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a b s t r a c t

Statistical inference has an important role in analysis of neural spike trains. While current approaches are
mostly model-based, and designed for capturing the temporal evolution of the underlying stochastic pro-
cesses, we focus on a data-driven approach where statistics are defined and computed in function spaces
where individual spike trains are viewed as points. The first contribution of this paper is to endow spike
train space with a parameterized family of metrics that takes into account different time warpings and
generalizes several currently used metrics. These metrics are essentially penalized Lp norms, involving
appropriate functions of spike trains, with penalties associated with time-warpings. The second contri-
bution of this paper is to derive a notion of a mean spike train in the case when p = 2. We present an
efficient recursive algorithm, termed Matching-Minimization algorithm, to compute the sample mean of
a set of spike trains. The proposed metrics as well as the mean computations are demonstrated using an
experimental recording from the motor cortex.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Time-dependent information is represented via sequences of
stereotyped spike waveforms in the nervous system. A precise char-
acterization and analysis of waveform sequences (or spike trains)
is one of the central problems in neural coding. Due to the ran-
dom nature of the spike trains, probabilistic and statistical methods
have become important and have been investigated extensively to
examine firing patterns (Rieke et al., 1997). In this regard, the para-
metric probability models, such as Poisson or point processes in
general, have been predominant (Tukey, 1977; Box et al., 1978; Kass
and Ventura, 2001). These approaches have focused on modeling
biological processes underlying spike train data, using model-based
parametric families that study the temporal evolution of the data.
This modeling paradigm is currently a standard for deriving statis-
tical inferences from experimental results (Brown et al., 2002; Kass
et al., 2005). However, such models can be limited in evaluating
data-driven statistics on spaces where full spike trains are treated
as individual data points. Given a sample of spike trains, one may
naturally pose questions such as “What is the mean trend of the
sample?” and “What is the variability of the sample?” Although
these questions are very basic, the past models may not be able
to answer them as they only characterize variability at each spe-
cific time. We propose a principled framework to address this issue,
where we compute metric-based summary statistics in the spike
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train domain, and then suggest their use in developing statistical
inferences.

The definition of summary statistics (e.g. means and variances)
of spike trains is challenging in itself. To highlight the main issue,
we take a simple example with two spike trains A and B. Analogous
to the classical descriptive statistics of real-valued variables, the
Karcher mean of A and B can be defined as follows (Karcher, 1977):

C∗ = argmin
C

[d(A, C)2 + d(B, C)2] (1)

where d(·,·) is a distance between spike trains and the minimiza-
tion is on the space of spike trains. The issue is to choose a distance
that provides intuitive and tractable solutions to the minimiza-
tion problem. Not all metrics lead to interesting solutions. For
example, the commonly used Victor–Purpura metrics (Victor and
Purpura, 1996, 1997) would result in infinite number of solu-
tions to this minimization. This is because these metrics are like
Manhattan distances and lack the convexity needed to find the
unique minimum (e.g. the Karcher mean of two points (0, 0) and
(1, 1) under the Manhattan distance is any point (x, y) that satis-
fies 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, and x + y = 1, whereas the mean under the
classical Euclidean distance has a unique solution at (0.5, 0.5)).
This example underscores the fact that nature of metric is impor-
tant in defining statistical quantities and inferences. Many past
metrics have been successful in some specific scenarios (Lim and
Capranica, 1994; van and Rossum, 2001; Aronov, 2003; Houghton
and Sen, 2008; Schreiber et al., 2003; Kreuz et al., 2007; Quian
Quiroga et al., 2002; Hunter and Milton, 2003; Paiva et al., 2009a,b),
mostly in quantifying dissimilarities between spike trains. How-
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ever, their relevance in deriving statistical summaries remains
unclear.

This implies that new distance metrics, especially the ones with
Euclidean properties, are needed for computing means. In this
paper, we develop a comprehensive framework involving a param-
eterized family of metrics that: (1) incorporates the commonly used
metrics such as the Victor–Purpura metrics and van Rossum met-
ric (van and Rossum, 2001), and (2) allows us to compute intuitive
solutions for means of spike trains. Depending on the value of the
parameter, the new metrics can have properties similar to the Man-
hattan distance or the Euclidean distance. We will show that the
resulting mean spike train can reasonably summarize the firing pat-
tern of a set of spike trains and can be used to provide an efficient
method for spike train classification.

2. A family of metrics

Let s(t) be a spike train with spike times 0 < t1 < t2 < ... < tM < T,
where [0, T] denotes the recording time domain. Then, s(t) can be
written in the following form,

s(t) =
M∑

i=1

ı(t − ti), t ∈ [0, T],

where ı( · ) is the Dirac delta function. We smooth the spike trains
using a bump kernel function

K�(t) =
{

e−1/(1−(t/�)2)/Z if|t| < �
0 otherwise

which is infinitely differentiable with support [ − �, �], � > 0 and Z
is a normalizing constant such that

∫
K�(t)dt = 1.

Therefore, the smoothed spike train is

f (t) = s(t) ∗ K�(t) =
∫

s(�)K�(t − �)d� =
M∑

i=1

K�(t − ti).

For a fixed M, we define the space of all smoothed spike-trains
containing M spikes to be SM(�), and the set of all smoothed spike-
trains to be S(�) = ∪∞

M=0SM(�).
Define a family of metric distances in S(�) as follows: for

f, g ∈S(�),

Dp[�, �](f, g) = inf
� ∈ �

(∫ T

0

[|f (t)1/p − [g(�(t))�̇(t)]1/p|p + �|1 − �̇(t)1/p|p]dt

)1/p

,

(2)

where 1 ≤ p < ∞ and 0 < � < ∞, and � is the set of all time warping
(or diffeomorphism) � ’s from [0, T] to [0, T] which satisfies �(0) = 0,
�(T) = T, and 0 < �̇(t) < ∞. The first term on the right side of Eq.
(2) is called the matching term since it measures the goodness-of-
match between f and g in presence of warping. The second one is
called the penalty term which penalizes the amount of warping. It
can be shown that Dp is a proper distance. That is, it satisfies non-
negativity, symmetry, and triangle inequality. Indeed, Dp shares a
lot of similarities to the classical Lp norm in functional analysis.
The minimization in Eq. (2) can be performed via efficient dynamic
programming techniques (see Supplementary Material).

In particular, the distance D2 (when p = 2) is similar to the L2

norm and its distance can be viewed as a penalized “Euclidean
distance”. When there is no time warping (i.e. �(t) = t), the dis-
tance reduces to the van Rossum metric (van and Rossum, 2001)
(L2 distance between

√
f and

√
g). By penalizing the amount of

warping, D2 is able to capture the temporal spacing between spikes
and describe the dissimilarity as an (increasing) function of such
spacing.

Similarly, the D1 distance (when p = 1) corresponds to a penal-
ized version of the “Manhattan distance”. When � is sufficiently
small, the proposed D1 metric can also be characterized by the
interval-spike intervals (ISIs) in the spike trains. For example, we
can have � < 0.5 ms since successive spikes should be at least 1 ms
apart in a real data. In this case, D1 provides results equivalent to a
Victor–Purpura metric Dinterval . That is, inserting or deleting a spike
will have cost (or distance) 1, and shifting an ISI with time length �t
will have cost ��t. Indeed, an optimal mapping between two spike
trains can be looked as a path from one to the other via insertion,
deletion and shifting, and vice versa. Therefore, when � < 0.5 ms,
D1[�, �] = Dinterval[�].

3. Mean computation

We define the Karcher mean of a set of spike trains S1,...,SN ∈S(�)
in [0, T] using the “Euclidean distance” D2 as follows:

S∗ = argmin
S ∈S(�)

N∑
k=1

D2(Sk, S)2. (3)

Our investigation here is based on the assumption that both � and �
are sufficiently small. Again, when � < 0.5 ms, the spike trains can be
equivalently represented by the associated ISIs. We automatically
insert two spikes at times 0 and T for each train. Hence, a spike
train with M spikes results in an ISI vector with M + 1 components.
When � < 1/(2T), the penalty on time warping is relatively minor
(the distance is dominated by the matching term), and the ISIs can
be freely expanded or compressed (see Supplementary Material on
the selection of the upper bound 1/(2T)).

3.1. Case 1: Same number of spikes in each train

At first, we consider a limited scenario where the number of
spikes is same in each Sk. This case is simpler since for spike trains
S1,...,SN ∈SM(�), their mean will also be in SM(�). For � <0.5 ms,
each train Sk can be equivalently represented by an ISI vector (sk,1,

..., sk,M+1) with
∑M+1

i=1 sk,i = T − Ml� , where l� denotes the width
of each spike. The mean spike train S can also be denoted using
an ISI vector (c1, ..., cM+1). In this notation, Eq. (3) is a constrained
optimization problem whose solution takes the following unique,
closed form:

c∗
j =

(
N∑

k=1

√
sk,j)

2

M+1∑
j=1

(
N∑

k=1

√
sk,j)

2
(T − Ml�), j = 1,...,M + 1. (4)

3.2. Case 2: Arbitrary number of spikes in each train

Now we consider the mean for a set of spike trains S1,...,SN ∈S(�)
where the numbers of spikes are n1, ..., nN, respectively. There are
two unknowns in the mean: 1) the number of spikes n in [0, T]; and
2) the placements of these n spikes in [0, T]. Based on the assump-
tion that � and � are sufficiently small (i.e. � <0.5 ms and � < 1/(2T)),
one can show that for k = 1, ..., N,

D2(Sk, S)2 = |nk − n| + � · (optimal ISI warping distance). (5)

Here the distance is dominated by the first term on the right side
of Eq. (5). Therefore, the optimal n is the one that can minimize∑N

k=1|nk − n|, which is actually the median of (n1, ..., nN).
Once n is identified, we can then focus on the placements

of these spikes. We propose an algorithm, termed Matching-
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Fig. 1. (A) Trajectories (blue lines) of hand movement in 10 successful trials of the SP task. In each of the trials, the monkey’s hand passed the four corners of a square in
counterclockwise order to reach a target (red dot) that jumped from one corner to another, starting from the upper right corner. (B) A raster plot of spike trains in the first
neuron over the 10 movement trials. Each thin vertical line indicates the time of a spike, and one row is for one trial. The four thick, red vertical lines in each row indicate the
times when the four corners were reached, respectively. (C and D) Same as (B) except for the second and third neuron, respectively. (E) The 2-dimensional points associated
with the two largest eigenvalues based on metric D1. Blue circles indicate spike trains from neuron 1, red stars are for neuron 2, and green squares are for neuron 3. (F) Same
as (E) except for metric D2. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of the article.)

Minimization (MM) algorithm, to solve for these placements in the
following recursive fashion:

1. Set initial times for the n spikes in [0, T] to form an initial S.
2. Matching step: Find the optimal time matching between S and Sk,

k = 1, ..., N. There are two cases:

Case 1: nk ≥ n,

(a) Identify n spikes in Sk that are optimally matched to the n spikes
in S.

(b) Compute the n + 1 ISIs in Sk using these n spikes.

Case 2: nk < n,

(a) Identify the nk spikes in S that are optimally matched to the nk
spikes in Sk.

(b) Based on the nk matched pairs of spikes (between Sk and S), com-
pute the spike time in Sk as a function of spike time in S via linear
interpolation. Insert n − nk (imaginary) spikes in Sk using the
interpolated values computed on the other n − nk spike times
in S.

(c) Compute the n + 1 ISIs in Sk using the n spikes (nk real and n − nk
imaginary).

3. Minimization step: Compute the optimal (n + 1) ISIs in S based on
Eq. (4). These ISIs minimize the sum of squared distance for the
given matching. Then update the mean spike train with these
ISIs.

4. If the sum of squared distance stabilizes over steps 2 and 3, then
the mean spike train is the current estimate and stop the process.
Otherwise, go back to step 2.
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Fig. 2. (A) The means of the 10 trains in the 3 neurons. Each thin vertical line indicates the time of a spike. (B) The distances from 30 test spike trains to the 3 means. Spike
trains 1–10 are from neuron 1, 11–20 are from neuron 2, and 21–30 are from neuron 3. The blue line with circles shows the distances to the mean in neuron 1, the red line
with squares to the mean in neuron 2, and the green line with triangles to the mean in neuron 3. (C) The average of the distances from each test train to the 10 trains of each
neuron in the training data. The plot colors and symbols are the same as that in (B). (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of the article.)
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Denote the estimated mean in the i th iteration as S(i). It
can be shown that, under the chosen constraint (� <0.5 ms and
� < 1/(2NT)), the sum of squared distance

∑N
k=1D2

2(Sk, S(i)) mono-
tonically decreases with each iteration. As 0 is a natural lower
bound, the recursive procedure will always converge. In practical
applications, we find the process only takes a few iterations to reach
a reasonable convergence.

4. Experimental illustrations

Here we demonstrate the use of the new metrics and the mean
spike train in a real experimental recording in motor cortex (Chi
et al., 2007). Spiking activity was recorded using a microelectrode
array in the arm area of primary motor cortex in a Macaque mon-
key. The monkey was trained to perform a Squared-Path (SP) task
by moving a cursor to targets via contralateral arm movements in
the horizontal plane. To illustrate the new metrics in measuring dis-
tances between spike trains, we selectively choose spiking activity
from 3 neurons over 10 movement trials in the recording. The first
neuron fires more frequently when the hand moves to the left, the
second one fires relatively evenly over the movement, and the third
one fires more when the hand moves to the right. The trajectories
of the 10 trials as well as the spike trains in the three neurons are
shown in Fig. 1A–D.

With 30 spike trains over three neurons, there are
30 × 29/2 = 435 distances. As a summary, we found that the
average distances within neurons are 12.2( ± 3.5) and 3.4( ± 0.5)
for D1 and D2, respectively, and between neurons are 18.9( ± 5.3)
and 4.5( ± 0.7), respectively. This indicates that the metrics
appropriately capture the dissimilarity between spike trains. To
visualize the clustering based on the pairwise distances, we use
a multidimensional scaling technique (Seber, 2004) to show the
2-dimensional points associated with the two largest eigenvalues
(see Fig. 1E, F). The plots clearly indicate that the spike trains can be
successfully clustered via either the D1 or D2 metric. For example,
using a leave-one-out cross-validation, the accuracy is 93.3% and
96.7% for D1 and D2, respectively.

Based on the proposed MM-algorithm, we compute the mean
spike train for each neuron (Fig. 2A). When compared with the
original spike trains, the mean spike trains successfully capture the
broad firing patterns in the corresponding neurons. These mean
spike trains can be used for classification purposes. To demonstrate
that, we randomly choose another 10-trial movement data from the
same three neurons. For the 30 trains (10 trains from each neuron)
in this test data, we label each spike train based on its distance
to each of the three means. In this case, the computational cost is
3 × 30 = 90 distances. The result of this distance-to-mean classifi-
cation is shown in Fig. 2B. We see that except spike trains 12 and
18, each spike train has the shortest distance to the mean from the
same neuron (over the three neurons). That is, the spike trains can
be classified with 93.3% accuracy.

As a comparison, we need to compute 30 × 30 = 900 D2 distances
in the classical pairwise-distance classification (label each spike
based on the shortest average of the distances in each neuron).
The result on this classification is shown in Fig. 2C. We see that the
averages are very similar to the distances to the mean in each neu-
ron. Moreover, the accuracy is at 96.7%, a slight improvement over
the distance-to-mean classification.

5. Discussion and future work

We have developed a parameterized family of distances that
successfully measures dissimilarity between observed spike trains
while taking into account different time warping of spike trains.
Furthermore, using the “Euclidean distance” D2, we define the mean

of a set of spike trains and propose an iterative numerical pro-
cedure, the MM-algorithm, for the mean computation. There are
many uses of this statistic, two of which are demonstrated here: (1)
the computation of a template or a representative spike train for a
neuron under a fixed stimulus/behavior, and (2) the efficient clas-
sification of spike trains by comparing them to the mean templates
for different neurons.

An important future direction is to extend this framework to
include the second moment, i.e. the sample (scalar) variance for a
set of spike train, which can be obtained by the minimum value
obtained in Eq. (3). Together, the first two moments can help us
develop Gaussian-type models to capture variability in spike train
data, and can lead to more useful statistical procedures such as
confidence intervals and hypothesis tests.
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