9 U-STATISTICS

O U-STATISTICS

Suppose Xi,X>,...,X, are P € & i.i.d. with CDF F. Our goal is to estimate the expectation
t(P)=Eh(X{,X5,...,Xm). Note that this expectation requires more than one X in contrast to
EX, EX?, or Eh(X). One example is E[X; — X ;| or P((X;,X,) €S).

For Eh(X), the empirical estimator is asymptotically optimal. Now, U-statistics general-
ize the idea. The advantage of using U-statistics is unbiasedness.

Notation. Let t(P) = f---fh(xl,...,xm)dF(xl)---dF(xm) where h is a known function; h
is called kernel. Assume that, in the following, without loss of generality, h is symmet-
ric, i.e. h(x1,Xx3) = h(x2,x1). If h is not symmetric, we can replace it with h*(xy,...,x,) =
(m)"'Y, th(Xz(),....Xz(m)) where 7 : N — N and II is set of all possible permutations of
{1,...,m}. Note that h* is also unbiased,

h*=(m)™" > Bh(Xaay..... Xeem) = (M) Eh(Xy..... Xm) =t (P).

mell nell

Definition 9.1. Suppose h : R™ — R is symmetric in its arguments. The U-statistic for esti-
mating t (P) =Eh(X1,...,X,,) is a symmetric average

D> b X

( )1<11<12< <im<n

u=uXi,....Xn)=

Example. Suppose m =2, then

u=u(X;,X,)= )ZZh(X”,Xm)— 1)ZZh(XI,X ) (1)

11<12
h(X;,X; 2
)Y o
i7]
Remark.
Z Z Eh(Xi,,....Xi. )=Eh(X1,...,Xm)=t(P).
m 1<5i1<iz<+<ipm<n
Example 9.2.

(a) Suppose t(P)=EX; zfxldF(xl). Then, h(x;)=x; and
1 1 _
u(Xl,...,Xm)zﬁ E h(Xll):— E XIZX
n
1/, i

(b) Suppose t(P)=(EX,)*= (f x;dF (xl))z. Then u?=X2 from (a) is biased since

E(X?)=n"2 ZZEXX +Z E(Xz) # (EX,)%.

=1
=1 =(EX,)? ' EXz;é(EX])z
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9 U-STATISTICS

Now, writet(P)zffx1x2dF(x1)dF(x2) and h(x,X,) =xX,. Then

u=u(X,... . X,)= n_l)ZZXX

i<j

(¢c) Suppose t(P)=P(X; <tg)=F(tg)= f h(x;)dF(x;). Then h(x;)= I (—s0y,(x1) and

u =n712 1{X; <to} =F(to)

which is just the empirical CDE
24x2-2x X
(d) Supposet(P)=VarX; = f f %dF(xl)dF(xz). Thenh(x,,x;) = (x{+x35—2xX,)/2=
(x; —x2)?/2. Note that

Eh(x,x5) = {Var(X,)+ [E(X,)]* + Var(X,) + (EX,)* — 2E(X, X,)}/2 s Var(X,).

Hence,

u= n(n —-1) ZZh(X“X )

i<j

:n(n—l)ZZ

= ﬁZ(Xi —-X)?

i=1

X? +X2 2X;X;

n

o 1 _
7502_;2()(1—)()2.

i=1

Note that 62 is a biased estimator and u is an unbiased estimator.
(e) Suppose t(P)=E|X; —X,|= f f |x; —x,|d F(x{)d F(x,) (measure of dispersion). Then

u= n(n_l)ZZp( —X;].
i<j

u is called Gini's Mean Difference.
(f) Suppose t(P) =P(X;+X, <0) = ff 1{x; +x, < 0}dF(x;)dF(x;). Then, h(x,x,) =
1§x; +x, <0} and

u= n(n_l)ZZI{xl—i-xJ <0}

1<)
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9 U-STATISTICS

Remark 9.3 (Preliminary Remark). Write X, = (X(1),...,X(n)) as the order statistic. U-statistic
can be regarded as conditional expectation given X ). Form =1,

u=n"") h(X)=n"> h(Xe)=Es[h(X,)X].
For m=2,
1 1
U= ) Y h(XeX) = > h(Xa. X)) =Es[h(X1. X2)X ).
(2) i<j (2) i<j
For arbitrary m,

u :EF [h(Xl’Xza'-"Xm)l&n)]'

Now: any unbiased estimator S =S(X;,...,X,) can be improved by its U-statistic version (or
S*if S is not symmetric)
u =Eg[S|X,)]-

For example, X is unbiased for EX. Now, u =Ez(X; |§(n)) =n"! Z?zl Xpy=X=n"! Z?:] X; =
E}f(xl)-

Theorem 9.4. LetS =S(X4,...,X,) be an unbiased estimator of t (P) with corresponding U-
statistic u. Then, u is unbiased as well and Varu < VarS with the equality holding if P(u =
S)=1.

Proof. uisunbiased:
E(u)=E[Es(S[X,))] =t(P).
~—_———

ES)

Since both u and S are unbiased we show Eu? < ES?2,

Jensen inequ.

Eu’=E[E}SIX,)] =<  E[Es(S’[X,))]=E(S?)

with "="if the distribution of Ex(S |§(n)) is degenerate with Eg(S |X(n)) =S almost surely.
]

Note: This also follows from the Rao-Blackwell Theorem: Taking conditional expectation
of an unbiased statistic conditional on a sufficient statistic (eg. X, here) will give us an
estimator which is as least as good in the sense of lower risk/variance.

Remark 9.5 (The Variance for m < 2 (heuristics)).

m=1.

RN 1
Varu = Var (E;h(xl)) = HVarh(Xl) =0(1/n).
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9 U-STATISTICS

m =2. Since

1 2
u = EZh(XI,XJ)z mZh(XI,XJ)

i< i<j

1

6]

[h(X,X2)+h(X,X3)+-+h(Xn-1,X0)],

not independent

then

2
Varu = Var mzzh(Xi’Xj)

i j>i

= (ﬁ)zzZZZCOv[h(Xi ,X;),h(Xy, X1 )].

i j>1 >
b=k Ik =0 ifi.j k.l different

The second largest term (three sums): e.g. i =k butk,j,] are different (~u?)

1\, n® 1
Varu ~| ——— | n"~— =—sameorderasm = 1.
n(n—1) n* n

Thus, we expect in general, Varu =O(1/n).

Notation. hi(X1,...,Xi):E[h(Xl,...,Xm)|X1 =X1,...,X; :Xi] andO‘iszarhi(Xl,...,Xi)

Lemma 9.6.

(a) Eh;(X,...,X;)=t(P)(=Eh(X;,...,Xn))forall1<i <m.

(b) COV[h(X],...,Xi,Xi_H,...,Xm),h(Xl,...,Xi,Xi/+1,...,XI,11)] = 0'12

Proof. We only consider m =2 here.
(a)
Eh,(X,X2) =E{E[h(X;, X)X, X2]} =E[h(X;,X2)] = t(P)

Eh,(X,,X,) =E{E[h(X,X,)|X,]} =E[h(X,X,)] =t (P)

(b) 1=2.
Cov[h(X{,X>),h(X,X;)] = Var[h(X,X;)] = Varh,(X,,X;) = U;-
The second equality is because h,(X,X,) =E[h(X,X,)X1,X>] =h(X,X>).

i=1.

Cov[h(X;,X5),h(X;,X5)] =E[h(X,X,)h(X,X})] — E[h(X;,X,)]E[h(X;,X))] .

={E[h(X1,X2)]}*=[t (P)]?
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9 U-STATISTICS

Note that first term on the right hand side can be computed by

E[h(X;,X2)h(X,,X))] =E{E [h(X,,X2)h (X, X3)IX ]}
=E{E[h(X,X2)IX1]E [h(X(, X)X, ]}
=Eh’(X,).

Theorem 9.7 (Hoeffding).

(a) The variance of the U-statistic is

Il «~—(m)(n—-m 5
Varu = — . . |o:.
&l Am=i)7

Note that one can compute 0 from Lemma 9.6.
(b) Ifo?>0and o2 <oofori =1,2,...,m, then

Var(v/nu) — m20'i2.

Proof. (a) For general proof, see Lee “U-statistics” (1990). We only prove the case of m = 2.
We want to show that

106 R [y R

with 0 = Cov[h(X,,X,),h(X,,X?)] and 05 = Cov[h(X,,X;),h(X,,X,)] = Var[h(X,,X,)].
From Remark 9.5 we have

Varu = ( ) ZZZZCOV h(X;,X;),h(Xy,X;)]

i j>i k 1>k

j{::z::z::i:(:OV h(XJ,X )]JCXk,X H

i j>i k 1>k

— 2 2
=2(n—2)o?+073

Casel 1i,j,k,l are all different. Then Cov=0.
Case2 i=k andj =1:

COV[h(Xi ,Xj ),h(Xk,Xl )] = COV[h(Xi ,XJ‘ ),h(Xl ,Xj )] = Var[h(Xi ,Xj )] = 0'2

Note that the number of ways to choose i,j outof {1,2,...,n}is (g) This gives us

(3)o3/(G) =
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9 U-STATISTICS

Case3 (i=kandj#l)or(i#k andj =1).
COV[h(Xi,Xj ),h(Xk,Xl )] = O'?

Note that the number of ways to choose i,j,k,1 is

1 n
n -mn—1))=—-n—2- 2 =( )2(n—2).
1 ]751 1 or

This gives
(5)2(n —2)o?

()
(b) Consider the variance formula from (a)
(n —m) _(m-m)n-m-1)-(n-m-k+1) n*

=2(n—2)o7;.

Kk k! k!

is large if k is large. This implies that (" ™) is large if m —i is large, i.e. i = 1. Thus the
terms of the sum are dominated by the i =1 term, i.e., by

m)(n-m) , 1 nm !t ] ,03
04~ ~m o =m°—=.
1 /J\lm-1 (1) (m—-1) 'n™/m! n

Hence, Var(vnu)— m?c?.

Theorem 9.8. ”
vn(u —t(P)) = N(0,m’0?}).

Proof. For general proof, see p. 178 of Serfling.

un:;(lzl) (rcl) Z gc(Xi,,...,Xic)+op(n—1/2)_

1<i|<~<i.<n

Form =2,
To=n"(u, —t(P)=n""2> 2[h,(X;) — t(P)] +0,(1):=T.

We want to show that E(T, —T*) = 0 (=T, —T*=0,(1)).

E(T, —T))’ = Var(T, — T.)
= Var(T,) + Var(T) — 2Cov(T,, T))

—VarlVtu (P} +Var (2= 3 lh 06) - )]
~2Cov (mu —t(P)),%Z[hl(xi)—t(P))
:Var(\/ﬁu)—l—EZVar[hl(Xi)] —4ZCOV(u hi(X)"=00.

—m?20?

40’% (;]20'%
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9 U-STATISTICS

For (%),

D Cov(u.h(X;)= n(n;_l)ZZZCOV[h(Xl X ) hi(X;)] =207,

k 1#£k
@af, if k=i or 1=i

The number of non-zero terms is 2n(n — 1).

For (7),

229 Covlh(X 1, X,) (X1, X))

=E[h(X;,X2)h(X;,X})] - [t (P)]

=E{E[h(X,X2)h(X, X)X, Xo]} — [t (P)]

=E{h(X1,X2)E[h(X;,X})X1,X,]} = [t (P)]?
=E(h(X;,X2)IX1)=h;(X;)

= Cov[h(X;,X53),h(X4)].

(o)

Example 9.9. Suppose t(P)=P(X; +X,>0),m =2, h(X;,X,)=1(X; + X, >0). Then
! Zl(X +X: >0)
u=— ; .
n(n—1) = !

and, by Theorem 9.8, vn(u —P(X; + X, > 0)) Z, N(0,407%). The next thing is to calculate 0.

229 Covlh(X 1, X,), h(X 1, X))

=E[h(X,.X2)h(X1,X})] - [P(X; +X, > 0)]
=E[1(X; + X, > 0)1(X; + X} >0)] — [P(X; +X, > 0)]?
=E[1(X; +X, >0, X; +X}>0)] - [P(X; +X, > 0)]>.

(o)

To obtain an explicit form we need some assumptions. Suppose, for example, F is symmetric
around zero, i.e. P(X; <a)=P(X; > —a)=P(—X; < a) which implies X; and —X; have the
same distribution. Moreover, suppose F is continuous. Then P(X; +X; > 0)=P(—X; — X, >
0)=P(X; +X; <0) with P(X; + X, =0=0), and therefore

1
I1=PX;+X2<0)+PX;+X>=0)+P(X; +X>>0)=2P(X; + X, >0)=>P(X;+ X, >0)= 2
On the other hand, since P(X; +X, > 0)=P(X; > —X,) =P(X; > X>),
P(X1+X2 > O,X1+X; > O)ZP(XI :max{Xl,Xz,X;}):P(Xi :max{Xl,Xz,X3},i = 1,2,3): 1/3

Insum, 0?=1/3—(1/2)*=1/12.
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Remark 9.10 (Generalization: Two-Sample Problems). Suppose X;,...,X, are i.i.d. with cdf
F,Yy,....,Y, arei.i.d. with cdf G, and F and G are unknown, X; and Y; are independent. Let

h(Xl""9XmX’Yl""9me)

symmetric symmetric

be a function of mx+my arguments, with myx < nx and my <ny. We want to estimate t (P) =
Eh(X1,...,Xmy> Yis---5 Ym, ). Forexample, t(P)=P(X; <Y;)=Eh(X;,Y;)where h(X,Y)=1(X <
Y); or t(P) =E|Y —X|. Note also that h(X,...,Xm,,Y1,..., Ym, ) is trivally unbiased for t (P) =
Eh. Thus h(X;,,....Xi,..Yj,,... Y, Jwith1 <i;<...<ip, <nxand 1 <j; <...<jm, <nyis
unbiased as well. The number of combinations is (:1’; ) (:;YY ). Our unbiased estiamtor is

NS (ny e DL U (X X YY)

Example (mx =my =2).

lm’

uz(,,Tl(nY)ZZh(Xi,Xk,Yj,Yl)

i<k j<I

where h(X],Xz,Y],Y2) = 1(|X2 —X1| < |Y2 —Y1 |) Then

u :ﬁ Zzl(lxl _Xk|<|Yj _Yll)
) (%)

i<k j<I

=the number of (i.j.k,l) where y —distance is larger

and t(P) = P(|]Y> — Y| > |X, — X;|). Note that this U-statistic can be used to test Y is more
dispersed than X.

Remark 9.11 (Properties of the Two-Sample U-statistic).

(a) Formula for Varu, see Lee or Serfling.
(b) Asymptotic variance and normality. Let n = nx +ny and nx/n — ¢ where ¢ € (0, 1).
Suppose Var[h(X,X5,..., Xmy, Y1, Y25, Yy )] > 0. Then

m2 m2
Var(vnu)— o? ——0' +—Y0'
C
and ”
vn(u —t(P))—N(0,0%)
where

> 110 2

0'(2)1:Cov[h(Xl,Xz,...,XmX,Yl,Yz,...,me),h(X;,X;,...,XI’nX,Yl,Yz,...,Yr; )]

02 =Cov[h(X1. Xa..... Xy Y1, Yaouo oo, Yo, L h(X 1 XS, WX LYY Y))
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Example 9.12. Suppose t(P)=P(X <Y )=E[1(X <Y)] (thus mx =my = 1). Then

u= nxlnY ZJZMXi <)

and

07, =Cov[1(X; < Y1), 1(X; < Y))] =E[(1(X; < Y)I(X; < Y/)] = {E[1(X; < Y{)]}?
=P(X; <Y..X; <Y,)—[P(X; <Y}
g, = Cov[1(X; <Y), 1(X] <Y =E[(1(X, < Y)I(X] <Y;)] - {E[1(X; < Y))I}
=P(X; <Y..X| <Y))—[P(X; <Y\
Now suppose F = G is continuous. Then P(X; <Y;)=1-PX; >Y;)=1-PX; >Y;) =
1 —P(Y; > X;) and hence P(X; < Y;) = 1/2. Furthermore, P(X; < Y., X, <Y/) = P(X; =

min{X,,Y;,Y/}) = 1/3 and P(X, <Y, X| <Y;)=P(Y, = max{X,;,X/],Y,;}) = 1/3. Then 03, =
0'31 = 1/12 and the asymptotic variance is

2 2
2 X 2 My , 1
o'=—20° +—0;, =———.
c 19 ¢ "% 12¢(1—c¢)

In sum,

9 1

Note: nxnyu = Zi Zj 1(X; <Y;) is the Mann-Whitney test statistic with Hy : F =G (and
equivalent to a Wilcoxon rank sum statistic).

Definition 9.13. Consider a symmetric function h : R™ — R with m < n. The V-statistic for
estimating t (P) =Eh(X4,...,X)is

\% =V(Xl,...,xm)=nimi---ih(xil,...,xim)

i=1 im=1

Remark 9.14 (Comparing U- and V-Statistics).

m=1Lu=n"'Yh(X)=v
m = 2. First note that

2 1
u= - 1)iz<j:h(Xi,Xj): m%h(Xi,Xj),
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On the other hand,

v = %ZZh(Xi,Xj)z éz Zh(xi,xj)-i- h(X;,X;)

i | i
= —ZZh(XI,X )+ — Zh(XI,X )

i j#A

n(n— 1)
——ut— Zh(XI,X ).

—_—
-1 A
Moreover, Eh(X,X,)=t(P).
n—1

1
Ev = ——Eu + —Eh(X,X))
n n

=t(P)— %t(P)—i— %Eh(Xl,Xl)

:t(P)‘i‘% Eh(X],X])—t(P)

=constant

=bias—0

Theorem 9.15. Let m =2, o7 = Varh;(Xy,...,X;) (see 9.6), and suppose 0 < 0% <00,02%<00.
Then U- and V-statistics have the same asymptotic distribution,

V(v —t(P)) 5N (0,402).

Proof. From Remark 9.14,

«/H(V—t(P))zx/H(n s YK X)) 1“)

= \/H(T_(u ~t(P))+ FZh(Xi,xi)— ;t(P))

= - P+ v [ S X~ L))

:—ﬂu—t(P)H——Z(h(XI,X) t(P)) 5 N(0.402).
\—,_

-1 —»N (0,4cr1 )

—)E[h(Xi ,Xi)—t(P)]=constant
O

Conclusion: U- and V-statistics are asymptotically equivalent. The V-statistic is a more intu-
itive estimator, the U-statistic is more convenient for proofs (and unbiased).
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