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Registration of temporal observations is a fundamental problem in functional data analysis. Various frame-
works have been developed over the past two decades where registrations are conducted based on optimal
time warping between functions. Comparison of functions solely based on time warping, however, may
have limited application, in particular when certain constraints are desired in the registration. In this paper,
we study registration with norm-preserving constraint. A closely related problem is on signal estimation,
where the goal is to estimate the ground-truth template given random observations with both compo-
sitional and additive noises. We propose to adopt the Fisher–Rao framework to compute the underlying
template, and mathematically prove that such framework leads to a consistent estimator. We then illustrate
the constrained Fisher–Rao registration using simulations as well as two real data sets. It is found that the
constrained method is robust with respect to additive noise and has superior alignment and classification
performance to conventional, unconstrained registration methods.

Keywords: registration; alignment with constraint; functional data analysis; time warping;
signal estimation

AMS Subject Classifications: 62G05; 62G20

1. Introduction

Mathematical modelling on time-dependent observations is centrally important in the field of
functional data analysis (FDA). One major challenge is that observations often exhibit temporal
variability (or warpings) along the time axis, which makes conventional analysis methods, such
as functional principal component analysis, covariance or correlation analysis, spline smooth-
ing, and functional linear or nonlinear regressions, not directly feasible on the data (Kneip and
Gasser 1992; Gasser and Kneip 1995; Wang and Gasser 1997; Ramsay and Li 1998). Time warp-
ings were often treated as (compositional) noise in the domain, and computational approaches
have been developed to remove these warpings (as a preprocessing step) before meaningful
analysis on the data (Ramsay and Silverman 2005; Ferraty and Vieu 2006).

For simplification in notation, we assume functional data are defined in the time domain
[0, 1]. For any function f : [0, 1] → R, a time warping γ : [0, 1] → [0, 1] is a continuous, strictly
increasing, and onto mapping that changes the function value at any t ∈ [0, 1] from f (t) to
f (γ (t)). That is, time warping is a re-parametrisation in the function space. For two functions
f1 and f2, a time warping γ can be used to match one with the other based on important features
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such as peaks or valleys in the functions. This optimal matching process is the notion of function
registration or function alignment. Estimating optimal time warping for alignment in functional
data has been extensively studied over the past two decades. Various approaches were developed
for that purpose which include the area under the curve method (Liu and Muller 2004), the prin-
cipal analysis by conditional expectation (Tang and Muller 2008), the self-modelling registration
(SMR) (Gervini and Gasser 2004), the minimum second eigenvalue (Kneip and Ramsay 2008),
the moment-based matching technique (James 2007), and a number of other methods (Kneip
and Gasser 1992; Capra and Muller 1997; Ramsay and Li 1998; Ramsay and Silverman 2005;
Hall, Lee, and Park 2007) . Motivated by recent progress in statistical shape analysis, a Fisher–
Rao method was developed to align observed functions (Srivastava, Wu, Kurtek, Klassen, and
Marron 2011). It was shown that this method outperforms all other ones.

However, comparison of functions solely based on reparametrisation may be limited in prac-
tical use, particularly when a certain constraint is needed in the transformation. For example,
in the (area-preserved) probability density function space, if we take a warping transformation
on a function h(t), then the new function (h ◦ γ )(t) will no longer be a density (in general,∫ 1

0 h(γ (t)) dt �= 1). Similarly, for functions that are constrained on an (energy-preserved) hyper-
sphere in L

2, a transformation on each function is desired to retain the L
2 norm (in general,∫ 1

0 h(γ (t))2 dt �= ∫ 1
0 h(t)2 dt). These examples suggest that more appropriate transformations

(other than f �→ f ◦ γ ) are desired to better address the comparison between functions. In fact,
L

p norm-preserving transformations are preferred in mathematical representation of physical
systems as it can convert the system into an ‘easy to solve form’ (Askham and Greengard 2013).

To be specific on the constraint, in this paper we consider transformations that have constant L
p

norm for any 1 ≤ p < ∞. This includes common area-preserved (p = 1) and energy-preserved
(p = 2) transformations. In fact, we only need to consider the L

2 norm because being constant
in any L

p norm can be easily converted to the L
2 norm with a simple power transformation

f (t) �→ sign(f (t))|f (t)|p/2, t ∈ [0, 1]. To assure the transformation is (L2) norm-preserving, we
propose to add a square-root warping term after time warping, in the form (h ◦ γ )(t)

√
γ̇ (t).

Letting || · || denote the standard L
2 norm on [0, 1], this can be easily verified as follows,

‖(h ◦ γ )
√

γ̇ ‖2 =
∫ 1

0
((h(γ (t))

√
γ̇ (t))2 dt =

∫ 1

0
h(t)2 dt = ‖h‖2.

Therefore, for two functions q1, q2 ∈ L
2, we will compare them by finding optimal warping γ

that can best match q1 and (q2 ◦ γ )
√

γ̇ . We refer to this comparison as alignment or registration
with norm-preserving constraint. Such constrained registration is in fact the optimal matching in
the Square-Root Velocity Space in the Fisher–Rao framework (Srivastava et al. 2011).

The theoretical foundation of function registration is based on large sample asymptotics.
Indeed, recent theory has focused on asymptotic consistency for generative models (Kneip and
Gasser 1992; Gasser and Kneip 1995; Wang and Gasser 1997; Gervini and Gasser 2004, 2005;
Kneip and Ramsay 2008; Tang and Muller 2008; Srivastava et al. 2011). That is, if functional
observations are assumed random samples from a given probabilistic model, how can we iden-
tify such a model? The model is often described in a semi-parametric form and the goal is to
estimate the underlying ground-truth template. For example, a generative model was proposed
in Kurtek, Srivastava, and Wu (2011) which includes random scale change, vertical translation,
and time warping in the following form:

fi(t) = ci(g ◦ γi)(t) + ei = ((cig + ei) ◦ γi)(t), t ∈ [0, 1], i = 1, . . . , n, (1)

where g(t) is the underlying signal, and {fi(t)} are the observations of g(t) with random warpings
{γi(t)}, scaling coefficients {ci} ∈ R

+, and vertical translations ei ∈ R. We note that because ei is
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a constant, its position can be switched with γi(t) (shown in Equation (1)) and the model remains
the same. Assume {fi(t)} are given, one can easily verify that estimating the underlying function
g(t) is equivalent to estimating time warpings {γi(t)}, or aligning all functions {fi(t)}.

However, practical observations often include both additive and compositional noises. Then
the challenging question is ‘How do we estimate the underlying template when both compo-
sitional and additive noises are present?’ Current literature has focused on estimation in the
following generative model:

fi(t) = cig(γi(t)) + ei(t),

where {γi(t)} denote compositional noise functions, {ei(t)} denote additive noise functions, and
{ci} are scaling constant coefficients. Estimating the underlying function is a consistency prob-
lem in the large sample theory where the goal is to estimate g(t) given observations {fi(t)}. To
this end, various methods have been proposed (Gervini and Gasser 2004; James 2007; Tang
and Muller 2008; Dupuy, Loubes, and Maza 2011), but the solutions often involve unknown
parameters and lack thorough demonstration. For example, the consistency theory in (Dupuy
et al. 2011) is complete only for increasing functions with compositional noise; for non-
increasing or additive-noise included functions, there are only practical computational algorithms
developed. Alternatively, using theory of manifold embedding a robust algorithm was recently
proposed to estimate template curve. However, the method is not model-based and does not lead
to notion of consistency (Dimeglio, Gallon, Loubes, and Maza 2014). For a sub-problem where
only compositional noise is present (ei(t) is assumed constant in Equation (1)), the parameter-
free Fisher–Rao method provides a consistent estimator and the estimation is well illustrated
with simulations (Kurtek et al. 2011). If we further assume that ei(t) ≡ 0, a functional-depth-
based method was also introduced to estimate the underlying function g(t) (Arribas-Gil and
Romo 2012).

Focusing on registration with norm-preserving constraint, our goal in this paper is to propose
a solution to the estimation in the following generative model:

qi(t) = ((ciq + ei) ◦ γi)(t)
√

γ̇i(t). (2)

In this model, the constant scaling ci and additive noise function ei(t) are applied to the under-
lying function q(t) before the time warping transformation.

√
γ̇i(t) in Equation (2) assures the

warping operation is isometric and plays a key role in signal estimation (Srivastava et al. 2011).
Note that in general the compositional noise γi(t) and additive noise ei(t) are not commutative.
This is because ei(t) is not a constant, but a function of t (in contrast to the constant translation
Equation (1)). We will mathematically prove that our estimation algorithm provides a consistent
estimator for q(t) in Equation (2) (shown in the consistency theory in Section 3).

The rest of this paper is organised as follows. In Section 2, we provide details on the
norm-preserving transformation and describe an algorithm for estimating the underlying sig-
nal in Equation (2). The effectiveness of this estimation is demonstrated using the large sample
consistency theory in Section 3. In Section 4, we illustrate some significant benefits of the norm-
preserving constraint in alignment and classification problems using simulations as well as two
real data sets. Section 5 provides discussion and conclusion. Finally, the appendix provides
mathematical details on the consistency theory.

2. Methods

The estimation algorithm in this paper is adapted from the Fisher–Rao framework (Kurtek
et al. 2011; Srivastava et al. 2011; Tucker, Wu, and Srivastava 2013). For convenience, we refer
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to the method in such framework as unconstrained Fisher–Rao (uFR) , and the one in this paper
as constrained Fisher–Rao (cFR) . These two methods, in fact, take the same alignment proce-
dure, but are used for different generative models. We will, at first, present some setup on the
function space.

2.1. Representation space and elastic distance

In this framework each observation is treated as a function q : [0, 1] → R in L
2. For any two

such functions, say q1 and q2, we will assume that the corresponding points q1(t) and q2(t),
for all t ∈ [0, 1], are matched to each other. This matching process is based on the alignment
with norm-preserving constraint. Let � be the set of all re-parameterisations: � = {γ : [0, 1] →
[0, 1]|γ (0) = 0, γ (1) = 1, 0 < γ̇ < ∞}. Elements of � form a group with function composi-
tion, and the identity in this group is the self-mapping γid(t) = t. For any function h, we will use
‖h‖ to denote its L

2 norm (
∫ 1

0 h(t)2 dt)1/2.
The comparison between functions is performed in the quotient space. In this setup, we need

the notion of the orbit of a function q ∈ L
2, given by: [q] = closure{(q, γ )(t)|γ ∈ �}, where

(q, γ )(t) is defined to be (q ◦ γ )(t)
√

γ̇ (t). This is the set of functions associated with all warpings
of a function and their limit points in L

2. We will call this set of all such orbits S and present a
metric on it. The following definition is taken from (Srivastava et al. 2011).

Definition 1 For any two functions, q1, q2 ∈ L
2, we define the elastic distance d on the

quotient space S to be:

d([q1], [q2]) = inf
γ∈�

‖q1 − (q2, γ )‖. (3)

It is shown in Srivastava et al. (2011) that d is a proper distance (i.e. satisfying positive
definiteness, symmetry, and triangular inequality), which leads to all desirable properties in mea-
suring phase difference between functions such as uniqueness, robustness, and efficiency, as well
as the superior performance in function registration. For practical data analysis, assume functions
q1 and q2 are represented with finite sampling vectors. A dynamic programming algorithm has
been proposed to compute the distance in Equation (3) and the optimal warping function

γ ∗ = argmin
γ∈�

‖q1 − (q2, γ )‖. (4)

Remark Relation to the uFR method. The metric in Equation (3) has the same form as the
elastic distance in the square-root velocity function (SRVF) space in the uFR method (Srivastava
et al. 2011). In this method, functional observations are assumed absolutely continuous. For any f

that is absolutely continuous on [0, 1], its SRVF is given as: q(t) ≡ ḟ (t)/
√

|ḟ (t)|, where | · | is the
two norm of a vector. (One can show that for any absolutely continuous function f, the resulting
SRVF is square integrable, that is, q lies in the set L

2). If we re-parameterise a curve f by γ ,
one can easily find that the SRVF of (f ◦ γ )(t) is given by: (q ◦ γ )(t)

√
γ̇ (t). In this framework,

alignment is displayed in the original function space (with function composition), but warping
functions are computed using the SRVF. In contrast, the cFR alignment is directly used in the L

2

space, and we can view the observations as the SRVFs of absolutely continuous functions in the
primitive space.

In the case d([q1], [q2]) = 0 in Equation (3), these two functions are fully matched, and we
can characterise one function using the other with optimal warping γ ∗, that is, q1 = (q2, γ ∗)
and q2 = (q1, γ ∗−1). This exact match is a desirable property and can result in perfect alignment
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between q1 and q2. Note that, in general, this is not possible for conventional time warping (e.g.
q1 cannot be identical to (q2 ◦ γ ) if q1 and q2 have different peak amplitudes). However, we can
easily show that any two positive functions can be fully characterised with each other using the
norm-preserving alignment.

Lemma 2.1 For any q1, q2 ∈ L
2 with q1 > 0, q2 > 0 a.e. (almost everywhere in the Lebesgue

measure), there exists a unique γ ∗ ∈ �, s.t.

q1
a.e.= ‖q1‖

‖q2‖ (q2, γ ∗).

Proof Define

F1(t) =
∫ t

0

(
q1(s)

‖q1‖
)2

ds, F2(t) =
∫ t

0

(
q2(s)

‖q2‖
)2

ds.

Because q1 > 0, q2 > 0 a.e., both F1, F2 are absolutely continuous, strictly increasing functions
from [0, 1] onto [0, 1], that is, F1, F2 ∈ �. Let γ ∗ = (F−1

2 ◦ F1) ∈ �. Then, F1(t) = F2(t)(F
−1
2 ◦

F1)(t) = F2(γ
∗(t)). Taking derivative on both sides, we have q1(t) = ‖q1‖/‖q2‖(q2, γ ∗)(t)

(a.e.). The uniqueness of γ ∗ is apparent. �

The distance in Equation (3) is for pairwise alignment. To align multiple functions simulta-
neously, we need to have a ‘template’ function. This is well characterised by the notion of the
Karcher mean in the space S. Basically, the Karcher mean [μ]n of the given orbits {[qi]} in the
space S is the minimum of the sum of squares of elastic distances. Note that because the Karcher
mean is also an orbit of functions, it is necessary to find a particular element, referred to as the-
centre of an orbit, to use as the template to align functions. The formal definitions of the Karcher
mean of a set of orbits and the centre of an orbit can be found in (Srivastava et al. 2011).

2.2. Estimation method

We now have all the tools for the estimation algorithm. Recall that we focus on the observation
model qi(t) = ((ciq + ei) ◦ γi)(t)

√
γ̇i(t). Our goal is to take the collection of observed functions

{qi(t)} and estimate the signal q(t). To make the system identifiable, we add the constraints that
the population mean of {ci} is known (denoted as E(c1)) and the population Karcher mean of
{γi

−1(t)} is γid(t). This assumption is for the convenience of the algorithm description and the
main result still holds for any given mean on the warping functions. Note that by construction,
the noise function at each time {ei(t)} has mean 0. Our algorithm on signal estimation is adapted
from the Complete Alignment Algorithm in Srivastava et al. (2011) and is presented as follows.

Estimation Algorithm: Let {qi} be a set of i.i.d. observations on [0, 1] under the model in
Equation (2).

(1) Compute the Karcher mean of {[qi]} in S using Algorithm 2 in Srivastava et al. (2011);
Denote it by [μ]n.

(2) Find the centre of [μ]n w.r.t. {qi} using Algorithm 3 in Srivastava et al. (2011); call it μn.
(3) For i = 1, . . . , n find γi

∗ by solving

γi
∗ = argmin

γ∈�

‖μn − (qi, γ )‖.

(4) Compute the aligned functions q̃i = (qi, γi
∗).
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(5) Return the warping functions {γi
∗} and the estimated signal

q̂ = (1/n)
∑n

i=1 q̃i

E(c1)
.

Remark Norm-preserving transformation, (q ◦ γ )
√

γ̇ , is close to conventional function align-
ment (q ◦ γ ) under either of the following two conditions: (1) γ̇ is near 1 (i.e. γ is near the
identity); (2) (q ◦ γ )(t) is close to zero at t when γ̇ (t) is not near 1. Condition One happens when
the degree of time warping is modest in the alignment. Condition Two happens when observa-
tions are mostly zero-valued across the time domain. In Section 4, we will illustrate these two
cases for the constrained alignment. An important benefit is that this constrained method is robust
to the additive noise in the data.

2.3. Illustration

Here we present one example to illustrate this estimation process. We start by letting the
underlying signal q(t) be:

q(t) = 4 sin(5π t)(
1

4
−
(

t − 1

2

)2

), t ∈ [0, 1].

Then, we generate 100 i.i.d. observation functions by Equation (2) using random scaling coef-
ficients ci, warping functions γi(t), and additive noise functions ei(t). These functions are
uniformly-sampled with 300 time points in the domain [0,1]. Each scaling coefficient follows
the exponential distribution with mean 1. Each additive noise function is generated as indepen-
dent random process and for any t, ei(t) follows a normal distribution with mean 0 and variance
0.04. Finally, each warping function γi(t) is generated with population mean γid (see detail in
Srivastava and Jermyn 2009).

(a) (b) (c)

(d) (e) (f)

Figure 1. (a) Underlying true signal. (b) Simulated warping functions. (c) Observed functions after random scaling,
additive noise and compositional noise. (d) Aligned functions by the Estimation Algorithm. (e) Estimated warping
functions. (f) Estimated signal with true signal superimposed.
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In Figure 1, the function q(t), the simulated warping noise functions, the observations {qi(t)},
the aligned functions {q̃i(t) = (qi, γ ∗

i )(t)} using the Estimation Algorithm, and the estimated
warping functions {(γ ∗

i )−1(t)} are shown in panels A-E, respectively. In this case, E(c1) = 1.
The estimate q̂(t) = (1/n)

∑n
i=1 q̃i(t) and the true q(t) are shown in panel F. We can see that this

estimate is highly accurate despite large variability in compositional noise and additive noise in
the observations. As we will show in the following theoretical development, this estimate does
converge to q(t) when the sample size n gets large.

3. Consistency theory on signal estimation

Our estimation is based on the model

qi(t) = ((ciq + ei) ◦ γi)(t)
√

γ̇i(t), t ∈ [0, 1], i = 1, . . . , n,

where functions qi ∈ L
2, scaling coefficient ci ∈ R

+, warping function γi ∈ �, and additive noise
ei ∈ L

2. We assume {ci}, {γi}, and {ei} are i.i.d. random samples in their respective spaces. In
particular, ei are independent random processes with E(ei(t)) = 0, Var(ei(t)) = σ 2 < ∞ for any
t ∈ [0, 1]. We denote the set of all those additive noise functions as Wσ .

Given {qi}, our goal is to identify warping functions, {γi}, so as to reconstruct underlying deter-
ministic signal q. In this section, we mathematically demonstrate that the proposed algorithm
provides a consistent estimator. Here we only provide results on the main theorems. The full
details can be found in the Appendix.

3.1. Estimation in the quotient space

At first, we have the following main result on the Karcher mean in the quotient space S.

Theorem 3.1 For a function q, consider a sequence of functions qi(t) = (ciq + ei, γi)(t), t ∈
[0, 1], i = 1, . . . , n. Denote c̄ = (1/n)

∑n
i=1 ci and ē = (1/n)

∑n
i=1 ei . Then, the Karcher mean

of {[qi], i = 1, 2, . . . , n} in S is [c̄q + ē] almost surely. That is,

[μ]n ≡ argmin
[h]

(
n∑

i=1

d2([qi], [h])

)
a.s.= [c̄q + ē] = closure{(c̄q + ē, γ ), γ ∈ �}.

Proof For any h ∈ L
2 and i ∈ {1, . . . , n}, we have

d([qi], [h]) = d([(ciq + ei, γi)], [h]) = inf
γ

‖(ciq + ei, γi) − (h, γ )‖

= inf
γ

‖(ciq + ei) − (h, γ ◦ γ −1
i )‖ = inf

γ
‖(ciq + ei) − (h, γ )‖ = d([ciq + ei], [h]).

In the last line, the first equality is based on the isometry of the group action of � on L
2 and the

second equality is based on the group structure of �.
For the given h, there exists a sequence of warping functions {γ ∗

k } ∈ � such that
limk→∞ ‖q − (h, γ ∗

k )‖ = infγ ‖q − (h, γ )‖ = d([q], [h]). Using the same technique as in the
proof of Lemma A.3, we have limk→∞ ‖(ciq + ei) − (h, γ ∗

k )‖ = infγ ‖(ciq + ei) − (h, γ )‖ (a.s).
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Therefore,

n∑
i=1

d2([qi], [h]) =
n∑

i=1

d2([ciq + ei], [h]) =
n∑

i=1

inf
γ

‖(ciq + ei) − (h, γ )‖2

a.s.=
n∑

i=1

lim
k→∞

‖(ciq + ei) − (h, γ ∗
k )‖2

= lim
k→∞

n∑
i=1

‖((ciq + ei) − (c̄q + ē)) + ((c̄q + ē) − (h, γ ∗
k ))‖2

=
[

n∑
i=1

‖(ciq + ei) − (c̄q + ē)‖2

]
+ lim

k→∞
n‖(c̄q + ē) − (h, γ ∗

k )‖2

≥
n∑

i=1

‖(ciq + ei) − (c̄q + ē)‖2.

The last inequality comes from the fact that (c̄q + ē) is simply the mean of {(ciq + ei)} in the
L

2 space. The equality holds if and only if limk→∞ ‖(c̄q + ē) − (h, γ ∗
k )‖ = 0, or equivalently

h ∈ [c̄q + ē]. Therefore, [c̄q + ē] = closure{(c̄q + ē, γ )|γ ∈ �} is the (a.s.) unique solution to
the Karcher mean [μ]n ≡ argmin[h]

∑n
i=1 d2([qi], [h]). �

3.2. Estimation of underlying signal

Theorem 3.1 ensures that [μ]n belongs to the orbit of [c̄q + ē], but we are interested in estimat-
ing q itself. In Theorem 3.2, we will demonstrate that the aligned functions (in the Estimation
Algorithm) lead to a consistent estimator for q.

Theorem 3.2 Under the same conditions as in Theorem 3.1, let μ = (c̄q + ē, γ0), for arbitrary
γ0 ∈ �. Assume the function q satisfies two further conditions:

(i) q is Lipschitz continuous on [0, 1];
(ii) the set {t ∈ [0, 1]|q(t) = 0} has Lebesgue measure zero.

If the Karcher mean of {γ −1
i } converges to γid , then we have the following results:

(a) Let γ̃i = argminγ ‖(qi, γ ) − μ‖ and denote the centre of the orbit [μ]n by μn. Then μn =
(μ, γ̄ −1

n ), where γ̄n is the Karcher mean of {γ̃i}.
(b) Let γ ∗

i = argminγ ‖(qi, γ ) − μn‖ and q̃i = (qi, γ ∗
i ). Then

1

n

n∑
i=1

q̃i
a.s.→ E(c1)q.

Proof We first compute γ̃i = argminγ ‖(qi, γ ) − μ‖ = argminγ ‖((ciq + ei, γi), γ ) − (c̄q +
ē, γ0)‖ = argminγ ‖(ciq + ei, γi ◦ γ ◦ γ −1

0 ) − (c̄q + ē)‖. By assumption ii), the set {t ∈
[0, 1]|q(t) = 0} also has measure zero. Using Corollary A.5, this above distance is (a.s.) uniquely
minimised when (γi ◦ γ̃i ◦ γ −1

0 ) = γid , or γ̃i = (γ −1
i ◦ γ0). Denote the Karcher mean of these

warping functions {γ̃i} by γ̄n. Applying the inverse of this γ̄n to μ, we get μn = (μ, γ̄ −1
n ).

Note that γ̃i = argminγ ‖(qi, γ ) − μ‖ = argminγ ‖(qi, γ ) − (μn, γ̄n)‖. Hence γ ∗
i = argminγ

‖(qi, γ ) − μn‖ = (γ̃i ◦ γ̄ −1
n )

a.s.= (γ −1
i ◦ γ0 ◦ γ̄ −1

n ). This implies that q̃i = (qi, γ ∗
i )

a.s.= ((ciq
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+ ei, γi), γ
−1
i ◦ γ0 ◦ γ̄ −1

n ) = (ciq + ei, γ0 ◦ γ̄ −1
n ). Therefore, (1/n)

∑n
i=1 q̃i

a.s.= (c̄q + ē, γ0 ◦ γ̄ −1
n ).

Next, we show that 1) ē → 0 (a.s.), and 2) γ̄n → γ0 (a.s.) as follows:

(1) Using Corollary A.2, ‖ē‖2 = ‖(1/n)
∑n

i=1 ei‖2 = (1/n2)
∑n

i=1

∑n
j=1

∫ 1
0 ei(t)ej(t) dt =

(1/n)σ 2 → 0 (a.s.). Hence, ē → 0 (a.s.).
(2) Denote the Karcher mean of {γ −1

i } by γ̂n. Using Lemma A.6. (the Karcher mean of
{γ̃i

a.s.= (γ −1
i ◦ γ0)}) γ̄n = (γ̂n ◦ γ0) (a.s.). By assumption, γ̂n converges to γid , or equiva-

lently, ‖(1, γ̂n) − 1‖ → 0. Using the isometry of the group action, ‖(1, γ̄n) − (1, γ0)‖ a.s.=
‖(1, γ̂n ◦ γ0) − (1, γ0)‖ = ‖(1, γ̂n) − 1‖ → 0. Hence γ̄n converges to γ0 (a.s.).

Since q is Lipschitz continuous on [0, 1], there exist constants M,L > 0, such that
|q(a)| < M and |q(a) − q(b)| ≤ L|a − b| for any a, b ∈ [0, 1]. Then, using Lemma A.7,
we have ‖(q ◦ γ0 ◦ γ̄ −1

n ) − q‖ ≤ L‖(γ0 ◦ γ̄ −1
n ) − γid‖ a.s.→ 0. Furthermore, using the result in

2), we have ‖(q, γ0 ◦ γ̄ −1
n ) − q‖ = ‖(q ◦ γ0 ◦ γ̄ −1

n )((1, γ0 ◦ γ̄ −1
n ) − 1) + (q ◦ γ0 ◦ γ̄ −1

n ) − q‖ ≤
M‖(1, γ0) − (1, γ̄n)‖ + ‖(q ◦ γ0 ◦ γ̄ −1

n ) − q‖ a.s.→ 0. Hence, (q, γ0 ◦ γ̄ −1
n )

a.s.→ q.
Finally, using results in (1),

‖(c̄q + ē, γ0 ◦ γ̄ −1
n ) − E(c1)q‖ ≤ ‖(c̄q, γ0 ◦ γ̄ −1

n ) − c̄q‖ + ‖c̄q − E(c1)q‖ + ‖(ē, γ0 ◦ γ̄ −1
n )‖

= |c̄| · ‖(q, γ0 ◦ γ̄ −1
n ) − q‖ + ‖c̄ − E(c1)| · ‖q‖ + ‖ē‖

a.s.→ E(c1) · 0 + 0 · ‖q‖ + 0 = 0,

or,

1

n

n∑
i=1

q̃i
a.s.→ E(c1)q.

�

4. Alignment result and function classification

In this section, we will first illustrate the robustness of the cFR registration with respect to addi-
tive noise using two simulated data sets. Then we will compare the classification performance of
the constrained and uFR methods on two real data sets.

4.1. Robustness with respect to additive noise

At first, we examine the cFR alignment with respect to additive noise in two simulated data
sets. To have a fair comparison with the unconstrained case, we will conduct the constrained
alignment in the SRVF space and then display the alignment result in the original function space.

4.1.1. Example 1: single-peak functions.

We start by simulating Gaussian-type one peak functional data (Srivastava et al. 2011). The
individual functions are given by:

xi(t) = (1 + (ai − 0.5)2) · N(t; ai, 0.052), t ∈ [0, 1],

where ai = 0.2 + 0.02i, i = 1, . . . , 29, and N(t; μ, σ 2) indicates a normal density function with
mean μ and variance σ 2 at time t. For computation, the functions are sampled with 101 uniform
time points in the domain [0, 1]. From Figure 2(a), we can see that these single-peak functions
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(a) (b) (c) (d)

Figure 2. (a) Original single-peak smooth functions with phase variability. (b) SRVFs of the original data. (c) Original
data with additive noise added. (d) SRVFs with additive noise added.

have a slight difference in amplitude, but their centre locations significantly vary across the time
domain. In order to conduct the standard uFR alignment, we compute the SRVFs of the original
data, and the results are shown in Figure 2(b). We then run the uFR method’s alignment on this
given data. The aligned functions as well as the warping functions in the uFR alignment process
are shown in Figure 3(a) and 3(b). We can see that the aligned functions remove the phase
variability and clearly show the single peak pattern in the data. This set of optimal warping
functions from the original data will be a benchmark for comparison when additive noise is
present.

Next, we evaluate the alignment performance with respect to additive noise in the data. We
will introduce the noise to the original data and use the same Signal-to-Noise Ratio (SNR) for
comparative purposes. SNR is a commonly-used measure of comparing the desired signal’s level
to that of the background noise’s level. It is defined as: SNR = σ 2

signal/σ
2
noise, where σ 2

signal and
σ 2

noise denote the variances of signal and noise, respectively. In the use of SNR, we assume σ 2
signal

is constant over the time domain, and can be computed using discrete time samples. The noise is
simulated from a Gaussian process with variance σ 2

noise at each time.
Thus we introduce the noise to the original data simply by adding i.i.d. Gaussian noise, with

SNR being 4 at each time t ∈ [0, 1]. The noisy data is shown in Figure 2(c). Then we run this

Figure 3. ( A) Aligned functions by the uFR in the original data. (b) The warping functions by the uFR in the original
data. (c) Aligned functions by uFR in the noise data. (d) The warping functions by the uFR in the noisy data. (e) Aligned
function in the original function space by cFR in the noisy SRVFs. (f) The warping functions by the cFR in the noisy
SRVFs.
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new data, now labelled Noisy data, through the uFR alignment process. The result is shown
in Figure 3(c) and 3(d). It is apparent that this method has failed to align the data in a way
which will yield the underlying single-peak signal. We also notice that the uFR warping functions
obtained under the noisy data do not even closely resemble the optimal warping functions from
the original data. This should point out to the reader just how sensitive the uFR method is to
additive noises.

In contrast, we show the alignment performance by the new cFR method. With norm-
preserving constraint, this method should be applied on the SRVF data and we will display the
result in the original space. To make a fair comparison, i.i.d. Gaussian noise is also added to
the SRVFs with the SNR 4 (see noisy SRVFs in Figure 2(d)). The alignment result is shown in
Figure 3(e) and 3(f). It is apparent that the cFR alignment method yields an accurate estimate
for the underlying single-peak signal. Looking at the warping functions in this cFR estimation,
we find that they better resemble the optimal warping functions from the original data than the
uFR method in the noisy data.

4.1.2. Example 2: double-peak functions.

In this example, we present a bimodal functional set of data. The individual functions are given
by: ui(t) = zi,1e−(10t−6.5)2/2 + zi,2e−(10t−3.5)2/2, t ∈ [0, 1], i = 1, 2, . . . , 21, where zi,1 and zi,2 are
i.i.d normal with mean 1 and standard deviation (SD) 0.25. Each of these functions is then
warped according to: γi(t) = eait − 1/eai − 1 if ai �= 0, otherwise γi = γid . Here ai are equally
spaced between −1 and 1, and the observed functions are computed using xi(t) = ui(γi(t)). For
computation, the functions are also sampled with 101 uniform time points in the domain [0, 1].
A set of 21 such functions forms the original data and is shown in Figure 4(a). The data has
two apparent peaks with one small valley in the middle in each function. We then run the uFR
method’s alignment on this given data. The aligned functions as well as the warping functions in
the uFR alignment process are shown in Figure 4(b) and 4(c). We see that the peak-valley-peak
shape is well constructed by the uFR alignment.

Similarly to the single-peak example, Gaussian noise is added to the original functions with
SNR equal to 4 (see Figure 4(d)). We then run this noisy data through the uFR method’s align-
ment process. The alignment result is shown in Figure 4(e). We see this method has again failed
to align the data in a way which will yield the underlying double-peak signal. In particular, the
aligned functions fail to retain the central valley in the original data. Therefore, the optimal warp-
ing functions in this noisy data should be very different from those in the original data. This can
be found by comparing two uFR warping functions in Figure 4(c) and 4(f).

Finally, we show the alignment performance by the new cFR method on the noisy SRVF data
with SNR equal to 4 (see Figure 4(g)). With norm-preserving constraint, this method is applied
on the noisy SRVF data and we display the result in the original space. The alignment result
is shown in Figure 4(h). It is apparent that the cFR alignment method again yields an accurate
estimate for the underlying double-peak signal and the middle valley can also be easily identified.
Looking at the warping functions in this cFR estimation in Figure 4(i), we find that they better
resemble the optimal warping functions from the original data than the uFR method in the noisy
data (comparing the three panels in the right column of Figure 4).

4.1.3. Approximation in alignment and comparison with previous methods.

As indicated in the Method section, norm-preserving transformation (q ◦ γ )
√

γ̇ is close to con-
ventional function alignment q ◦ γ under either of the following two conditions: (1) γ̇ is near
1 (i.e. γ is near the identity); ( 2) q(γ (t)) is close to zero at t when γ̇ (t) is not near 1 (or the
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Figure 4. (a) Original two-peak smooth functions with phase variability. (b) Aligned functions by the uFR method in
the original data. (c) Optimal warping functions by the uFR. (d, e, f) Same as a, b, and c, respectively, except that the
data is a noisy version of the two-peak functions. (g) SRVFs with additive noise added. (h) Aligned functions with the
cFR on noisy SRVFs. (i) Optimal warping functions by cFR on noisy SRVFs.

warping function at t is not in 45o angle on [0, 1] × [0, 1]). These conditions occur in data where
time warping is not drastic (such as those in Example 2) or main feature is approximately a
shift between different zero-background signals (such as those in Example 1). In this case, we
can directly apply the cFR alignment on the noisy data in these two examples, as shown in
Figure 2(c) and 4(d). The cFR alignment in example 1 is shown in Figure 5(f) ( first row). We
see that they significantly resemble the noise-free case (Figure 3(a)) except that this result is
contaminated with noise. A consistent result is also obtain in Example 2 (see Figure 5(f), second
row), where we can still see the middle valley in the aligned functions over noisy data.

We compare the alignment performance with several previous methods which include the
SMR (Gervini and Gasser 2004), the minimum second eigenvalue (MSE) (Kneip and Ram-
say 2008), the principal analysis by conditional expectation (PACE) (Tang and Muller 2008),
and the uFR (Srivastava et al. 2011). The results on the noisy version of the above two data sets
(i.e. noisy single-peak and double-peak functions) are shown in Figure 5. In the first row, relating
to the single peak functions, we notice that the only two that will identify the underlying signal of
a single peak are the MSE and the proposed cFR. When comparing these two, it becomes imme-
diately clear that the MSE provides us with wider aligned functions which corrupt the narrow
single peaks in the given data. In contrast, the cFR method provides a proper representative of
the narrow single peaks in the aligned functions. For the second row, relating to the double peak



350
J.C

leveland
etal.

Figure 5. Comparison of alignment performance with previous methods on the two given data sets. The first row is for the single peak functions, and the second row is for double peak
functions. (a) Original data. (b, c, d, e, f) Alignment results using SMR, MSE, PACE, uFR, and cFR, respectively. The values of (ls,pc) are shown with respect to each registration result.
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functions, all methods tend to retain some of the underlying structure of two peaks. However,
we find that the cFR method results in much thinner alignment than all other methods, which
indicates the robustness and accuracy of this new method.

To numerically quantify the performance, we adopt two criteria to measure the goodness of
registration for comparison James (2007); Srivastava et al. (2011):

(1) Least squares: ls = (1/n)
∑n

i=1

∫
(q̃i(t) − (1/(n − 1))

∑
j �=i q̃j(t))2 dt/

∫
(qi(t) − (1/(n − 1))∑

j �=i qj(t))2 dt. ls is a cross-validated measure which measures the total cross-sectional vari-
ance of the aligned functions, relative to the original value. The smaller the value of ls, the
better the alignment is.

(2) Pairwise correlation: pc = ∑
i�=j cc(f̃i, f̃j)/

∑
i�=j cc(fi, fj), where cc(f , g) is the pairwise Pear-

son’s correlation between functions. pc measures pairwise correlation between functions:
The larger the value of pc, the better the alignment between functions in general.

In Figure 5, the values of (ls,pc) are shown with respect to each registration result (on the
top of the panel). We can see that the cFR has the best performance in both criteria (smallest ls
values and largest pc values in each data set). Therefore, as compared to the previous methods,
the proposed cFR method can better align data where compositional and additive noises are
present, and the alignment may result in better signal estimation (e.g. reconstructing single-peak
or double-peak underlying functions in Figure 5).

4.2. Application to SONAR data

We apply the cFR alignment in a set of SONAR signals where both additive and compositional
noises are observed. The data was previously used in Tucker, Wu, and Srivastava (2014) and here
we provide a brief description. This data set was collected at the Naval Surface Warfare Center,
Panama City Division (NSWC PCD), test pond. The raw SONAR data was collected using a
1–30 kHz LFM chirp and data was collected for nine targets. The acoustic signals, observations,
were generated from the raw SONAR data in the following manner: The raw SONAR data is
matched filtered and the SAS image is formed using a beamformer. The target is then located
in the SAS image and is then windowed around the selected location. This windowed image
contains the information to reconstruct the frequency signals associated with a given target via
inverting the beamformer and the responses were then aligned in range using the known acqui-
sition geometry. From the acoustic colour maps, one-dimensional functional data was made.
In each of the nine targets, we take 20 SONAR functions, and thus our data consists of 180
observations. For illustrative purpose, 20 SONAR functions in one typical target are shown in
Figure 6(a). We observe compositional and additive noises in the given data.

As the baseline result, we apply the uFR alignment method on the data. The warping functions
and the alignment by uFR are shown in Figure 6(b) and 6(c). Due to the additive noise, the
alignment performance is not very satisfactory. Some degree of misalignment is still observed in
the aligned functions. For better visualisation of the alignment performance across the domain,
we compute the mean and mean ± SD in Figure 6(d).

In contrast, we apply the cFR alignment on the same data. The warping functions and the
alignment by uFR are shown in Figure 6(e) and 6(f). The result shows that the cFR alignment
provides better alignment performance (narrower aligned functions). The better performance
is also visualised by the plot on the mean and mean ± SD in Figure 6(g) ( thin SD width). To
quantitatively measure the success of the alignment, we compute the Pearson correlation between
each pair of functions, and then take the average. We find that the averaged correlation is 0.679
on the original data, 0.882 on aligned functions by the uFR, and 0.993 on aligned functions by
the cFR.
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Figure 6. (a) Given SONAR functions in one target. (b) Warping functions by the uFR alignment. (c) Aligned functions
by uFR. (d) mean and mean ± SD by uFR. (e, f, g) Same as (b), (c), and (d), respectively, except by the cFR alignment.

Note that the time warping functions by the uFR and cFR methods are different (see
Figure 6(b) and 6(e)), and here we evaluate their effectiveness in describing temporal variability
in the data. For two functions q1(t), q2(t), let γ ∗(t) be the optimal warping function between
them as given in Equation (4). The degree of time warping between these two functions can be
quantified as the intrinsic distance between γ ∗(t) and the identity γid(t). We denote this distance
in time warping as x-distance and compute it as Tucker et al. (2014):

Dx(q1, q2) = cos−1

(∫ 1

0

√
γ̇ ∗(t) dt

)
.

For all 180 functions (20 in each target) in the data, we compute all pairwise Dx distances. Based
on these distances, we perform the standard leave-one-out cross-validation to infer movement
path (with nearest neighbour method) using observed acoustic signal functions. It is found that
the classification accuracy is 0.39 by the uFR method and 0.45 by the cFR method (in compar-
ison, the accuracy on original data with conventional L

2 distance is 0.35). This suggests that
the cFR can better identify temporal alignment on the data, which results in better classification
performance.

4.3. Application to spike train data

In this section we will compare the uFR and cFR methods to a spike train data set. This data
set was first used in a metric-based analysis of spike trains (Wu and Srivastava 2011, 2013),
and was also used as a common data set in a workshop on function registration, CTW: Statis-
tics of Time Warpings and Phase Variations in Mathmatical Bioscience Institute in 2012. It
is publicly available and is a benchmark for comparison of different registration methods
(see http://mbi.osu.edu/2012/stwdescription.html).

Here we briefly summarise the data. The spiking activity of one neuron in primary motor
cortex was recorded in a juvenile female macaque monkey. In the experimental setting, a subject
monkey was trained to perform a closed Squared-Path (SP) task by moving a cursor to targets
via contralateral arm movements in the horizontal plane. Basically, the targets in the SP task are
all fixed at the four corners of a square and the movement is stereotyped. In each trial the subject
reached a sequence of 5 targets which were the four corners of the square with the first and last

http://mbi.osu.edu/2012/stwdescription.html
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ones overlapped. Each sequence of 5 targets defined a path, and there were four different paths
in the SP task (depending on the starting point). That is, Path 1: Corner 1 → 2 → 3 → 4 → 1,
Path 2: Corner 2 → 3 → 4 → 1 → 2, Path 3: Corner 3 → 4 → 1 → 2 → 3, and Path 4: Corner
4 → 1 → 2 → 3 → 4. In this experiment, we recorded 60 trials for each path, and the total
number of trials was 240.

To fix a standardised time interval for all data, the spiking activity in each trial is normalised
to 5 s. For the purpose of function registration, a standard Gaussian kernel (width = 50 ms) was
adopted to smooth the point process spike trains, and the smoothed data is used in this study. As
illustration, all 60 smoothed spike trains in Path 1 are shown in Figure 7(a). These functions are
sampled at 20 Hz for use in computer programs. We then apply the uFR alignment method on
the data. The warping functions and the alignment by uFR are shown in Figure 7(b) and 7(c). To
be consistent with Figure 6, the plot of the mean and mean ± SD is also shown in Figure 7(d).
As there is no additive noise (the functions are smoothed), the alignment performance look very
successful with all peaks well aligned.

In contrast, we also apply cFR alignment on the data. Note that the data is a smoothed ver-
sion of raw spikes, and therefore, the integration of smoothing function should be the number
of spikes in each function. When we apply warping function, it is desired that we can keep this
feature preserved. To do this, we can simply take the square-root of each given function, and
the resulting functions (shown in Figure 7(e)) can keep the number of spikes preserved under
cFR transformation. The warping functions, the alignment, and the mean ± SD plot by cFR
are shown in Figure 7(f)–(h). We find that the cFR method also align functions in a reasonable
way, albeit different from the uFR alignment. Same as in the SONAR data, we also compute
the averaged correlation coefficient between each pair of functions for measuring alignment per-
formance. We find that the averaged correlation is 0.583 on aligned functions by the uFR, and
0.846 on aligned functions by the cFR. We repeat the same procedures for the other three paths
and found that the averaged correlations for uFR are 0.530, 0.584, and 0.623, respectively, and
for cFR are 0.862, 0.856, and 0.866, respectively. This indicates the outperformance of the cFR
method in the criterion of correlation between aligned function.

To compare the temporal characterisation by the uFR and cFR, we perform the nearest-
neighbour-based classification of movement paths using the x-distance (given in Section 4.2)
with each of the methods. For all 240 functions (60 in each target) in the data, we compute all

Figure 7. (a) Given spike train functions in Path 1. (b) Warping functions by the uFR alignment. (c) Aligned functions
by the uFR. (d) mean and mean ± SD by the uFR. (e) Square-roots of the given functions. (f, g, h) Same as (b, c, d),
respectively, except by the cFR alignment.
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pairwise Dx distances. Based on these distances, we perform the standard leave-one-out cross-
validation to infer movement path using observed spike train functions. It is found that the
classification accuracy is 0.47

(
112
240

)
by the uFR method and 0.63

(
152
240

)
by the cFR method. This

further supports that the cFR can better identify temporal alignment on the data which results in
superior classification.

5. Discussion and conclusion

In this paper, we study the registration with norm-preserving constraint and the associated signal
estimation problem in the field of FDA. In general, much progress has been made in FDA over the
past two decades. A quick overview of some of advances are provided in Cuevas (2014), which
include: probabilistic background for FDA, central tendencies (Mean, Median, and Mode) in an
FDA setting, functional regression models, functional classification methods, dimension reduc-
tion techniques, and bootstrapping in an FDA setting. Similar topics are covered in two recent
books (Horvath and Kokoszka 2012; Bongiorno, Goia, Salinelli, and Vieu 2014). In particular,
semi-parametric functional regression has been a central topic in the state-of-the-art literature,
and here we briefly compare it with our current study. Basically, our framework only has one set
of observations and our goal is to understand the generative model for the data. In contrast, the
regressions problems have both explanatory and response variables, and the goal is to understand
the representation of response by using explanatory variables.

The basic framework for functional regression is on a sequence of paired data,
(X1, Y1), . . . , (Xn, Yn), where Xi are assumed to be i.i.d. random function defined on a compact
interval I and Yi are assumed i.i.d. scalar random variables. The functional regression in general
is represented as follows:

Yi = r(Xi) + εi, i = 1, . . . , n.

One could model the regressor functional using a nonparametric link function
r(Xi) = r1(

∫
I βXi), where the function r1 can be done with either local-constant or local-linear

smoothing and least squares methods (Chen, Hall, and Muller 2011). Another approach is to con-
sider projection pursuit regression (Ferraty, Goia, Sallinelli, and Vieu 2013), where the regressor
functional is modelled by the finite sum of ridge functions that includes principal direction. There
is even an extension to these methods were the compact interval I is split based off of breaking
point criteria, and that ends up providing a partitioned functional single index model (Goia and
Vieu 2014). In a nonparametric kNN approach, a generalised regression function is estimated
from a modified kernel approach (Kudraszow and Vieu 2013). Semi-parametric models such as
partial linear regression with functional explanatory variables were also introduced to predict
real-valued response (Aneiros-Perez and Vieu 2006; Lian 2011). These methods of finding the
regression functional may differ but the goal is still to study how much the response variable
varies based off the observed explanatory curves.

In contrast, our study focuses on only one group of observed curves q1(t), . . . , qn(t), and we
aim to characterise these observations with a fixed underlying signal q(t) and a generative model
(Equation (2)):

qi(t) = (ciq + ei, γi)(t),

where ci is a positive constant scalar, ei(t) is additive noise function, and γi(t) is compositional
noise function. There is no response variable in our framework. The Fisher–Rao framework,
which is the inspirational backbone to our work, is designed to figure out the true underlying
signal and has not yet approached the notion of functional regression. Advancing the Fisher–Rao
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framework towards a functional regression model is an interesting prospect that will be studied
in our future work.

In this paper we have proposed the cFR approach for alignment of functions with norm-
preserving constraint based on the uFR framework, with the difference being that we treat the
observed functions directly as SRVFs in L

2. This difference allows our model to handle additive
noise, whereas the uFR method always assumes the functions are absolutely continuous (with-
out additive noise). One major contribution in this new method is that it provides an effective
approach for signal estimation when both compositional and additive noises are present; under
a semi-parametric framework, our proposed algorithm provides a consistent estimator of the
underlying signal.

We have pointed out that when the time warping is modest, the cFR alignment can be approx-
imately used as conventional alignment in functional data. Previous work indicates that the uFR
provides superior performance of function alignment. However, a strong limitation is that the
given functions have to be absolutely continuous. For noisy observation, a smoothing procedure
will be necessary whereas such preprocessing may corrupt the intrinsic nature in the data (e.g.
the two-peak data set in Section 4). One significant advantage of the cFR method is that it is
immune to additive noise. We have shown that the cFR provides more appropriate alignment
over the uFR and other methods. The optimal time warpings in the cFR also better characterise
phase variability in the data and result in better classification performance.

We note that the time warping in the classification is pairwise between functions. To make
the prediction more efficient, we will explore ways to compute the time warping between any
testing function and the Karcher mean of each class. This is expected to speedup the compu-
tational cost from O(n2) to O(n) (Wu and Srivastava 2011). In this paper, we have focused on
signal estimation with L

2 norm preserved property. The estimation in the unconstraint regis-
tration, in the form fi(t) = cig(γi(t)) + ei(t), is of more interest in the FDA community, and
we will extend the current framework to this challenging problem. Finally, the cFR framework is
based on a proper metric which effectively characterises phase difference between two functions.
A semi-metric is often more flexible and may be more desirable in some specific applications
(Ferraty and Vieu 2006). We will look into alternative (semi-)metrics in our future work.
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Appendix. Detailed proof of the consistency theory

Lemma A.1 For any q ∈ L
2, e ∈ Wσ , we have ∫ 1

0
q(t)e(t) dt

a.s.= 0.
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Proof By assumption, the noise function e(t) is an independent random process. Then, Re(s, t) ≡ E[e(s)e(t)] =
σ 21{s=t}, where 1{·} is the indicator function. Based on this result, it is easy to find that the integral∫ 1

0

∫ 1
0 Re(s, t)q(s)q(t) ds dt = 0. By Proposition 7.3.2 in Hajek (2011), the integral

∫ 1
0 q(t)e(t) dt exists in the mean square

(m.s.) Riemann sense. By the definition of integration of random process in Hajek (2011), we have

∫ 1

0
q(t)e(t) dt

m.s.= lim
n→∞

1

n

n∑
k=1

e(k/n)q(k/n).

Note that q ∈ L
2 and E(e(k/n)) = σ 2. Then

Var

(
1

n

n∑
k=1

e(k/n)q(k/n)

)
= 1

n2
σ 2

n∑
k=1

q(k/n)2 → 0

(
1

n

n∑
k=1

q(k/n)2 → ‖q‖2

)
.

Therefore,

lim
n→∞

1

n

n∑
k=1

e(k/n)q(k/n)
m.s.= 0.

By the uniqueness of the integration, we have

∫ 1

0
q(t)e(t) dt

a.s.= 0.

�

Lemma A.1 indicates that after integration the additive noise will have zero effect on any function in L
2. This property

is essentially important for the consistency result. We can easily get the following corollary.

Corollary A.2 For two independent noises e1, e2 ∈ Wσ , we have

∫ 1

0
e1(t)e2(t) dt

a.s.= 0,
∫ 1

0
e1(t)

2 dt
a.s.= σ 2.

Proof Similar to the proof in Lemma A.1, the above two integrals exist. We have

∫ 1

0
e1(t)e2(t) dt

m.s.= lim
n→∞

1

n

n∑
k=1

e1(k/n)e2(k/n).

Since e1(t) and e2(t) are independent processes, Var((1/n)
∑n

k=1 e1(k/n)e2(k/n)) = (1/n2)
∑n

k=1 σ 2σ 2 → 0. There-
fore,

lim
n→∞

1

n

n∑
k=1

e1(k/n)e2(k/n)
m.s.= 0, and

∫ 1

0
e1(t)e2(t) dt

a.s.= 0.

Note that {e1(k/n)}1≤k≤n are i.i.d. random variables. Using the strong law of large numbers,

∫ 1

0
e1(t)

2 dt
m.s.= lim

n→∞
1

n

n∑
k=1

e1(k/n)2 a.s.= E(e1(k/n)2) = σ 2.

Therefore, we have
∫ 1

0 e1(t)2 dt
a.s.= σ 2. �

Based on the above facts, we find the optimal warping between two functions is independent of the scale and additive
noise. This is shown in the following Lemma A.3 and Corollary A.4.

Lemma A.3 For any q1, q2 ∈ L
2, e ∈ Wσ , and constants c > 0, we have

argmin
γ∈�

‖q1 − (cq2 + e, γ )‖ = argmin
γ∈�

‖q1 − (q2, γ )‖. (a.s.)
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Proof Using the definition of L
2-norm:

‖q1 − (cq2 + e, γ )‖2 = ‖q1‖2 + ‖(cq2 + e)‖2 − 2c
∫ 1

0
q1(t)(q2, γ )(t) dt − 2

∫ 1

0
q1(t)(e, γ )(t) dt.

By Lemma A.1,
∫ 1

0 q1(t)(e, γ )(t) dt = ∫ 1
0 (q1, γ −1)(t)e(t) dt = 0 (a.s.). Thus,

argmin
γ∈�

‖q1 − (cq2 + e, γ )‖ = argmax
γ∈�

∫ 1

0
q1(t)(q2, γ )(t) dt = argmin

γ∈�

‖q1 − (q2, γ )‖. (a.s.)

�

Corollary A.4 The optimal warping between two L
2 functions is invariant to the scale transformation and additive

noise. That is, for any q1, q2 ∈ L
2, e1, e2 ∈ Wσ , and constants c1, c2 > 0,

argmin
γ∈�

‖c1q1 + e1 − (c2q2 + e2, γ )‖ = argmin
γ∈�

‖q1 − (q2, γ )‖. (a.s.)

Proof By Lemma A.3 and the isometry of the group action of warping functions,

argmin
γ∈�

‖c1q1 + e1 − (c2q2 + e2, γ )‖

a.s.= argmin
γ∈�

‖c1q1 + e1 − (q2, γ )‖ =
(

argmin
γ∈�

‖(c1q1 + e1, γ ) − q2‖
)−1

a.s.=
(

argmin
γ∈�

‖(q1, γ ) − q2‖
)−1

= argmin
γ∈�

‖q1 − (q2, γ )‖.

�

Furthermore, the uniqueness of the time warping is given in Corollary A.5.

Corollary A.5 For any function q ∈ L
2, e1, e2 ∈ Wσ and constants c1, c2 > 0, we have γid ∈ argminγ∈� ‖(c1q +

e1) − (c2q + e2, γ )‖ (a.s.). Moreover, if the set {t ∈ [0, 1]|q(t) = 0} has (Lebesgue) measure 0, γid = argminγ∈� ‖(c1q +
e1) − (c2q + e2, γ )‖ (a.s.).

Proof γid ∈ argminγ∈� ‖(c1q + e1) − (c2q + e2, γ )‖ (a.s.) follows directly from Corollary A.4 since γid minimises
‖q − (q, γ )‖. Next we show that this minimiser is unique if the set {t ∈ [0, 1]|q(t) = 0} has measure 0. In this case, if we
define F(t) = ∫ t

0 q(s)2ds, then F is a strictly increasing function on [0, 1].
Using Corollary A.4 again, we only need to show that γid is the unique minimiser for ‖q − (q, γ )‖. For any

γ ∗ ∈ � that minimises ‖q − (q, γ )‖, we have ‖q − (q, γ ∗)‖ = ‖q − (q, γid )‖ = 0. Therefore, q = (q ◦ γ ∗)
√

γ̇ ∗ (a.e.),

and F(t) = ∫ t
0 q(s)2 ds = ∫ t

0 q(γ ∗(s))2γ̇ ∗(s) ds = ∫ γ ∗(t)
0 q(r)2 dr = F(γ ∗(t)). As F(t) is strictly increasing, we must have

γ ∗ = γid . �

Next, we present a simple fact about the Karcher mean of warping functions.

Lemma A.6 Given a set {γi ∈ �|i = 1, . . . , n} and a γ0 ∈ �, if the Karcher mean of {γi} is γ̄ , then the Karcher mean of
{(γi ◦ γ0)} is (γ̄ ◦ γ0).

Proof First we observe that for any two γ1, γ2 ∈ �, we have dFR(γ1, γ2) = dFR(γ1 ◦ γ , γ2 ◦ γ ) for any γ ∈ �. This
comes directly from the isometry of the group action of � on itself. This implies that:

argmin
γ

n∑
i=1

dFR(γi ◦ γ0, γ )2 = argmin
γ

n∑
i=1

dFR(γi, γ ◦ γ −1
0 )2.

Let γ ∗ denote the optimal γ in the last term. Since argminγ

∑n
i=1 dFR(γi, γ )2 = γ̄ , this implies that (γ ∗ ◦ γ −1

0 ) = γ̄ or
γ ∗ = (γ̄ ◦ γ0). �

We will then present a basic property on warping functions.
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Lemma A.7 Let γ̄n ∈ � be an infinite sequence of warping functions, n = 1, 2, . . . . If γ̄n converges to a warping function
γ0 ∈ �, that is, limn→∞ dFR(γ̄n, γ0) = 0, then

lim
n→∞ ‖γ0 ◦ γ̄ −1

n − γid‖ = 0.

Proof By definition, dFR(γ̄n, γ0) = cos−1(
∫ 1

0

√ ˙̄γn(t)
√

γ̇0(t) dt). Hence, limn→∞ dFR(γ̄n, γ0) = 0 is equivalent to that∫ 1
0

√ ˙̄γn(t)
√

γ̇0(t) dt → 1, or ‖(1, γ̄n) − (1, γ0)‖ = ‖
√ ˙̄γn − √

γ̇0‖ → 0. Therefore,

‖(γ0 ◦ γ̄ −1
n ) − γid‖2 =

∫ 1

0
(γ0 ◦ γ̄ −1

n − γid )2 dt

=
∫ 1

0

(∫ t

0
(

√
γ0◦̇γ̄ −1

n (τ ))2 − (
√

γ̇id (τ ))2 dτ

)2

dt

=
∫ 1

0

(∫ t

0
(

√
γ0◦̇γ̄ −1

n (τ ) −
√

γ̇id (τ ))(

√
γ0◦̇γ̄ −1

n (τ ) +
√

γ̇id (τ )) dτ

)2

dt

≤
∫ 1

0

∫ t

0
(

√
γ0◦̇γ̄ −1

n (τ ) −
√

γ̇id (τ ))2 dτ

∫ t

0
(

√
γ0◦̇γ̄ −1

n (τ ) +
√

γ̇id (τ ))2 dτ dt

≤
∫ 1

0
(

√
γ0◦̇γ̄ −1

n (τ ) −
√

γ̇id (τ ))2 dτ

∫ 1

0
(

√
γ0◦̇γ̄ −1

n (τ ) +
√

γ̇id (τ ))2 dτ

= ‖
√

(γ0◦̇γ̄ −1
n ) −

√
γ̇id‖ · ‖

√
(γ0◦̇γ̄ −1

n ) +
√

γ̇id‖

= ‖
√

γ̇0 −
√

˙̄γn‖ · ‖
√

γ̇0 +
√

˙̄γn‖

≤ ‖
√

γ̇0 −
√

˙̄γn‖ · (‖
√

γ̇0‖ + ‖
√

˙̄γn‖)

= 2‖
√

γ̇0 −
√

˙̄γn‖ → 0(n → ∞).

The first inequality holds due to the Cauchy-inequality on integration, and the equality in the second to last line is a
basic fact by change of variables. Consequently, we have obtained the result that limn→∞ ‖γ0 ◦ γ̄ −1

n − γid‖ = 0. �
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