
Variograms for spatial functional data with 
phase variation



DIFFERENT TYPES OF SPATIAL 
FUNCTIONAL DATA

1. Spatially indexed functional data with phase variation

• Spatial prediction
• Clustering
• Applications: environmetrics, electroencephalogram (EEG) signals

2. Spatially indexed shapes

• Shapes of curves in two dimensional images with image coordinates 
serving as spatial locations

• Shapes of surfaces in three dimensional images
• Applications: medical imaging, biology, graphics, computer vision

3. Marked point processes

• Point processes on spatial domain with geometric marks, e.g., 
functions, shapes, trees, etc.

• Applications: medical imaging, biology, graphics, computer vision



SPATIAL FUNCTIONAL DATA EXAMPLES

Daily Ozone Data in 
Northern California

Tumor Cells in Histopathology Images
(Vu et al., 2019)

EEG Data
Histologic Image with 

Genetic Map
(Zhang et al., 2016)



BRIEF LITERATURE REVIEW

• Brief literature review:

• Nerini et al., 2010: applied multivariate spatial statistics after 
dimension reduction

• Giraldo et al., 2011: defined L2 metric-based trace-variogram for 
functional data

• Mateu and Romano, 2017: applied trace-variogram for spatial 
prediction and clustering

• Caballero et al., 2013; Menafoglio et al., 2013; Reyes et al., 2015; 
Menafoglio & Petris, 2016: extensions that relax assumptions

• Most current trace-variogram based methods assume that given functions 
are perfectly aligned or treat phase variation as negligible noise.



• Second order stationary and isotropic random field:

• Standard definition of variogram:

• Second order stationary and isotropic functional random field:

• L2 metric-based trace-variogram:

• Captures the amount of spatial dependence in the random field.

• Plays a key role in spatial prediction and clustering.

WHAT IS A VARIOGRAM?



CONTRIBUTIONS

1. We define an amplitude trace-variogram on the spatial domain.

2. In order to account for the relative nature of phase, we define a conditional 
phase trace-variogram on an augmented domain comprising shape of the 
observed functions as a covariate.

3. We propose an algorithm to compute a spatially-weighted mean, which enables 
joint alignment of functions and computation of estimators of the amplitude and 
phase trace-variograms.

4. Based on the variograms, we propose 

a. linear unbiased estimators for spatial prediction of amplitude and phase 
(and combine them to form the final prediction), and 

b. a method for clustering spatial functional data into amplitude and phase 
clusters.



AMPLITUDE AND PHASE VARIABILITY

“y variability”

“x variability”



• Function space:

• Phase component:

• Function warping:

• Square-Root Slope Function (SRSF):

• Simplification: L2 metric on SRSF space is invariant to warping.

• Function warping through SRSF:

• Amplitude:                                      or 

ELASTIC FUNCTIONAL DATA ANALYSIS



• Amplitude distance:

• Optimal phase:

• Shape distance:

• Representation of phase:

• is the positive orthant of the unit Hilbert sphere.

• Intrinsic relative phase distance:

• Extrinsic phase distance:

ELASTIC FUNCTIONAL DATA ANALYSIS



• Functional random field:

• Observed spatial functional data:
(subscript si simply referred to as i)

• Amplitude trace-variogram (under second order stationarity and isotropy):

• ‘Spatial’ distance for phase trace-variogram:

(            is a tuning parameter)

• Phase trace-variogram (under second order stationarity and isotropy):

AMPLITUDE/PHASE TRACE-VARIOGRAMS



AMPLITUDE SPATIAL PREDICTION

• Goal: given data                                                        , estimate the amplitude 

component               at a new location             .  

• Key idea: define a spatially-weighted amplitude estimator that serves the dual 
purpose of a local template for alignment and as an estimate of the amplitude 
component.

• Linear estimator of amplitude: 

• Minimizes the expected amplitude prediction error functional. 

• The optimal weights can be computed solely using the plug-in estimate of the 
amplitude trace-variogram:



AMPLITUDE SPATIAL PREDICTION

• At each iteration, we 

1. align all observed functions with respect to the current estimate of the 
spatial amplitude component;

2. estimate the optimal weights using the trace-variogram;
3. update the current estimate of the spatial amplitude component.

• The algorithm also results in optimal phase of each function with respect to the 
spatial amplitude prediction.



SPATIAL PHASE AND FINAL PREDICTION

• The spatial phase prediction is computed in similar fashion (no need for an 
iterative algorithm), but using the phase trace-variogram based on the modified 
‘spatial’ distance.

• The final prediction combines the spatial amplitude and phase predictions, as 
well as a prediction of function translation (computed using the standard notion 
of a variogram).



PROPERTIES

1. Under a simple model and some additional conditions, the amplitude estimator 
computed via the Algorithm converges to an element of the correct orbit as the 
number of observations in the neighborhood of the new location becomes 
dense.

2. Minimizing the amplitude prediction error is equivalent to minimizing a 
quadratic form that only involves the weights in the linear estimator of 
amplitude and the amplitude trace-variogram.

3. Property (2) also holds for the phase predictor, but uses the phase trace-
variogram.

4. Properties (2) and (3) result in efficient estimation of the amplitude and phase 
components of the final spatial prediction.



THREE SIMULATED EXAMPLES

• Black: true function

• Red: L2 metric-based trace-variogram prediction

• Blue: proposed approach



EVALUATION ON REAL DATA

• Leave-one-out cross-validation for the daily ozone data in Northern California.

• Five different error metrics:

• E1-E3: amplitude errors

• E4: phase error

• E5: mean squared error

• (a) proposed approach; (b) L2 metric-based trace-variogram prediction



SPATIALLY WEIGHTED HIERARCHICAL 
CLUSTERING

• Spatially-weighted amplitude and phase distance matrices:

• Estimate of amplitude trace-variogram:

• Estimate of phase trace-variogram:



SIMULATION STUDY

Agree Design

Disagree Design



SIMULATION STUDY

Disagree Design Result

Amplitude Phase L2 Metric-based

• L2 Metric-based clustering must always compromise between the amplitude and 
phase components.

• Using the rand index as an evaluation metric, the proposed method outperforms 
the L2 metric-based approach in terms of amplitude and phase clustering.



REAL DATA STUDY

• Clustering of Canadian temperature data: daily temperature data averaged over 
1960-1994, recorded at 35 stations.

• Pre-processing: removed latitude and longitude effects using functional linear 
regression.

• Selected ten clusters for each approach.



REAL DATA STUDY



THANK YOU!

QUESTIONS?

X. Guo, S. Kurtek, K. Bharath, Variograms for spatial functional data with phase
variation, arXiv:2010.09578.


