (Parkhomenko et al., 2007; Waaijenborg et al., 2008;

Le Cao et al., 2009; Witten and Tibshirani, 2009; Witten et al., 2009; Hardoon and Shawe-

Taylor, 2011; Chen et al., 2017; Gao et al., 2017). All these methods assume that the canonical

pairs are sparse and then employ regularization or thresholding to obtain sparse estimates.

As one of the most popular sparse CCA methods, Witten et al. (2009) proposed the

penalized matrix decomposition (PMD) that replaces Σ̂YY and Σ̂XX with identity matrices

to avoid the singularity in these matrices. PMD then obtains sparse estimates of the canonical

directions by thresholding or penalization. To be exact, PMD estimates (α∗1,β
∗
1) by

(α̂1, β̂1) = arg max
α,β

αTΣ̂YXβ, s.t. αTα 6 1,βTβ 6 1, PY(α) 6 τ1, PX(β) 6 τ2.

where PY(·), PX(·) are sparsity-inducing penalty functions such as the `1 penalty. When the

first k − 1 pairs are obtained, one can obtain the k’th pair by properly modifying Σ̂YX to

remove the variation already explained by the first k− 1 pairs. PMD can be computed very

efficiently and has good performance on many datasets. However, as noted in Chen et al.

(2017), the sparse CCA directions from PMD may be inconsistent when ΣXX and ΣYY

are far from diagonal, and thus PMD may not be suitable on such data sets. For example,

biological measurements often have strong correlations among them and the true covariances

may be very different from identity or diagonal matrices. In such cases, it is unclear if PMD

can produce accurate estimates of the canonical pairs. Chen et al. (2017) relaxed the diagonal

assumption by assuming that ΣYY and ΣXX (or the inverses of them) are sparse.

More recently, Gao et al. (2017) proposed a method named COLAR (standing for Convex

programming with group-Lasso Refinement) that does not impose any assumption on the

covariance or precision matrices. Given the number of desired pairs K > 1, define AK =

(α1, . . . ,αK), BK = (β1, . . . ,βK) and FK = BKAT
K ∈ Rp×q. We split the data into three
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batches with equal sizes and compute Σ̂
(j)

XX, Σ̂
(j)

YY, Σ̂
(j)

XY as sample covariances of the jth

batch. COLAR then carries out a two-stage analysis. First, it finds a sparse estimate of FK :

F̂K = arg max
FK∈Rp×q

{
Tr(Σ̂

(1)

XY,FK)− λ‖FK‖1
}
, s.t. ‖N‖∗ 6 K, ‖N‖op 6 1,

where λ > 0, N = (Σ̂
(1)

XX)1/2FK(Σ̂
(1)

YY)1/2, and ‖N‖∗ and ‖N‖op are the summation and the

maximum of the singular values of N. Second, one decomposes F̂K on the second batch of

data into {ÂK , B̂K}, which are further rescaled on the third batch of data.

COLAR is supported by remarkable statistical properties in that it achieves the minimax

estimation risk (Gao et al., 2015). However, in the first stage of the two-stage estimation, the

parameters of interest, BK ,AK , are augmented into a much higher dimensional parameter

FK ∈ Rp×q and it can be computationally demanding when p, q are both large. Another

potential disadvantage of COLAR is that it does not produce nested solutions. For example,

if we apply COLAR for K = 1, 2 to obtain (Â1, B̂1) = (α̂1, β̂1)K=1 and (Â2, B̂2) with

Â2 = (α̃1, α̃2)K=2 and B̂2 = (β̃1, β̃2)K=2. Then Â1, B̂1 does not necessarily reside in the

subspaces spanned by Â2, B̂2, respectively. Hence, ambiguity arises.

We propose a new, natural yet efficient sparse CCA method in this paper. Our proposal

significantly differs from existing sparse CCA methods in its formulation, algorithm and

analysis. Some notable advantages of the proposed SCCA are as follows. First of all, SCCA

is constructed through iterative penalized least squares. The penalized least squares formu-

lation does not involve the covariance matrix Σ̂YY, Σ̂XX directly in optimization. As shown

in our algorithm, Σ̂YY, Σ̂XX appear only as a scale adjustment for the SCCA directions

to ensure consistency. Hence, our SCCA approach does not involve any assumption on the

covariance matrices, and it is particularly suitable to be applied to data sets with strong

dependency. Second, our SCCA is a “direct” generalization of the classical CCA into high-

dimensional settings, as it produces nested solutions and immediately reduces to the classical

CCA solution once we set the tuning parameters of the penalty terms to zero. Consequently,
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we can apply it in a sequential fashion as we would perform CCA in the low-dimensional

setting. Third, our proposal is very efficient in terms of computation and storage. It can be

efficiently implemented by iteratively solving penalized least squares problems. Moreover, we

can use a general class of penalties to incorporate prior information and to impose structures

in the final variable selection result. Finally, we provide strong theoretical justifications for

our method, where the consistency of estimated SCCA directions is established in ultra-high

dimensional settings under mild conditions. The theoretical development is challenging and

may be of interest for future research in penalized matrix and tensor decompositions where

the goal is to estimate sparse high-dimensional directions for exploring associations.

We also would like to remark that researchers in computer science and engineering also

presented various algorithms that connect CCA to least squares problems. See Sun et al.

(2008, 2011); Chu et al. (2013); Lu and Foster (2014); Ma et al. (2015) for example. All

these works are different from our approach. Lu and Foster (2014); Ma et al. (2015) do not

perform variable selection. Sun et al. (2008, 2011); Chu et al. (2013) involve finding the

generalized inverse of Σ̂YY, Σ̂XX when p, q > n, which is not needed in our proposal.

The rest of the article is organized as follows. Section 2 contains our penalized least squares

formulation of the high-dimensional SCCA problem, and an efficient algorithm. Section 3

studies the theoretical properties of SCCA. Simulations and real data analysis are presented

in Sections 4. Section 5 contains a discussion on SCCA. A data example, implementation

details, and all technical proofs are relegated to the supplementary materials.

2. Method

2.1 Formulation

Assume that we have independent and identically distributed data {Xi,Yi}ni=1. We write

the data matrices as X = (X1, . . . ,Xn)T,Y = (Y1, . . . ,Yn)T. Without loss of generality, we

assume that X and Y are centered. Define the sample covariances Σ̂XX =
1

n
XTX, Σ̂YY =
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1

n
YTY, Σ̂YX =

1

n
YTX. Our proposal is motivated by the fact that CCA can be recast as

a sequential constrained quadratic problem when n > max{p, q}. When the dimensions are

low, define the solution to the classical CCA as follows:

(α̂CCA
k , β̂

CCA

k ) = arg max
(αk,βk)

αT

kΣ̂YXβk, (1)

s.t. αT

kΣ̂YYαk = 1,βT

kΣ̂XXβk = 1,αT

kΣ̂YYα̂l = 0,βT

kΣ̂XXβ̂l = 0 for any l < k.

We show that (1) is equivalent to a constrained quadratic optimization problem.

Lemma 1: When p, q < n, define

(α̂′k, β̂
′
k) = arg min

αk,βk

{
1

2n

n∑
i=1

(YT

i αk −XT

i βk)2 + αT

k

(∑
l<k

ρ̂′lΣ̂YYα̂
′
l · (β̂

′
l)

TΣ̂XX

)
βk

}
,(2)

s.t. αT
kΣ̂YYαk = 1, βT

kΣ̂XXβk = 1,

where ρ̂′l = (α̂′l)
TΣ̂YXβ̂

′
l. Then we have α̂′k = α̂CCA

k , β̂
′
k = β̂

CCA

k .

The objective function in (2) contains two terms. The first term
1

n

∑n
i=1(Y

T
i αk −XT

i βk)2

along with the two equality constraints measures the linear dependence between Yαk and

Xβk. Hence, a small value of this term forces Yαk and Xβk to be strongly correlated. The

second term adjusts for the variability explained by the first k − 1 pairs. The inclusion of

this term removes the orthogonality constraints in (1).

When p, q exceeds n, we assume that (α∗k,β
∗
k) are sparse in the sense that most entries in

them are zeroes. To obtain sparse estimates, we propose sparse CCA (SCCA) as follows:

(α̂k, β̂k) = arg min
αk,βk

{ 1

2n

n∑
i=1

(YT

i αk −XT

i βk)2 + αT

k

(∑
l<k

ρ̂lΣ̂YYα̂l · β̂
T

l Σ̂XX

)
βk (3)

+λαk
‖αk‖1 + λβk

‖βk‖1}, s.t. αT
kΣ̂YYαk = 1, βT

kΣ̂XXβk = 1,

where ρ̂l = α̂T

kΣ̂YXβ̂k and λαk
, λβk

> 0 are tuning parameters.

Our proposal of SCCA combines a loss function that resembles the least squares problem

and a penalty that imposes sparsity. We briefly discuss these two ingredients here. First, by

Lemma 1, CCA resembles the least squares problem. It will be clear in Section 2.2 that this
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resemblance helps us connect SCCA to an iterative penalized least squares problem, which

greatly facilitates the implementation. This resemblance with least squares also distinguishes

our method from PMD and COLAR. PMD is based on a connection between CCA and singu-

lar value decomposition, while COLAR shares some flavor with sparse principal component

analysis (Johnstone and Lu, 2009; Cai et al., 2013; Ma, 2013; Vu et al., 2013). Second, we

apply the `1 penalty (Tibshirani, 1996) to pursue the sparsity structure. We remark here

that other penalty functions can be applied as well, if prior information supports a special

sparsity structure. See Section 2.4 for more discussion along this line.

Our proposal of SCCA is a direct approach to performing CCA in high dimensions. First,

we directly impose the sparsity assumption on the parameters of interest, while, in contrast

to PMD and Chen et al. (2017), no assumption is imposed on the nuance parameters such

as the covariances or the precision matrices. We will later show that, under no sparsity

assumption on the covariances, SCCA can consistently estimate the canonical pairs. Second,

SCCA directly obtains estimates of the canonical pairs. We do not need to reparametrize

(α∗k,β
∗
k) as in COLAR. Moreover, similar to CCA, SCCA yields nested solutions. There is

no need to determine the number of pairs in advance. We can keep looking for canonical

pairs until the canonical correlation is sufficiently small.

2.2 Algorithm

In this section, we describe an efficient algorithm to implement SCCA. For any positive inte-

ger k, define Âk = (α̂1, . . . , α̂k), B̂k = (β̂1, . . . , β̂k),Rk = diag(α̂T

1 Σ̂YXβ̂1, . . . , α̂
T

kΣ̂YXβ̂k),Ω1 =

In,Ωk = In−YAk−1Rk−1Bk−1X
T/n, where In denotes the identity matrix of size n×n. We

have the following lemma that plays a central role in our algorithm.

Lemma 2: Suppose we have obtained the first k − 1 pairs of solutions to (3), then:

(1) If we fix αk, then the minimizer to (3), β̂k = {(β̆k)TΣ̂XXβ̆k}−1/2 · β̆k, where

β̆k = arg min
βk

{
1

2n
‖ΩT

kYαk −Xβk‖22 + λβk
‖βk‖1

}
. (4)
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(2) If we fix βk, then the minimizer to (3), α̂k = {(ᾰk)TΣ̂XXᾰk}−1/2 · ᾰk, where

ᾰk = arg min
αk

{
1

2n
‖ΩkXβk −Yαk‖22 + λαk

‖αk‖1
}
. (5)

Lemma 2 further simplifies our proposed SCCA problem in (3). The problems in (4) &

(5) are `1 penalized least squares problems that can be efficiently solved Efron et al. (2004);

Friedman et al. (2008, e.g). Then Lemma 2 exhibits that if we fix one canonical direction,

the other direction can be found by normalizing the solution to an `1 penalized least squares

problem. Motivated by Lemma 2, we propose the following iterative algorithm:

Algorithm 1: An iterative penalized least squares algorithm for SCCA:

(1) Given Ak−1,Bk−1, compute Ωk;

(2) Initialize {α̂(0)
k , β̂

(0)

k };

(3) For m = 1, . . ., repeat the following two steps until convergence:

(a) Set Ỹ
(m)
k = ΩT

kYα̂
(m)
k . Compute

β̆
(m)

k = arg min
βk

{
1

2n
‖Ỹ(m)

k −Xβk‖22 + λβk
‖βk‖1

}
, (6)

and then set β̂
(m)

k = [{β̆
(m)

k }TΣ̂XXβ̆
(m)

k ]−1/2 · β̆
(m)

k .

(b) Set X̃
(m)
k = ΩkXβ̂

(m)

k . Compute

ᾰ
(m)
k = arg min

αk

{
1

2n
‖X̃(m)

k −Yαk‖22 + λαk
‖αk‖1

}
, (7)

and then set α̂
(m)
k = [{ᾰ(m)

k }TΣ̂YYᾰ
(m)
k ]−1/2 · ᾰ(m)

k .

(4) Output (α̂k, β̂k) at convergence.

According to Lemma 2, the objective function in Algorithm 1 monotonically decreases in

each iteration. Therefore, this algorithm is guaranteed to converge. In our implementation,

we solve (6)–(7) by the R package glmnet.
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2.3 Initialization

Although the sub-problems (6) & (7) are convex, the overall optimization problem in SCCA

is non-convex, and different initial values may lead to different solutions. When p, q are only

slightly larger than n, we observe that SCCA is reasonably insensitive to the initial value.

However, when p, q are very large, we need to be careful with the initial value. To this end,

we consider two possible choices of initial values.

The first initialization method sets {α̂(0)
k , β̂

(0)

k } to be the first pair of singular vectors

of Σ̂YX −
∑k−1

l=1 ρ̂lα̂lβ̂
T

l . This was indeed the approach adopted by Witten et al. (2009).

We observe that this method works well when the pairs are not overly sparse. When the

canonical pairs are very sparse, the second method to be discussed in the following may

produce superior results. Suppose that we have obtained k − 1 pairs (α̂j, β̂j)
k−1
j=1 . Then we

define Σ̂
(k−1)
YX = Σ̂YX − Σ̂YY(

∑k−1
j=1 ρ̂jα̂jβ̂

T

j )Σ̂XX = (σ̂
(k−1)
YX,lm). Define γ to be the

√
n’th

largest entry of |σ̂(k−1)
YX,lm|, l = 1, . . . , q;m = 1, . . . , p. We identify the sets

D
(k)
Y = {l : There exists m s.t. |σ̂(k−1)

YX,lm| > γ or there exists j s.t. α̂jl 6= 0},

D
(k)
X = {m : There exists l s.t. |σ̂(k−1)

YX,lm| > γ or there exists j s.t. β̂jl 6= 0}.

It can be seen that D
(k)
Y ,D

(k)
X preserve the predictors that are marginally highly correlated

or have shown correlation in the previous k − 1 pairs. Then we perform singular value

decomposition on {Σ̂
(k−1)
YX }D(k)

Y ,D
(k)
X

and use the first pair of singular vectors as initial values

in our SCCA method. We refer to this initial value as the restricted singular vectors.

As discussed, the comparison between the two initial values depends on the sparsity level

of the true parameters. Hence, in practice where we have no knowledge on the truth, users

are suggested to pick one from them by cross validation.

2.4 Structured variable selection in sparse CCA

In many applications, we have additional information on the sparsity structure. If so, penal-

ties other than the `1 penalty may be favored. For example, Chen et al. (2012) considered
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case where the predictors are grouped and applied group lasso (Yuan and Lin, 2006) in

PMD; Witten et al. (2009) argued that in some biological problems, the coefficients should

be smooth and fused lasso can be employed for this purpose (Tibshirani et al., 2005).

Our proposal of SCCA can be easily extended to such cases as well, with some proper

modification on the algorithm. To see this, we consider a more general form of SCCA:

(α̂k, β̂k) = arg min
αk,βk

{ 1

2n

n∑
i=1

(YT

i αk −XT

i βk)2 + αT

k

(∑
l<k

ρ̂lΣ̂YYα̂l · β̂
T

l Σ̂XX

)
βk (8)

+PY(αk) + PX(βk)}, s.t. αT
kΣ̂YYαk = 1, βT

kΣ̂XXβk = 1,

where PY(αk) and PX(βk) are properly chosen penalty functions to impose the sparsity

structure. We consider the following general class of penalty functions.

(C0) For any constant C > 0 and w ∈ Rq,v ∈ Rp, the penalty functions satisfy PY(Cw) =

CPY(w), PX(Cv) = CPX(v).

Condition (C0) is satisfied by many popular penalties, such as group lasso, fused lasso and

adaptive lasso (Zou, 2006). We derive the following lemma that generalizes Lemma 2.

Lemma 3: Suppose we have obtained the first k − 1 pairs of solutions to (8), under

Condition (C0), we have the following conclusions:

(1) If we fix αk, then the solution to (3) is β̂k = {(β̆k)TΣ̂XXβ̆k}−1/2 · β̆k, where

β̆k = arg min
βk

{
1

2n
‖ΩT

kYαk −Xβk‖22 + PX(βk)

}
(9)

(2) If we fix βk, then the solution to (8) is α̂k = {(ᾰk)TΣ̂XXᾰk}−1/2 · ᾰk, where

ᾰk = arg min
αk

{
1

2n
‖ΩkXβk −Yαk‖22 + PY(αk)

}
(10)

Lemma 3 shows that SCCA with any penalty functions satisfying Condition (C0) can be

implemented by iteratively solving penalized least squares problems. For the sake of space,

such an algorithm (Algorithm 2) is relegated to the Supplementary Material.

If one wishes to apply the group lasso penalty or the fused lasso penalty, it can be easily
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achieved by borrowing existing algorithms to solve (9)–(10). For example, if fused lasso is

applied, one can employ the algorithm in Tibshirani and Taylor (2011). If group lasso is

considered appropriate, the algorithm in Yang and Zou (2015) can be borrowed to solve the

penalized least squares problems. Another popular penalty that satisfies Condition (C0) is

the adaptive lasso (Zou, 2006), which imposes different levels of penalty on the coefficients.

In practice, the penalty function should be chosen based on the researchers’ knowledge of

the specific dataset of interest. For example, if the variables are known to contain groups that

function together, the group lasso penalty should be used to perform groupwise selection in

which variables in the same group are selected or excluded at the same time. If the variables

are arranged in a way such that variables next to each other are expected to have similar

effects, the fused lasso can be applied to encourage segments of variables to be excluded and

the selected variables to have smooth coefficients. If the `1 penalized SCCA appears to be

unstable in cross validation, the adaptive lasso could be a remedy.

3. Theories

In this section, we present theoretical results of SCCA. Although many penalty functions

can be applied in SCCA, we consider the `1 penalized SCCA in (3) to fix ideas. Re-

call that (α∗k,β
∗
k)Kk=1 are the canonical pairs we aim to estimate. Our proofs repeatedly

make use of the fact (Chen et al., 2017) that for {α∗k,β
∗
k}Kk=1, we must have ΣYX =

ΣYY

{∑K
k=1 ρ

∗
kα
∗
k(β∗k)T

}
ΣXX. We remark here that our proposal of SCCA does not require

the knowledge of K, in the sense that if user wishes to only obtain K1 6 K pairs, it can

be shown that {α̂k, β̂k}K1
k=1 are consistent estimates of {α∗k,β

∗
k}

K1
k=1. However, for ease of

presentation, we consider the estimation of K pairs.

Now we introduce some notations. Define τ0 = maxk{‖α∗k‖1, ‖β
∗
k‖1}. We use C > 0 to

denote a generic positive constant that could vary from line to line. For simplicity, we assume

that all tuning parameters are equal to λ > 0, but our conclusion still holds if all tuning
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parameters decay to zero at the same order. For the sake of space, technical conditions (C1)–

(C4) are listed in the Supplementary Material, where the readers can also find a discussion

of their implications. With these mild conditions, we have the following result.

Theorem 1: Under Conditions (C1)–(C3), for any ε > 0, there exist 0 < CL < CU

and ε0 > 0 such that if 0 < ε < ε0, and CLτ0ε < λ < CUτ0ε, with a probability greater

than 1−C(p+ q)2 exp(−Cnε2), there exists a local minimizer to (3), (α̂k, β̂k)Kk=1, such that

cos2{∠(α̂k,α
∗
k)} > 1− Cτ 20 ε, cos2{∠(β̂k,β

∗
k)} > 1− Cτ 20 ε for k = 1, . . . , K.

To better see the implication of Theorem 1, we translate it to asymptotic results.

Corollary 1: Let bn = τ0
log (p+ q)

n
. Under Conditions (C1)–(C4), there exist 0 <

CL < CU such that if CLbn < λ < CUbn then there exists a local minimizer to (3),

(α̂k, β̂k)Kk=1, such that cos{∠(α̂k,α
∗
k)} → 1, cos{∠(β̂k,β

∗
k)} → 1 for k = 1, . . . , K with a

probability tending to 1.

Corollary 1 shows that, SCCA consistently estimates the canonical pairs even when the

dimension grows at an exponential rate of the sample size. This result does not require any

sparsity assumption on the covariance matrices. Such a result supports the application of

SCCA on high-dimensional datasets, especially when strong dependence is present.

4. Numerical Studies

4.1 Simulations

In this section we demonstrate the application of sparse CCA on simulated datasets. All

of our simulations are based on 200 replicates. In all the simulations, we set n = 500, but

p, q range from 300 to 1500. Recall that, by Chen et al. (2017), we must have ΣYX =

ΣYY

{∑K
k=1 ρ

∗
kα
∗
k(β∗k)T

}
ΣXX. Therefore, in each simulation setting, we specify ΣXX,ΣYY
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and {α∗k,β
∗
k}Kk=1. Then we simulate (Y,X) ∼ N(0,Σ), where

Σ =

 ΣYY ΣYY{
∑K

k=1 ρ
∗
kα
∗
k(β∗k)T}ΣXX

ΣXX{
∑K

k=1 ρ
∗
kβ
∗
k(α∗k)T}ΣYY ΣXX


To evaluate the methods, write A∗ = (α∗1, . . . ,α

∗
K) and B∗ = (β∗1, . . . ,β

∗
K). For any matrix

M, write PM as the projection matrix onto the column space of M. For all the methods with

estimates Â = (α̂1, . . . , α̂K), B̂ = (β̂1, . . . , β̂K), we compare ‖PA∗−PÂ‖F and ‖PB∗−PB̂‖F .

For easy computation, we generated an independent validation set (Xval,Yval) with the

same size of the training set to choose the tuning parameters for all the methods included for

comparison. In SCCA and PMD, we let λαk
= λβk

= λk, k = 1, . . . , K. Given {α̂l, β̂l}, l < k,

λk is chosen as follows. For a candidate set of tuning parameters λ
(1)
k , . . . , λ

(M)
k , we obtain the

corresponding {α̂k, β̂
(m)

k | λm}Mm=1 and evaluate the correlations ρ̂valm = ĉor{Yvalα̂k,X
valβ̂k |

λm} on the validation set. The λ
(m)
k with the largest ρ̂valm is used in the final estimation.

In COLAR, there are two tuning parameters λ(1), λ(2) that generate all the K pairs simul-

taneously. For each candidate pair of tuning parameters, we compute the canonical pairs

{α̂k, β̂k | λ(1), λ(2)}Kk=1 and evaluate φ̂val{λ(1), λ(2)} =
∑K

k=1 ĉor2{Yvalα̂k,X
valβ̂k | λ(1), λ(2)}

on the validation set. The maximizer of φ̂val{λ(1), λ(2)} is used in the final estimate.

The tuning parameters are chosen on an independent tuning set with the same size of

the training set. We consider two scenarios: moderately high dimensions and very high

dimensions. A comparison of computation time is also given at the end of this section.

Moderately high dimensions. We start with four models where the dimensions are

only moderately high at p = q = 300, but the covariance matrices can be very different from

identity matrices. Similar simulations with higher dimensions p = q = 600 are included in

Web Appendix C in the supplementary materials. In all these four models, α∗ = β∗ ∈ Rp×2

are only nonzero at rows (1, 6, 11, 16, 21). In particular, we first choose η∗ ∈ Rp×2 with

η∗(1,6,11,16,21),1 ∝ (−2,−1,−1, 2, 2), η∗(1,6,11,16,21),2 ∝ (0, 0, 0, 1, 1) and all other entries of η∗ are
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zeros. In each model setting, we normalize η∗ with respect to the chosen covariance matrices

to obtain (α∗,β∗). The canonical correlations are (0.9, 0.8).

Model 1 (Identity covariances): p = q = 300. ΣYY = ΣXX = I.

Model 2 (Moderate correlation): p = q = 300. ΣYY = ΣXX = AR(0.3).

Model 3 (High correlation): p = q = 300. ΣYY = ΣXX = AR(0.8).

Model 4 (Sparse precision matrices): p = q = 300. ΣXX = ΣYY = Σ = ΛΣ0Λ, Σ0 = Ω−1,

Λ = diag(Σ0)
−1/2 where ωjj = 1, ωjk = 0.5 if |j − k| = 1 and ωjk = 0.4 if |j − k| = 2.

Note that Models 1, 2 & 4 have been used to demonstrate COLAR in Gao et al. (2017) as

well. We compare our SCCA proposal with COLAR (Gao et al., 2017) and PMD (Witten

et al., 2009). Gao et al. (2017) suggested that in practice COLAR should be conducted

without sample splitting to achieve higher estimation accuracy. We follow this suggestion.

As suggested by a referee, we also include the (unpenalized) CCA in our comparison.

The results are reported in Table 1. CCA has very poor performance in all the models, as

it does not enforce sparsity. This fact further confirms the importance of developing sparse

methods in the presence of high dimensions. As for the sparse methods, SCCA uniformly

outperforms the two competitors. The SCCA estimator is significantly closer to the true

parameters than the estimates given by COLAR and PMD. It is also worth noting that

from Model 1 to Model 4, the covariance structure gradually deviates from identity matrices

and the performance of PMD deteriorates in the mean time. On the other hand, SCCA and

COLAR produce accurate estimates across all the covariance structures. This confirms that

methods with no assumption on the covariance matrices have broader applicability.

[Table 1 about here.]

Very high dimensions. Now we consider four models where the dimensions are very high.

The dimensions p = q are set to 1000, 1200, 1500, 2000. We denote 1r as an r-dimensional
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vectors with all entries being 1, and 0r as an r-dimensional vectors with all entries being 0.

The canonical correlation of the first pair is 0.9, and that of the second pair (if exists) is 0.8.

Model 5: ΣXX = ΣYY = I. There is one canonical pair α∗1 = β∗1 ∝ (14,0p−4).

Model 6: ΣXX = ΣYY = AR(0.5). There is one canonical pair α∗1 = β∗1 ∝ (18,0p−8).

Model 7: ΣXX = ΣYY = AR(0.5). There are two canonical pairs. For η ∈ Rp×2, set

η(1,2,3,4),1 = η(51,52,53,54),2 = 14. Then η is normalized with respect to ΣXX to obtain α∗ = β∗.

Model 8: ΣXX = ΣYY = CS(0.5). There are two canonical pairs. For η ∈ Rp×2, set

η(1,2,3,4),1 = η(51,52,53,54),2 = 14. Then η is normalized with respect to ΣXX to obtain α∗ = β∗.

When the dimensions exceed 1000, it takes a long time to run COLAR. Therefore, we

only consider SCCA and PMD on these very high-dimensional settings. The original PMD

uses the singular vectors as initial values, but SCCA considers both the singular vectors

and the restricted singular vectors as initials (See Section 2.3 for details). As suggested by

a referee, we further consider PMD with the restricted singular values in Models 5 & 6. We

denote this method as PMD*. We do not apply PMD* in Models 7 & 8 because there are

two canonical pairs in these two models. Since the initial value for the second pair depends

on the first pair, the two methods will have different initial values even if both of them use

restricted singular vectors. The simulation results are reported in Table 2. It can be seen that

again SCCA uniformly outperforms PMD. This observation suggests that SCCA continues to

produce accurate estimates even when the dimensions are very high. Moreover, SCCA is more

resistant to both the increase of dimensions and the change of the correlation structure. On

the other hand, PMD* is much better than PMD in Model 5, where the covariance matrices

are identities. This fact suggests that, when the identity covariance assumptions is met, the

performance of PMD may be improved by carefully chosen initial values, but a thorough

study along this line is out of the scope of this paper. In Model 6, PMD* is only slightly

better than PMD. We suspect that this is because the identity covariance matrix is violated
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in this model, and the resulting bias cannot be corrected by different choices of initial values.

Nevertheless, SCCA is still better than PMD* in both models.

[Table 2 about here.]

Computation costs. Now we illustrate the computational efficiency and scalability of our

algorithm. We consider Model 6 in our simulations with n = 500 and dimension p = q varying

from 200 to 1000. For each dimension, we generated 20 datasets and ran each method with

tuning parameter selected from (different) candidate pools of five tuning parameters, except

for COLAR with p = q = 1000 we only generated 5 datasets because of its high computation

costs. More details on the comparison can be found in the Supplementary Material.

The averaged CPU time elapsed on the log scale for fitting one data set with each methods

are reported in Figure 1 (left panel), which shows drastically different computational costs for

the three methods. To illustrate the scalability, Figure 1 also summarizes the computing time

ratios of COLAR versus SCCA and PMD versus SCCA. SCCA is not only much faster but

also more scalable than COLAR: it is over 200 times faster than COLAR at the moderately

high-dimension, p = q = 200, and is even about 5000 times faster than COLAR at the

very high dimension, p = q = 1000. In the meantime, because SCCA does not make any

assumption on the covariance, it is slower than PMD. However, the ratio between these two

methods decreases slowly as the dimensions increase. In our experiment, when we varied the

dimensions from p = q = 200 to p = q = 1000, the ratio slightly decreases from 0.24 to 0.18.

It is clear that SCCA scales well with the dimension. Also, note that SCCA has consistently

better estimation accuracy than PMD when the covariance matrices deviate from identities.

[Figure 1 about here.]
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4.2 A Real Data Example

We demonstrate the application of SCCA on the breast cancer data (Chin et al., 2006), which

is included in the R package PMA. This dataset includes 89 samples, with 19672 gene expression

measurements and 2149 comparative genomic hybridization (CGH) measurements. The genes

and CGH spots locate on 23 chromosomes. For demonstration, we conduct the same analysis

on the first two chromosomes, focusing on one chromosome at a time. The analysis of

the other chromosomes can be carried out similarly. We let X (with dimension p) be the

CGH measurements, and Y (with dimension q) be the gene expression measurements. The

dimensions are p = 136, q = 1942 and p = 72, q = 1329 for the two chromosomes, respectively.

We apply SCCA and PMD on these two chromosomes. COLAR was not included because

of its computational cost. In both SCCA and PMD, we use the `1 penalty. Following Witten

et al. (2009), we restrict our attention to the first canonical pair and use the (unpenalized)

SVD solution as the initial value. For simplicity, we use equal tuning parameters λα1 = λβ1
.

For SCCA, the tuning parameter is chosen by cross validation, while for PMD, the tuning

parameter is chosen by the function CCA.permute in their R package PMA.

[Table 3 about here.]

Both methods yield high canonical correlations on the two chromosomes (see the row

“Correlation on the full dataset” in Table 3). To validate these results, we adopt the bootstrap

method proposed in Witten et al. (2009) to produce p-values. We permute the dataset

N times to refit SCCA/PMD and obtain ρ̂i, i = 1, . . . , N . Then we compute p-value as

1

N

∑N
i=1 1(ρ̂i > ρ̂), where ρ̂ is the canonical correlation obtained on the original dataset

with the corresponding method. All the p-values are much smaller than 0.05 (see the row

“p-value” in Table 3), indicating that our discovery is significant. Hence, the correlations are

significant between gene expressions and CGH measurements within each chromosome.

Further, we repeatedly split the data into training sets (Ytrain,Xtrain) and testing sets
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(Ytest,Xtest) with a 3:1 ratio for 200 times. In each replicate, we find (α̂1, β̂1) on (Ytrain,Xtrain),

and evaluate the correlations ĉor(Ytestα̂1,X
testβ̂1) on the testing set. We compare the

average correlations and the number of selected variables in Table 3. The correlations on the

testing sets continue to be far away from zero, which confirms their statistical significance.

Both methods suggest that the correlations are stronger on the first chromosome than the

second chromosome. Also, both methods select subsets of variables. Such results can be used

as guidance for biologists to investigate the relationship between genes and CGH spots.

On average SCCA produces higher correlations than PMD. Paired t-tests show that the

improvements are significant on both chromosomes. Moreover, SCCA gives much sparser

estimates. In other words, SCCA identifies smaller sets of variables that account for more

association. We further compare the variables selected by the two methods. We say that a

variable is “frequently selected” if it is selected in more than half of the replicates. All the

variables frequently selected by SCCA were also frequently selected by PMD, with the only

exception of the gene FLJ20225 on Chromosome 1. This gene was selected by PMD 35% of

the time. In general, SCCA is more aggressive than PMD in excluding variables.

Finally, to see why SCCA has better performance, we examine the covariance matrices of

the frequently selected CGH measurements by SCCA. The covariance matrices all appear to

be far away from identity matrices. For example, on Chromosome 2, ten genes were frequently

selected, including: HDLBP, LRRFIP1, CYP27A1, TNRC15, RAB1A, GGCX, PDE6D, FLJ20752, HRB, SNTG2.

Their covariance matrix has a condition number (i.e, the ratio between the largest and the

smallest eigenvalues) over 15.7. Hence, the identity covariance assumption imposed by PMD

is severely violated, and SCCA has better performance on this dataset.

5. Discussion

We propose SCCA based on iterative penalized least squares. Our proposal provides nested

solutions and can be combined with different penalty functions to perform structured variable
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selection. SCCA is implemented in an efficient algorithm. We show that SCCA consistently

estimates the canonical pairs with an overwhelming probability even when the dimension

grows at an exponential rate of the sample size. Numerical studies on simulated and real

datasets also show that SCCA compares favorably to existing methods.

As pointed out by a referee, SCCA has some noticeable benefits in real data analysis as

well. Its low computational costs allow researchers to conduct more in-depth analysis. For

example, we demonstrated in Section 5 that SCCA can be combined with the bootstrap

method proposed by Witten et al. (2009) to produce p-values. This is made possible by

the low computation cost of SCCA, since the bootstrap method involves estimating the

canonical pair many times. Hence, SCCA provides a approach to perform inference without

assumptions on the covariance matrices, which was not feasible previously.

SCCA is designed for continuous data. In many real life problems, we may need to model

relationships between discrete or even binary data, with SNP data being an important

example. The extension of SCCA to the analysis of such data sets is left for future research.
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Figure 1. Elapsed CPU time for fitting each method. Left panel summarizes the averaged
time (in log-scale) for each method to fit one data set with tuning based on five candidate
tuning parameters. The averaged CPU time elapsed for each methods are (in seconds): 59.06
(COLAR), 0.25 (SCCA) and 0.06 (PMD) when p = q = 200; and 8419.3 (COLAR), 1.72
(SCCA) and 0.31 (PMD) when p = q = 1000. The middle and right panels summarize the
computing time ratios of COLAR versus SCCA and PMD versus SCCA.
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Model 1 Model 2 Model 3 Model 4

p, q = 300 Err(Â) Err(B̂) Err(Â) Err(B̂) Err(Â) Err(B̂) Err(Â) Err(B̂)
SCCA 0.1149 0.1155 0.1129 0.1158 0.2156 0.2274 0.1510 0.1594

(0.0031) (0.0032) (0.0050) (0.0029) (0.0076) (0.0087) (0.0038) (0.0043)
Colar 0.1371 0.1430 0.1386 0.1420 0.2193 0.2242 0.1849 0.1864

(0.0026) (0.0026) (0.0027) (0.0026) (0.0048) (0.0045) (0.0034) (0.0030)
PMD 0.3018 0.3146 0.3848 0.4198 1.0737 1.0961 1.5931 1.5888

(0.0191) (0.0201) (0.0187) (0.0156) (0.0137) (0.0168) (0.0073) (0.0060)
CCA 1.9862 1.9867 1.9918 1.9910 1.9945 1.9940 1.9945 1.9941

(0.0015) (0.0015) (0.0005) (0.0006) (0.0003) (0.0004) (0.0004) (0.0004)

Table 1
Simulation results for Models 1–4. The reported numbers are the medians and standard errors (in parentheses) of

Err(Â) = ‖PÂ −PA‖F and Err(B̂) = ‖PB̂ −PB‖F , over 200 replicates.
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(a) p = q = 1000 (b) p = q = 1200 (c) p = q = 1500 (d) p = q = 2000

Err(Â) Err(B̂) Err(Â) Err(B̂) Err(Â) Err(B̂) Err(Â) Err(B̂)
Model 5

SCCA 0.0597 0.0624 0.0635 0.0621 0.0662 0.0667 0.0655 0.0622
(0.0026) (0.0030) (0.0026) (0.0016) (0.0032) (0.0026) (0.0021) (0.0034)

PMD 1.4142 1.4142 1.4142 1.4142 1.4142 1.4142 1.4142 1.4142
(0.0771) (0.0770) (< 10−4) (< 10−4) (< 10−4) (< 10−4) (< 10−4) (< 10−4)

PMD* 0.1344 0.1423 0.1470 0.1405 0.1445 0.1465 0.1971 0.1892
(0.0048) (0.0052) (0.0050) (0.0054) (0.0057) (0.0063) (0.0033) (0.0038)

Model 6
SCCA 0.2101 0.2053 0.2060 0.2125 0.2052 0.2105 0.2067 0.2150

(0.0070) (0.0044) (0.0048) (0.0051) (0.0050) (0.0047) (0.0057) (0.0047)
PMD 0.2885 0.2927 0.3107 0.3134 0.3152 0.3187 0.3527 0.3510

(0.0056) (0.0045) (0.0037) (0.0042) (0.0053) (0.0073) (0.0151) (0.0200)
PMD* 0.2873 0.2914 0.2996 0.3046 0.2932 0.2931 0.3035 0.2986

(0.0048) (0.0046) (0.0038) (0.0049) (0.0040) (0.0024) (0.0058) (0.0035)
Model 7

SCCA 0.2271 0.2430 0.2461 0.2430 0.2500 0.2500 0.2347 0.2482
(0.0057) (0.0068) (0.0062) (0.0072) (0.0070) (0.0067) (0.0062) (0.0093)

PMD 0.5440 0.5769 0.7592 0.7519 0.8571 0.8623 1.1574 1.1855
(0.0476) (0.0431) (0.1012) (0.0913) (0.0924) (0.0891) (0.1408) (0.1415)

Model 8
SCCA 0.4097 0.4064 0.4022 0.3987 0.4178 0.4231 0.4085 0.4257

(0.0103) (0.0104) (0.0094) (0.0116) (0.0083) (0.0114) (0.0097) (0.0127)
PMD 0.6366 0.6084 0.6334 0.6275 0.7104 0.6852 0.7582 0.8458

(0.0112) (0.0111) (0.0168) (0.0162) (0.0182) (0.0198) (0.0253) (0.0392)

Table 2
Simulation results for Models 5–8. The reported numbers are the medians and standard errors (in parentheses) of

Err(Â) = ‖PÂ −PA‖F and Err(B̂) = ‖PB̂ −PB‖F , over 200 replicates.
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Chromosome 1 Chromosome 2
p = 136, q = 1942 p = 72, q = 1329
SCCA PMD SCCA PMD

Correlation on the full dataset 0.9907 0.8192 0.9926 0.7232
p-value 0.005 < 10−3 0.012 0.018

Correlation on the testing set 0.7940 0.7417 0.5832 0.3638
(0.0060) (0.0077) (0.0169) (0.0130)

# Selected CGH spots 12.8 50.1 10.7 28.8
(0.28) (2.37) (0.45) (1.29)

# Selected genes 46.8 836.5 41.6 639.3
(0.62) (40.67) (1.33) (30.52)

Table 3
Results on Chromosomes 1 & 2. For the last three rows, the numbers are means based on 200 replicates. In the

parentheses are the standard errors.


