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1. Introduction

In 1992, Professor Avner Ash made the following conjecture (see [Ash], p 242,
Conjecture B):

Conjecture 1.1. (Ash, 1992) Let (Γ, S) be a congruence Hecke pair of level N
and p be a prime. Let F be a finite field of characteristic p. Let V be an admissible
FS module. Suppose β ∈ Hi(Γ, V ) is an eigenclass for the action of the Hecke
operators Tl,k with eigenvalues a(l, k) ∈ F for all primes l not dividing N and all
k = 1, ..., n.

Then there exists a continuous semisimple representation ρ : GQ → GLn(F)
unramified ouside pN such that

P (β, l) = det(I − ρ(Frobl)X)

for all primes l not dividing pN .

Recall that P (β, l) =
∑

(−1)klk(k−1)/2a(l, k)Xk.
This conjecture is analogous to the Eichler-Shimura theorem that associates a

Galois representation to each modular form which is an eigenform for the Hecke
operators.

Let Un(Fp) be the group consisting of upper triangular matrices of GLn(Fp) with
1 on the diagonal. Also let ΓU be the congruence subgroup defined by ΓU = {M ∈
SLn(Z), M ∈ U}. We will prove that Conjecture 1.1 holds for Hecke eigenclasses
in H∗(ΓU , Fp) that come from H∗(Un(Fp), Fp) via the reduction mod p map. See
Cor. 4.4 below for a precise statement.

We prove:

Theorem 1.2. Let β ∈ H∗(Un(Fp), Fp) be an eigenclass for Tl,k for all primes
l 6= p, and all 1 ≤ k ≤ n. Then there is an integer d such that the representation

(1) ρ = ωd ⊕ ωd+1 ⊕ ...⊕ ωd+n−1 : GQ → GLn(Fp),

where GQ = Gal(Q/Q), has the property that

P (β, l) = det(I − ρ(Frobl)X) for all l 6= p.
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2 On a conjecture of Ash

Here ω : GQ → F× is the cyclotomic character of conductor p. Thus if ζ is a
primitive p-th root of unity, then ζσ = ζω(σ).

This material was part of a Ph.D. thesis at the Ohio State University under the
supervision of Professor Avner Ash.

2. Notations

Let U = Un(Fp) be the subgroup of GLn(Fp) consisting of upper triangular
matrices with 1 on the diagonal. Also let

U∗ = {A ∈ GLn(Fp), A =


1 ∗ ... ∗
0 1 ... ∗
. . . .
0 ... 1 ∗
0 ... 0 ∗

}.
Define

ΓU = {M ∈ SLn(Z), M ∈ U},
SU = {M ∈ Mn(Z),det M > 0, (detM,p) = 1, M ∈ U∗},

Γ(N) = {M ∈ SLn(Z),M ≡ In mod N}, with Γ(1) = SLn(Z),

SK(N) = {M ∈ Mn(Z),det M > 0, (detM,K) = 1,M ≡ diag(1, 1, ..., 1, ∗) mod N},
GSK(N) = {M ∈ Mn(Z),det M 6= 0, (detM,K) = 1,M ≡ diag(1, 1, ..., 1, ∗) mod N}.

3. Some functoriality properties

Recall some definitions from [Ash]:

Definition 3.1. A Hecke pair is a pair (Γ, S), where Γ is a subgroup of GLn(Z)
containing Γ(N) for some N , and S is a semigroup of GLn(Q) such that Γ ⊂ S.

Definition 3.2. Two Hecke pairs (Γ, S) and (Γ′, S′) are said to be compatible if
1) Γ ⊂ Γ′, S ⊂ S′,
2) Γ′ ∩ SS−1 = Γ, and
3) Γ′S = S′.

Observe that this compatibility relation is not an equivalence relation, since it
is not symetric (because of the inclusion in condition 1). Then we have:

Lemma 3.1. a) (Γ(p), Sp(p)) and (ΓU , SU ) are compatible Hecke pairs.
b) (ΓU , SU ) and (Γ(1), Sp(1)) are compatible Hecke pairs.

Proof. a) Clearly Γ(p) ⊂ ΓU and Sp(p) ⊂ SU . Suppose now γ ∈ ΓU ∩Sp(p)Sp(p)−1.
Then γ is congruent to diag(1, 1, ..., 1, ∗) mod p and has determinant 1. Thus γ
is congruent to diag(1, 1, ..., 1, 1) mod p, so γ ∈ Γ(p). Since the other inclusion is
trivial, we get that ΓU ∩ Sp(p)Sp(p)−1 = Γ(p). Since any matrix from U∗ can be
written as a product of a matrix from U and a matrix from diag(1, 1, ..., 1, ∗) we
get that SU ⊂ ΓUSp(p); hence SU = ΓUSp(p). Since the three conditions have been
verified, we have that (Γ(p), Sp(p)) and (ΓU , SU ) are compatible Hecke pairs.

b) Clearly ΓU ⊂ Γ(1) and SU ⊂ Sp(1). Suppose now that γ ∈ Γ(1) ∩ SUS−1
U .

Then γ ∈ SLn(Z) and γ ∈ U∗. Thus γ ∈ U so γ ∈ ΓU . So Γ(1) ∩ SUS−1
U = ΓU .

The last thing that we have to prove is that Γ(1)SU = Sp(1). But from [Ash]
p.238, Lemma 1.1 a), we have Γ(1)Sp(p) = Sp(1) and since Sp(p) ⊂ SU , we get that
Γ(1)SU = Sp(1). So (ΓU , SU ) and (Γ(1), Sp(1)) are compatible Hecke pairs. �
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Also recall from [Ash] the following:

Definition 3.3. A Hecke pair (Γ, S) is called a congruence Hecke pair of level N
if the following hold:

a) (Γ(N), SN (N)) and (Γ, S) are compatible Hecke pairs,
b) (Γ, S) and (GLn(Z), GSN (1)) are compatible Hecke pairs.

Corollary 3.2. (ΓU , SU ) is a congruence Hecke pair of level p.

Proof. Point a) of the above definition holds because of point a) of the previous
lemma.

Point b) holds because of point b) of the previous lemma, and the fact that
(Γ(1), Sp(1)) and (GLn(Z), GSp(1)) are compatible Hecke pairs and the relation of
compatibility is transitive (see [Ash], p. 238). �

Recall that H (S//Γ) = H (Γ\S/Γ) is the Hecke algebra of double cosets ΓsΓ, s ∈
S. It is the free Z-module on the double cosets ΓsΓ, s ∈ S with the multiplication
of

ΓsΓ =
∐
i∈I

Γsi, and ΓtΓ =
∐
j∈J

Γtj , given by

(ΓsΓ) · (ΓtΓ) =
∑
k∈K

m(ΓsΓ,ΓtΓ; ΓεkΓ)ΓεkΓ

where ΓsΓtΓ =
∐

k∈K ΓεkΓ and m(ΓsΓ,ΓtΓ; ΓεkΓ) is the number of elements in
the set {(i, j),Γsitj = Γεk}. For more details, see [AS].

Lemma 3.3. Let (Γ, S) and (Γ′, S′) be compatible Hecke pairs. Consider a mor-

phism (Γ′, S′)
φ−→ (Γ1, S1) of Hecke pairs (i.e φ : S′ → S1 is a morphism of semi-

groups and Γ1 = φ(Γ)). Define the Hecke pair (Γ, S) = (φ(Γ), φ(S)).
If (Γ, S) and (Γ1, S1) are compatible Hecke pairs then we have the following

commutative diagram of Hecke algebras:

H (S′//Γ′) ↪→ H (S//Γ)
↓ ↓

H (S1//Γ1) ↪→ H (S//Γ)

Proof. We have such a diagram on the Hecke algebras, we only need to prove that
it is commutative.

Since (Γ, S) and (Γ′, S′) are compatible Hecke pairs, by property 3) of the defi-
nition of compatible Hecke pairs we get that any simple coset Γ′a, a ∈ S′ is equal
to Γ′s for some s ∈ S. We thus have the following commutative diagram of single
cosets:

Γ′s → Γs

↓ ↓
Γ1φ(s) → Γφ(s)

Since each of these maps on cosets gives rise to a map on double cosets by joining
together the simple cosets that make up the double coset, we obtain a commutative
diagram on the double cosets, and on the corresponding Hecke algebras. �
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Corollary 3.4. Let H (p) = H (Sp(1)//Γ(1)). We have the following commutative
diagram of Hecke algebras:

H (p) ↪→ H (SU//ΓU )
↓ ↓

H (GLn(Fp)//SLn(Fp)) ↪→ H (U∗//U).

Proof. We only need to prove that (U,U∗) and (SLn(Fp), GLn(Fp)) are compatible
Hecke pairs. Then by applying the previous lemma, we get the result.

It is clear that U∗ ⊂ GLn(Fp) and U ⊂ SLn(Fp). We also have U∗SLn(Fp) =
GLn(Fp), since by taking a matrix A of GLn(Fp) and multiplying it with the inverse
of diag(1, 1, ..., 1,detA) we obtain a matrix of SLn(Fp).

We need now to check that SLn(Fp) ∩ U∗U∗−1 = U . Since U∗ is a group it
implies that U∗U∗−1 = U∗ so we have to prove that SLn(Fp) ∩ U∗ = U which is
obvious. �

4. The Main Result

Definition 4.1. As in [Ash], given a Hecke pair (Γ, S) and a left S-module M , we
define an action of the Hecke algebra H(S//Γ) on H∗(Γ,M). We first define the
action of ΓsΓ for s ∈ S as the Hecke operator Ts defined below:

Ts(β) = trΓ∩sΓs−1→ΓresΓ∩sΓs−1s∗(β) for any β ∈ H∗(Γ,M).

We extend this action to the entire Hecke algebra H(S//Γ) by linearity.
We also define Tl,k, l 6= p, to be the Hecke operator corresponding to the double

coset Γdiag(1, ..., 1, l, ..., l)Γ ∈ H(p), where l appears k times and Γ = Γ(1), S =
Sp(1).

This action is compatible with the algebra structure because:

Proposition 4.1. Let (Γ, S) be a Hecke pair and M be a left S-module. Then
H∗(Γ) has a structure of a right H(S//Γ)-module via the Hecke operator action
described above. More precisely for any a, b ∈ H(S//Γ) and any β ∈ H∗(Γ,M):

Tab(β) = Tb(Ta(β)).

Proof. See [RW]. �

Corollary 4.2. Under the commutative diagram from 3.4, the image of Tl,k ∈ H(p)
in H(U∗//U) is

dl,kTUdiag(1,1,...,1,lk)U where dl,k = deg(Tl,k) =
(ln − 1)...(ln − lk−1)
(lk − 1)...(lk − lk−1)

.

Note 4.1. The last equality has been proved in [Shi], prop. 3.18, p. 58.

Proof. The image of Tl,k in H(GLn(Fp)//SLn(Fp)) is of the form dTl,k where d is
such that the degree is preserved. In H(GLn(Fp)//SLn(Fp)), Tl,k is in the same
double coset as diag(1, 1, ..., 1, lk) ∈ U∗. Furthermore, this double coset splits as
only one single coset since diag(1, 1, ..., 1, lk) normalizes U . So deg Tl,k = 1. Since
all maps from the above commutative diagram maintain the degree, we get that
d = dl,k. The image of Tl,k in H(U∗//U) is diag(1, 1, ..., 1, lk), since Tl,k can be
represented by only one single coset. Therefore the image of Tl,k in H(U∗//U) is
dl,kTUdiag(1,1,...,1,lk)U . �
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Definition 4.2. Let β ∈ H∗(U, Fp) be an eigenclass for Tl,k for all primes l, and
all 1 ≤ k ≤ n. Thus Tl,kβ = a(l, k)β for some a(l, k) ∈ Fp. Define

P (β, l) =
∑

(−1)klk(k−1)/2a(l, k)Xk.

Theorem 4.3. Let β ∈ H∗(U, Fp) be an eigenclass for Tl,k for all primes l 6= p,
and all 1 ≤ k ≤ n. Then there is an integer d such that the representation

(2) ρ = ωd ⊕ ωd+1 ⊕ ...⊕ ωd+n−1 : GQ → GLn(Fp),

where GQ = Gal(Q/Q), has the property that

P (β, l) = det(I − ρ(Frobl)X) for all l 6= p.

Proof. Let Tm = Tdiag(1,1,...,1,m) for any m ∈ F∗p. Then Tl,k = dl,kTlk . There is
a prime q that generates F×p . Since β is an eigenclass then Tq,1β = aβ for some
a ∈ F∗p. The eigenvalue a is nonzero, since ap−1β = Tqp−1β = T1β = β, so ap−1 = 1.
But then a ≡ qd (mod p), for some d ∈ Z. Then Tq,kβ = dl,k(Tqk)β = dq,k(Tq)kβ =
dq,kqdkβ. For any prime l and any k we have Tl,k = dl,kTdiag(1,1,...,1,lk) = dl,kTqm for
some m such that lk ≡ qm (mod p). Then Tl,kβ = dl,kqmdβ = dl,kldkβ. Therefore
a(l, k) = dl,kldk for all primes l. Then

P (β, l) =
∑

(−1)klk(k−1)/2a(l, k)Xk =
∑

(−1)klk(k−1)/2dl,klkdXk

=
∑

(−1)klk(k−1)/2dl,k(ldX)k = (see [Shi] p.64)

= (1− ldX)(1− ld+1X)...(1− ld+n−1X) = det(I − ρ(Frobl)X)

for the ρ given in (2). �

Now we prove that the Conjecture of Ash holds in our particular context:

Corollary 4.4. The conjecture of Ash (Conjecture 1.1) is true for Γ = ΓU , S = SU

and for eigenclasses β ∈ H∗(ΓU , Fp), which come from H∗(U, Fp) via the reduction
mod p map, π∗ : H∗(U, Fp) → H∗(ΓU , Fp).

Proof. In our context, (Γ, S) = (ΓU , SU ), F = Fp, V = Fp with the trivial S-action,
and N = p.

Since β comes from H∗(U, Fp), β = π∗(β′) with β′ ∈ H∗(U, Fp). Because the
map π∗ is compatible with the Hecke action (see [KPS] thm. 1.3.7), β is a Tl,k-
eigenclass for all primes l 6= p and k ≤ n if and only if β′ is a Tl,k-eigenclass for all
primes l 6= p and k ≤ n and the eigenvalues are the same. Thus P (β, l) = P (β′, l).

Now we apply the previous theorem for β′ and we get the result. �

Remark 4.2. It would be interesting to know what classes of H∗(ΓU , Fp) actually
come from H∗(U, Fp).
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