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ABSTRACT

In this thesis we will develop some tools that can be used to get a better under-
standing of the cohomology of GL,(F,) with F, coefficients. First we study the
cohomology of U, (F,), one of the p-Sylow subgroups of GL,(F,). We compute all the
relations satisfied by those elements of H*(U,,) of degree two which come from the Z
cohomology.

Then we define elements that generate a subring of the same dimension as the
entire cohomology ring H*(U,,,F,). After that we concentrate on Uy and compute all
the maximal elementary abelian subgroups and, using them, all relations among the
above elements, modulo nilpotents.

We then look at tools useful in finding what part of H*(U,,F,) survives in
H*(GL,(F,),F,). We compute the Hecke algebra H(GL,//U,) and part of its action
on H*(U,,F,). We also prove a particular case of a conjecture of Ash concerning
Hecke eigenclasses and Galois representations.

In the last chapter, we define a new class in H*(GL,(F,),F,) of small degree
2p — 2. This class has not been discovered until now, and we prove that it is non-zero
if p > n. We conjecture that the F, cohomology of GL,(F,) is zero in degrees less

than 2p — 3.
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CHAPTER 1
INTRODUCTION

The numbers have been a fascination for human kind from the earliest ages. The
arabs have developed the system of numeration as we have it today. The natural
numbers are the numbers with which we count objects (1,2,3,...). They have no
decimals.

The Egyptians knew several triplets of natural numbers two of which are the sides
of a rectangle and the third is the length of the diagonal. If we suppose that a, b are

the lengths of the sides and c is the length of the diagonal, this can be written as:
a®+ b = ¢

For example 3,4, 5 are such natural numbers since
32 +4% =5

Then people asked if such numbers a, b, ¢ exist when the power is not 2, but 3 or 4,

or even bigger. This way one of the most famous problems in mathematics was born

(stated by Fermat in 1670):

Theorem 1.1. Let n > 3 be a natural number. There are no non-zero natural
numbers a, b, c such that

a” +b" ="



Though it seems so simple to state and understand, this problem could not be
solved in its entire generality for more than 300 years. It has been proven to be true
for some numbers n (first 4, then 3 and 5, etc), but it couldn’t be proven to be true
for all n. This was finally done in 1995 by Andrew Wiles.

While mathematicians were trying to solve this problem, they found it necessary
to develop a lot of mathematical tools, which we know today as Number Theory.
Number Theory is perhaps the most complex part of mathematics, because it uses
results from all other fields of mathematics: Algebraic Geometry, Group Cohomology,
Complex Analysis, Algebra, etc.

Nearly unbreakable codes for transactions over the Internet are the result of the
advances in Number Theory.

The development of Number Theory catalyzed spectacular advances in the fields
of mathematics described above.

One of the tools used by Number Theory is Representation Theory. This allows the
mathematicians to see facts about a mathematical object (group, ring) by embedding
it, or part of it, in another, more general object, whose properties can be easier
understood.

The object most commonly used in Number Theory to embed in is GL,,(K), the
group of invertible matrices with coefficients in some field K.

A group is an abstract object whith one operation (like the addition or multi-
plication), a neutral element (like 0 and 1, respectively) and an inverse for every
element in the group. An example of group is the set of integers (the natural num-

bers with 0, together with their negatives, like —1, —2, etc.), the operation being the



addition. Another example is the set consisting of 1 and —1 with the operation being
multiplication.

There exist groups in which if one multiplies a with b in that order one gets a dif-
ferent result than when multiplying b with a. Such groups ar called non-commutative
groups. GL,(K) is an example of a non-commutative group.

Non-commutative groups are used in the design of VLSI integrated circuits, in
particular in the design of microprocessors.

A matrix is a square array of elements from some set. The set must have addition
and multiplication, in order to be able to make a group out of those matrices. In our
case that set is the field K.

Matrices are used in business, in technology to describe industrial processes, in
computer graphics and computer aided design (CAD) to rotate and move images,
and in quantum mechanics.

The bigger the n (the dimension of the matrix) the more complicated the group
GL,(K). Also, when K is an finite field, GL,(K) is more complicated than when K
is an infinite field like R, the field of real numbers, or C, the field of complex numbers.

An example of a finite field is the set of natural numbers from 0 to 6, with the
usual addition and multiplication, and if the result of addition or multiplication is
bigger than 6, we reduce it modulo 7. This field is called 7, the field with 7 elements.
Similarly, for any prime number p, one can construct the field F, with p elements.

In finite fields everything is contorted and a lot of irregular things happen, as

opposed to what happens when we work with nice smooth fields like R and C. If we



knew the properties of all GL, (K) for finite K, then we could make great advances
in Number Theory.

But what properties of GL, (K) are worthy to be known? Usually the properties
are measured by some numbers or some structures associated with our objects, which
describe its behavior when interacting with other objects.

One of the main tools for extracting essential properties of an object is called
Cohomology. Cohomology is like a set of small simple machines, which are useful by
themselves, but they are all interacting with each other, making them more useful as
an ensemble. Like the transistors in a computer, each of them is simple, but together
they make up the complex and much more useful machinery the computer is.

Through cohomology we can associate numbers with geometric objects which help
us distinguish them from each other. Although it seems obvious that a sphere and
a donut are different, cohomology gives a mathematical technique for distinguishing
them, which can then be used for distinguishing much more complicated objects,
perhaps in higher dimensions. The objects in higher dimensions cannot be visualized
by us. Cohomology can also help identify an unknown object when you only are given
certain of its properties, as long as those properties are enough to find its cohomology.

Another byproduct of cohomology is the following interesting theorem:
Theorem. There is always a place on Earth where there is no wind!

This is not just a poetic phrase but a proven mathematical fact. Such a result
could not be proved just by using the cohomological numbers described above. A

finer structure must be obtained.



As in geometry, cohomology exhibits some essential properties of GL, (K). But
this cohomology is not the cohomology of geometric objects, but the cohomology of
groups.

In this paper we will study the cohomology of GL,, (F,) with F, coefficients. This
cohomology has not been calculated to date except for n < 3.

The cohomology of GLo(F,) was computed by Aguadé in [Agu].

The cohomology H*(GL3(F,), Z),) was computed by Tezuka and Yagita in [TY1].

There are also complete results about GL4(F3) (in [TY2]). I have found out from
Jim Milgram that considerable progress has been done in computing the cohomology
of GL5(Fy).

In [Qu], Quillen computed the cohomology of GL,(F,) with F; coefficients for
[ # p and he stated that the case [ = p is very difficult.

In general (see [Brn], chapter I1I, Theorem 10.3), the p-part of the cohomology of a
finite group G can be computed from the cohomology of one of its p-Sylow subgroups
H, by finding the G-invariant elements of H*(H). One way to prove that an element
is G-invariant is by proving that the Hecke operators act punctually on it (i.e., every
Hecke operator acts as multiplication by its degree). The F, cohomology of GL,(F,)
can therefore be computed, at least in principle, from the cohomology of one of its
p-Sylow subgroups, for example U, (F,), the group of upper triangular matrices of
GL,(F,) with 1 on the diagonal. Then, also in principle, by finding the action of the
whole Hecke algebra H(GL,(F,)//U,) on H*(U,), we can find the GL,,(F,)-invariant
elements.

Lewis computed the integral cohomology of Us(F,) in [Lew|. Tezuka and Yagita



used Lewis’s result to find the cohomology of GL3(F,) by computing the GLs-
invariant elements. We see therefore that it is useful to compute the cohomology
of U, (F,) with Z or F, coefficients.

Leary computed H*(Us(F,),F,) in [Lry].

In the Chapter 2 we will compute all the relations satisfied by those elements of
H*(U,) of degree two that come from the Z cohomology. The main theorem we prove

is the following:

Theorem. Let G = U,;1(F,) and p > n+ 1. The ring generated by the elements of
H?*(G,Z) in H*(G,Z) is isomorphic to:

ZIX1 o Xl (XX — XEX0, XPXy — XPXo, ., X2 X, — XPX, )
where Z[ X1, ..., X, = Z[ Xy, ..., X/ (pX1, ..., pX,) .

In Chapter 3 we define elements that generate a subring of the same dimension
as the entire cohomology ring H*(U,,F,). This has also been done in [TY2], but our
elements have smaller degree.

After that, in Chapter 4, we concentrate on U; and compute all the maximal
elementary abelian subgroups. Then in Chapter 5, we find all relations among the
elements defined in Chapter 3 for U, modulo nilpotents. We will give the ideal of
relations as an intersection of 4 ideals, since it has too many generators to list directly.
In [Ya], the author computes the cohomology of U, after inverting some cohomology
classes.

In Chapter 6 we compute the Hecke algebra H(GL,,//U,). In order to get a better

understanding of the Hecke action, in Chapter 8 we will find some extra properties

6



of the transfer map and the Hecke operators, which are not in the literature as far as
we know.

Perhaps our most interesting results are in Chapters 7 and 9. In Chapter 7, we
prove that certain cohomology classes that are eigenvalues for the Hecke operators
correspond to Galois representations, verifying in this way a conjecture of Ash relating

cohomology classes to Galois representations. More precisely, we prove:

Theorem 1.2. Let § € H*(U,F,) be an eigenclass for Ty, for all primes | # p, and

all 1 < k < n. Then there is an integer d such that the representation
p=w @ @ . QW Gg — GL,(F,), (1.1)
where Gg = Gal(Q/Q), has the property that
P(3,1) = det(I — p(Frob)X) for all l # p.

Chapter 8 contains some functorial properties that we will use in Chapter 9. It also
contains some interesting new facts about the transfer map and the Hecke operators
that we thought are worth mentioning.

In Chapter 9, we construct a new class in H*(GL,(F,),F,) of degree 2p — 2, not
in the literature as far as we know, and we prove that it is nonzero for p > n. Then

we state the following conjecture:

Conjecture 1.3. If n > 2 and p > 3 then

H*(GL,(F,),F,) =0 for k <2p—3.



CHAPTER 2
THE RING GENERATED BY THE ELEMENTS OF

DEGREE 2 IN H*(Uy(Fp),Z)

In this chapter we compute all the relations in cohomology satisfied by the elements
of degree two of H*(U,(F,),Z), where p > n. That is, we will compute the ring
generated by the elements of degree 2 of H*(G,Z). We will also see that the relations
between the images of these elements in H*(U,,F,) will be the same.

The main theorem we prove in this chapter is the following:

Theorem. Let G = U,+1(F,) and p > n+ 1. The ring generated by the elements of
H?*(G,Z) in H*(G,Z) is isomorphic to:

Z[Xla s 7Xn]l/<leX2 - X§X17 X§X3 - X§X27 s 7X71:—1Xn - Xﬁ:Xn71>
where Z[ X1, ..., X, =Z[X1,. .., X0/ (pX1,...,pX,) .

We will also prove that this ring is reduced and if an element of this ring restricts

to zero in all proper subgroups of G then that element is zero.



Denote
R, =7Z[Xy,.... X, =2[Xy,..., X,]/(pX1, ..., pX,),
I, = (XX, — X0X1, X0X3 — XPXo, ..., XP X, — XPX,, 1) ideal in R,
Je =L Ry + (Xpo1 — kX,)Rni1, k=0,1,...,p—1 ideal in R, 1,

Jy = IRps1 + Xy Roy1 ideal in Ryy1,

where the corresponding n will be clear from the context.

Some facts about the ring Z[ X1, ..., X,

Observe that R, = Z[Xy,...,X,]" differs from F,[X,...,X,] only in degree zero.
The canonical morphism Z[Xi,..., X,] — F,[X1,...,X,], f — f establishes an
inclusion maintaining bijection between proper ideals in Z[Xj, ..., X,]" that do not
contain constants and proper ideals in F,[Xy,...,X,]. This map is injective when
restricted to polynomials with no constant term.

Observe also that if f € Z[X,..., X,]" is a polynomial with no constant term (in
particular if f is nonconstant homogeneous) we can talk about computing the value
of f(ay,...,a,) for some a; € F, just by computing f(ay,...,a,).

All the results in this section work for both Z[X;,..., X, and F,[X;,..., X,].

We will only prove them for Z[ X7, ..., X,] since we only need them for this ring.

Proposition 2.1. Let n > 2. Then the following statements hold:

(an) If ay,...,a; are distinct numbers from the set {0,...,p — 1}, then

l
l
IanJrl + Xn ]H(XTH»l - aan)RnJrl = Jp N kgl Jak-



(bn) The natural map
p
Ryi1/1hi1 — H Ryi1/Jk
k=0
18 injective.

(¢n) The ring R, /1, is reduced.

Proof. First it is clear that (cp) is true, that is Z[X, Y] /(XPY — XYP) is reduced
since XPY — XY? is a product of p + 1 distinct linear factors in Z[X,Y]".

We wil prove that (¢,) = (a,) = (b,). We will also prove (¢,,) + (¢,—1) =
(¢py1) for n > 3 and (c2) = (¢3) . This will imply that (a,), (b,), (¢,) are true for
all n > 2.

(cn) = (ay):

We prove this by induction on [. For [ = 0 it is trivially true. Suppose it is true
for [. We prove it for [ 4+ 1. It is clear that

I+1

I+1
LR+ X [ [ (X1 = a6 Xo) R © 00 0 oy
k=1 -
I+1
since X,, [[ (Xp41 — arX,,) is in all the J,, .

k=1
I+1 l -1
Let now f € J,N N Jo, = (J, N ik Jo) N (T, N AN Jarsr)-

By the induction hypothesis we get that:

l
l
fedn 0 Jo = LR+ X, [[(Xns1 — @xXo)R  and
k=1
-1

-1
fedpn 0 Joy NVay = InBir + Xa(Xnir — aaX,) [[(X01 — axX0) R
k=1
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Let Y = X,,41 — a;11X,,. Let’s work now in

B/ InBna = (Bn/1n) [Xnga]/(0Xns1) = (Ro/1n) [Y]/(pY).

Then, for each 1 < i <[, we have X,,4; — a;,X,, =Y — b, X,, for some b, € F, (it
makes sense to multiply X,, with an element of F, since pX,, = 0). Observe that for all
i, b; # 0 since a; # a4 for all ¢ <[ and are all less then p. Then in (R,/1,)[Y]/(pY)

we have:
! -1

H — bpxy) g = SEnYH — byxy) h  for some g, h € (R,/1,)[Y],

k=1

where x,, is the image of X, in R, /I,. Suppose g = ug+wY +... with w; € R, /I,.

The coefficient of Y in the middle product above is
!
totuy  with ¢ = (—1) ku ek,

and on the right hand side is 0. Equating these coefficients we get that ' uy = 0,
thus (x,ug)"™ = 0 and since R, /I, is reduced (because we supposed (c,) to be true),

we get that x,uy = 0. Therefore:
1 !

f= H(Y — brty) Tng = H(Y — b)) (Tnto + Tpu Y +..0)

k=1 k=1

=2, Y [[(V = bpaa) (w1 +u2Y + ...

=z, H(X”+1 — apZy)(ug +uY +...).
k=1

I+1
This shows that f € I, Rn,1 + X, [[ (Xnt1 — ax X)) Ryy1 and therefore
k=1

41
I+1
IR, + X, kli[l(XnH — 4 Xp) Ry = Jp N 121 Ja

11



and this proves that (a,) holds.
(an) = (bn):

We have the following embedding:

p
Roa/JoN -0 Ty = [ [ Busa/Ir-

k=0
Because (a,) holds we get that:
p—1
Lt = LR + X, [ [(Xoir = EXp) Ry = Jo 0 -+ 0,
k=0

and thus (b,,) holds.
(cn) + (cno1) = (cpy1) and (c2) = (e3):
Since (¢,) holds, we get from above that (a,) and (b,) hold. Therefore we have

that
P
Rn+1/[n+1 — H RnJrl/Jk-

k=0
Now let’s look at the rings on the right.

Roi1/Jk ~ Ry /1, Xnia]/(pXns1, Xov1 — kX)) ~ R, /I, for k <p, n>2, and

Rn+1/J = Rn/In[Xn+l]/(an+lu Xn) = Rn—l/]n—l[Xn—l-l]/(an—H) for n Z 3.
For n = 2 we have:
R/ Ty~ R/ L[ Xl [ (pXns1, Xn) ~ Z[X, Y] [2]) (pZ.Y) ~ Z[X, Z] .

Thus all R,y1/Jk,k = 0,...,p — 1 are reduced because we supposed that (c,)
holds, and because of this R, /I, and R,_;/I,_1 are reduced. If a ring A is reduced,

then A[X]/(pX) is also reduced. We see that in case n = 2, if we suppose only (¢;)

12



true, we still get that all R,,11/Jx,k =0,...,p are reduced. Since a direct product of
reduced rings is reduced, the direct product of these rings is reduced. Now R, 11/ 1,11

is a subring of this direct product, therefore it is reduced. O]

Corollary 2.2.

Inyi=JdoN -0 .
Proof. This has been proved while proving Prop.2.1. O
Lemma 2.3. Z[X1,..., X1, Xi41, .., Xp) N (I, + XiR,) C I,,.

Proof. Let f € Z[ Xy, ..., X, 1, X111, ..., X N (L, + XiRy).
We have f(X1,.... X1, Xiets -, Xo) = a(X1, ... X,)) + X;b(X1, ..., X,) with

a € 1I,. But a € I,, means:
a = (X{)XQ - X§X1)a1 + (Xng - Xng)CLQ + -+ (Xg_an - Xan_l)an

for some a; € R,,. Write a; = a; + Xju; where the a; do not depend on X;. We get

that
a = (X7Xs — X§X1)ay + (XFX3 — X§Xo)ay + -+ + (X7, Xim1 — X7 Xio)aj_y
+ (X X2 — X Xip)ap + -+ (Xp 2 X — X0 Xo1)a;, + Xju
for some u € R,. Observe that the terms corresponding to a;_; and a; are now
contained in Xju.
We get in this way that a = o’ + Xyu with ¢’ € Z[X;, ... X, , Xp]'N I, and
u € R,.

Then f =a' + X;(b+ u), and thus f —a’ = X;(b+ u).

13



Since f —d € Z[ Xy, ... X0, , Xp|" does not depend on X; and X;(b+ u) does,

we get that f —a’ = 0. Remember that a' € I,,, therefore f =a' € I,,. O

Proposition 2.4.

l
0 (I + XiRo) = I + X1 ... X,Ry.

Proof. Induction on [. The case [ = 1 is trivial.

The general case: It is clear that ii(]" + X;R,) D I,+ X1... X;R,. To show the
other inclusion let f € iél(]"+XiR">' Then f € ifj(ln—l-XiRn) and by the induction
hypothesis we get that f € [, + X;... X; 1R,. Thus f=a+ X;... X, ju=b+ X
(since f € I, + X;R,) with a,b € I, and u,v € R,. Write u = uy; + Xjup with
w € Z[ X1, ..., Xi—1, Xiga, - -, X)) and ug € R,. Then

f:(I—FXl.‘.Xl_lul—{—Xl..‘XZUQ:b+XlU.

This implies that Xy ... X, ju; € I, + X;R,, since all the other terms in the second
equality above are in I, + X;R,,.
But X;...X;_ju; € Z[Xl, e, X1, Xl_|_1, ... ,Xn]’.

By the above Lemma, we get that X;...X; ju; € I, and thus
f=a+X1.. X+ X1.. Xjuo €I, + X1... X|R,,.
This means that Zél(ln + X;R,) C I, + X ... X;R,, and therefore
-él(]” 4 XiRy) = In+ X1 ... XiR,.

1=

14



Proposition 2.5. If f € I, + X;... X, R, is nonconstant and homogeneous, such
that

flar,...,a,) =0 VYay,...,a, €F,
then f € I,,.

Proof. Write f =a+ Xy... X,u, with a € I,,,u € R,,. Then, since a vanishes on F
(because a € I,,), it is enough to prove that if X;... X,u vanishes on all [}, then

Xq...X,u € I,. Suppose therefore that
f=X1... X, uwithu € R,.

We will prove by induction on n that f € I,,.

Casen = 2: Let f € Z[X, Y] be homogeneous, divisible by XY and f(a,b) = 0 for
all a,b € F,. Since f is homogeneous, then f(X,Y) = Y4g(X/Y) for some g € Z[X]'
and d = deg f. This implies that g(a) = 0 for all a € F,. Therefore g is divisible
by X — a for all a € F,, thus g is divisible by X? — X. From this we get that f is
divisible by XPY — XYP? and case n = 2 is proved.

The general case: Write
u=uy + (X, — Xp-1)us + (X, — Xp1)( Xy, = 2X 1 )us + - -+ 21)
2.1
+(Xp —Xp1) o (X — (p— 1) X021 uy,

with uy, ..., up—1 € R,—; and u, € R,,. We can do that because we can write
u=a, + Xpay + X2az + -+ Xﬁ_lap with a1,...,a,-1 € Ry—1,a, € R,

(we work now in R, = R, 1[X,]/(pX,)) and 1, X,,, X2, ..., XP~! are combinations

of 1,( Xy — Xpn1), (X — X)) (X —2X0 1)y, (X = Xo) o . (X — (p— 1) X, 1)

15



with coefficients in R,,_;. This is true because the matrix which takes the ele-
ments {1, X,,, X2, ..., X2} to {1, (X, — X, 1), (Xp— X0 1) (X —2X, 1), oo, (X —
Xn-1) . (Xn—(p—1)X,_1)} is lower triangular with 1 on the diagonal. This implies
that the matrix (which has coefficients in R,,_1) is invertible and the inverse has also
coeficients in R,_;. The inverse matrix writes 1, X,,, X2,..., X?~1 as combinations
of 1,( X, — Xpn1), (X — X0 1) (X —2X, 1), ., (X = Xp1) . (X —(p— 1) X,1)
with coefficients in R,,_1.

Then from (2.1) we get

f=X1.. . Xpu + X7 ... X0 (X — X )ug + -+
X X (X = X)) (X — (0= 2) X upa+ (2:2)
+ X1 X1 (XPX, o — X XE)uy,.
Observe that the last term in the above expression belongs to I, and therefore is
zero for all values of the X; in F),. Let now X;,..., X,,_; take any non-zero values in
[, and fix them. Let a be the value of X,,_;. Let X,, take the values a, 2q, ..., (p—1)a.

Because X, ..., X,,_; take some fixed values in F,, it follows that u,,...,u,—; also

take some fixed values in IF,,. From (2.2) we get the following system of p—1 equations:

aup =0,

2auq + 2a%uy = 0,

(p—Vaus + (p—1(p—2)d*uy +---+(p—1)(p—2)...(1)a’ u, ; =0,

16



with the p—1 unknowns auy, a®us, . . ., a? 'u, ;. Since the determinant of this system

is clearly non-zero, and a # 0, we get that

ul(xl, e ,l’n_l) == 0,
UQ(.ﬁEl, e ,xn,l) = O,
Up_l(l'l, e ,,In_l) = 0,
for all zq,..., 2,1 € F.
Considering now 1, ..., 2,1 € IF,, we still get that
Tq... xn_lul(xl, N ,l’n_l) = 0,
1. Tp_qUo(T1, ... Tyoy) =0,
xZq.. .xn_lup_l(xl, Ce ,ZEn_l) = 0.

By the induction hypothesis, we obtain
Xp. .. Xn_lul, . ,Xl . Xn_lup_l el,1Cl,.

By formula (2.2), this means that f € I,,. O

The Main Theorem

Let G = Up41(F,) be the group of upper triangular matrices with 1 on the diagonal,

with n > 3. Let’s suppose that p > n + 1 so that any matrix A € G has order p,

17



since a matrix A from G satisfies (A — I)"™! = 0 therefore (A—I)? =0so A» = =0
since we are in characteristic p. Thus AP = I for all A € G.

We want to determine the part of the cohomology ring H*(G, Z) generated by the
elements of degree 2. This part is a subring, let’s denote it by R or R(G). We work
only in the even cohomology.

We know that H?(G,Z) ~ Hom(G,Q/Z). Therefore any o € H*(G,Z) corre-
sponds to a map o' : G — Q/Z, which clearly factors through [G,G], since Q/Z
is abelian. Also, since any element of G has order p, any o/ : G — Q/Z factors
through Z/p in the sense that there is «” : G — Z/p such that o/ = u o «” with
uw:Z/p— QJZ, u(z) = x/p. Therefore H*(G,Z) ~ Hom(G/|G,G|,Z/p).

We also have the following group homomorphism:
G (z/p)", (2.3)

which takes a matrix to the vector consisting of the elements immediately above the

main diagonal. The kernel of this map is exactly [G, G]. Thus
H*(G,Z) ~ Hom(G,Q/Z) ~ Hom(G,Z/p) ~ Hom((Z/p)",Z/p).

We see now that H?*(G,Z) is a Z/p vector space of dimension n, generated by
aq,...,q,, where a; corresponds to the i-th projection from (Z/p)" to Z/p, thus
a;(A) = a1, where A = (a;;) € G. This implies that R(G) = Z[oy, ..., o], the

ring generated by aq, ..., a,.
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Looking at the even cohomology and taking into account that H*((Z/p)",Z) con-
tains a subgroup Z[X1, ..., X,]’ where the X; correspond to the projections, we get

from (2.3) the following ring homomorphism:
Z[X, ... Xa) -2 R(G)

and ¢*(X;) = «a;. Therefore ¢* is surjective. Let J = ker(¢*). This is an ideal in
R, = Z[X1, ... X,].

We will prove
Theorem 2.6. In the above situation, J = I,,, thus R(G) = R,,/1,,. This means that

the ring generated by the elements from H*(G,Z) in H*(G,Z) is isomorphic to:
ZIX1, .. X)) (XPXs — XPX1, XEXy — XEXy, .. X X, — XPX, ).
To prove this we need the following proposition:

Proposition 2.7. a) I,, C J.

b) Jis a homogeneous ideal.

c) If f € J is a non-constant homogeneous polynomial, then f(ay,...,a,) =0 for
all ay, ..., a, € Fp.
Proof of the Proposition. a) Let 1 < I < n — 1 be fixed. We need to prove that

X7 X1 — Xy X[, € J. There exists the following group homomorphism:
G L U37

I agpn gy
(aj) = {0 1 Ap41,042

0 0 1
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In cohomology, this homomorphism becomes the following ring homomorphism:
H*(Us) = H*(G).
On H?(-) 7* is just:

Hom(Us,Q/Z) = Hom(G,Q/Z),

§—mok.
We get that:
™(a) = «y,
7T(ﬁ>_05l—i-17
where
CYIU3—>@/Z, ﬁ:USHQ/Za
1 a c 1 a c
01 b|—alp 01 b|—0/p
0 01 001

Restricting 7* to the ring generated by the elements from H?, we get:
R(U3) = R(G).

Now from [Lew|, we know that R(Us) = Z[«, f] = Z[X, Y] /(X?Y — XY?P). Thus

the map 7* is in fact:



Since in Z[a, B] there is the relation a?3 — a8 = 0, through 7* we get the relation
af o1 —ogag = 0in Zfoy, . . ., ap]. This means that X7 X, —X; X[, € J, therefore
I, CJ.

b) We have the map:

Z[X:, ..., X)) S R(G),
X; — ;.
This map is a graded ring homomorphism, therefore the kernel J is a homogeneous
ideal.
c) Let f € J C Z[Xy,...,X,] be a non-constant homogeneous polynomial.
Clearly f(0,...,0) =0.
Let (ai,...,a,) € Fy —(0,...,0). We have to prove f(as,...,a,) = 0.

Let H be the subgroup generated by the matrix

1 a4 0 0

0 1 a 0
A —

0 0 1 a,

0 0 0 1

Since A has order p (A # I), we get that H ~ Z/p. Let i : H — G be the inclusion
of H into G. In cohomology we get i* : H*(G) — H*(H) and on H?(-) it is:

i*: Hom(G,Z/p) — Hom(H,Z/p),

¢ — ol
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since we see that any homomorphism from H to Q/Z factors through Z/p. Observe
that Hom(H,Z/p) ~ Z/p and is generated by a: H — Z/p, A® — i. Then

*(0)(A) = 4] (A) = a;(A) = aj,

therefore i*(a;) = a;a.
Now restricting ¢* to the ring generated by the «; we get the ring morphism ¢*

from the following diagram:

*

ZX1, .. X S Zlou, ... an] S Z[a] ~ Z[X].
Let’s call the composition map ¥. We have that ¥(X;) = a;X; therefore

V(f(X1,.., X0) = fla X, ..., a,X) = Xf(ay,..., a,)

since f is homogeneous of some degree d > 0. Now if f € J then ¢*(f) = 0, therefore

Y(f) =0s0 X%f(ay,...,a,) =0, which can only happen when
fla,...,a,) =0 (remember f(ay,...,a,) € F,).
]

Proof of the Theorem. We will prove this by induction on n. The case n = 2 has
been done by Lewis in [Lew|. Let’s suppose the theorem is true for all [ <n — 1 and
prove it for n.

We want first to prove that J C I, + X;R, for all 1 < [ < n. Let H; be the

subgroup of G consisting of the matrices of the form

A0

0 B
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with A € Uy and B € U, 1. It is easy to check now that H; is a subgroup of G. Let

Hj be the subgroup of H; consisting of matrices of the form

with B € U,+1-;. We see that:
Hy ~ H] x H' ~U; x Upy1-y.
Now looking at the inclusion map ¢ : H; — G in cohomology we get:
H*(G) 5 H*(H) ~ H*(H| x H)), (2.4)

which on H? is

Hom(G,Q/Z) = Hom(H,,Q/Z) ~ Hom(H],Q/Z) x Hom(H]',Q/Z)

Now we have that
. 0 if j=1
i () =
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Restricting now (2.4) to the ring generated by ai,...,q, we get, since R(H|) =
Zlow, ..., aq—1] and R(H]') = Z[oysa, . . ., o), that

Z[X1,...,X,])J ~ R(G) 5 R(H,) ~ R(H) ® R(H!") ~

~ Z[Xl, ‘e ,Xl—l]//[lfl ® Z[Xl+1, s Xn]//(Xp

l+1Xl+2 —Xl+1Xp ) ~

1+2>
~ZIX o Xy X (D + (XP L X2 — X1 XDy, o)) =

=Z[Xy,..., X))/ (I, + XiR,),

and we see that this composition takes the image of X; in Z[Xy,...,X,]/J to the
image of X; in Z[Xy,..., X, /(I, + XiR,) for all j = 1,...,n. This shows that

J C I, + X;R,. By prop. 2.4 we get
JC ,ﬂ([n + X:R)) =1, + X1 ...X,Rn.

By prop. 2.7, J is generated by homogeneous elements. Take any f € J, homoge-
neous. Then, by what we proved above, f € I, + X;... X, R, and from prop. 2.7,
fla,...;a,) = 0 for all a4, ...,a, € F,. Now from Prop.2.5 we see that f € I,,. This

means that J C I,,. But we saw that I,, C J, and therefore J = I,,. O
Corollary 2.8. R(G) is reduced.

Proof. 1t is clear from the above theorem and what was proved in the section “Some

facts about the ring Z[ X7, ..., X,]"”. O

Corollary 2.9. If f(ay,...,a,) € H*(G) is such that its restriction to any proper

subgroup H of G is zero, then f(aq,...,a,) =0.
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Proof. First we restrict f(aq,...,a,) to all H;’s from the proof of the theorem. From

these restrictions we get that f(Xy,...,X,) € I, + X;R,, for all [ < n; therefore
f(Xy, .., X)) eni (L, + XiR,) =1, + Xy ... X, R,..

But now restricting to the subgroups H that appeared in the proof of ¢) of prop.
2.7, we get that f(ai,...,a,) =0 for all ay,...,a, € F,. These two facts imply that
f € I, which means f(ay,...,a,) =0. ]

Corollary 2.10. If G = U, 1, the ring generated by the image of H*(G,Z) via the

reduction mod p map H*(G,Z) — H*(G,F,) is isomorphic to
Fo[X1,..., Xo]/(XTXs — X0X,, X0X3 — XEXo, ..., XP | X, — XPX,, ).
Proof. 1t is clear that this ring is of the form
F,[X1,..., X,/

for some homogeneous ideal J. Observe that prop. 2.7 holds for J, as it can be
verified easily.

We then proceed by an induction argument similar to the proof of thm. 2.6.

The initial step n = 2 has been done by Leary in [Lry].

For the general case, we restrict to the same subgroups H; as in the proof of thm.
2.6. Like there, we have i*(a;) = 0;; a; and then restricting i* to the ring generated
by the o; we get J C I, + (X;) and by using prop. 2.4 and prop. 2.7 we get the

result. O
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Remark 2.1. a) For any group G, from the exact sequence:

1-225%72-7/p—1
we obtain a long exact sequence

. — H(G,Z) % H(G,Z) — H(G,Z/p) > HG,Z) D ...
b) From the exact sequence:
1= Z/p—Z/p* > ZL/p—1
we obtain a long exact sequence
. — H{(G,Z/p) — H'(G,Z/p*) = H'(G,Z/p) > H* (G, Z/p) — ...

c¢) From the exact sequence:

1-Z—-Q5Q/Z —1
we obtain the exact sequence

H'(G,Q) = H'(G,Q/Z) — H*(G,Z) — H*(G,Q)

and since H(G,Q) = 0 for i > 1 (Q being divisible group and G being finite) we get
HYG,Q/Z) ~ H*(G,Z).
The maps (3,0 above are called Bocksteins. 0 is obtained by composing G with

the map induced by projection Z — Z/p.
Proof. For a) and b) see [Ev], p. 28. O
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Remark 2.2. For a finite group G, one can define elements in H?(G,F,) in the fol-
lowing ways:

a) a morphism « : G — F,, a € Hom(G,F,) = H'(G,F,) defines an element
d(a) € H*(G,F,) via the Bockstein 4.

b) a morphism «a : G — Q/Z, a € Hom(G,Q/Z) = H'(G,Q/Z) ~ H?*(G,Z)
defines canonically an element in H?(G,Z), which in turn maps via the canonical
map H?*(G,Z) — H?*(G,F,) to an element in H*(G,F,).

Moreover these maps are compatible with each other in the sense that using the
natural embedding IF, — Q/Z, a — a/p, from a morphism « : G — F,, one can define
elements of H*(G,TF,) in the two ways described above, and the resulting elements

will be equal.
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CHAPTER 3
NEW CLASSES IN H*(Uy(Fp),Fp)

In this chapter we will define some cohomology classes in H*(U, (F,),F,), which

generate a ring of the same dimension as the entire cohomology ring.

Lemma 3.1. Let G be a group and L < G a subgroup such that there exists a map
f: G — L such that f is the identity on L. If M is any L-module, then H*(L, M) is
a direct summand of H* (G, M).

Proof. Let ¢ be the canonical inclusion L — G. We have the two maps
NNy
and f oi = 1. But looking at these maps in cohomology we get
H*(L, M) L5 H*(G, M) 2% H*(L, M)
and resy o f* = 1. This implies that H*(L, M) is a direct summand of H*(G, M). O

For simplification we will write H*(G) instead of H*(G,F,). From now on let

G = U,(F,).
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Corollary 3.2. Any Uy(F,) with k < n can be regarded as a subgroup of U,(F,) by

wdentifying it with Uy, described below:

Uim = {M = 0 A 0 , such that A € Uy}.
0 0 [nfmkarl
Then H*(Upp) — H*(Uy(F,)).
Proof. The map G — Uy, (ai5)1<ij<n — (@ms), which picks up exactly the elements

at positions corresponding to nonzero entries in Uy, splits. Applying the previous

lemma, we obtain the result. O]

Definition 3.1. Define the subgroups A, < G as follows

Ik x
={MecG,M = }
0 Infk
and F, = A[n/g} <VU,.
Remark 3.1. Ay is elementary abelian. In fact:
I, M I, N I, M+ N
+ =
0 In_k 0 ]n—k 0 In—k

Definition 3.2. Define the element v, = Ng, Hg(; r) € H¥*(G,F,), where Ny _¢() is

(
the Evens norm map (see [Ev], p. 57), [ = - 2} and 0 is the Bockstein defined
at the end of the previous chapter. The element z € H'(E,,F,) = Hom(E,,F,) is
the morphism

X . En — Fp, A = (CL”) — A1p-
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Definition 3.3. Define an element ~,;; € H*(U,,) for each position (7,7),1 <i < j <n
as follows: Form a subgroup Uy,, < U, as described in 3.2, such that k = j—¢+1 and
m = 4. This just means that the “upper right corner” of the nonzero entries of Uy,
is at position (7,7). Then we define v;; to be the corresponding v, € H*(Uyp,) —
H*(U,).

Remark 3.2. We can alternatively define «;; as follows:

Form the subgroup:

Uifl * *
0 0 U,

Then there exists the following homomorphism:
§ij + Hij — Iy, fij((akl)k,z) = Q5.

Thus &; € Hom(H;;, F,) = H'(H;;, F,). Define v;; = Np,,—,0(&;). These two
definitions of +;; give the same elements because of the functorial property of the
norm map (N5 p. 58 in [Ev]).

2

Proposition 3.3. H*(G) is a ring of dimension [’ﬂ

Proof. From [Ev] p. 103, we get that this dimension is equal to the maximum rank

of an elementary abelian subgroup of G. But this rank is [%2] , as proved in [MP], p.
298, prop. 5.2. One elementary abelian subgroup with this rank is FE,. O

Proposition 3.4. The ring generated by all v;;, 1 < i < j < n in H*(G) has the

same dimension as H*(G).
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Proof. Let R be the ring generated by all 7,5, 1 <i < j <nin H*(G). Since R is a
subgroup of H*(G), its dimension will be at most that of H*(G), namely ["IQ} The
dimension of H*(G) is the rank of a maximal elementary abelian subgroup. One such

subgroup is H = FE,,. To get the other inequality we use the restriction map
H*(G) =4 H*(H).

Let’s see the image of the elements 7;;, where 1 < ¢ < [n/2] and [n/2] < j < n under
this map. Observe that these are exactly the positions corresponding to nonzero
entries of the elements of H.

It is known that the even cohomology of an elementary abelian group E of
cardinality p* contains the polynomial ring F,[X, ..., X}], where each X; has de-
gree 2 and corresponds to a generator of H*(E,F,). In our case £ = H and let

z;j,1 <i <[n/2],[n/2] < j <n be those generators. Then we have the following

Lemma 3.5. For each i,j,1 < i < [n/2],[n/2] < j < n, the restriction of v;; to H
is of the form

resy(7ij) = w%@ +l.o.t,

where l.o.t represents terms whose power of x;; is less than p™, and only contain

factors xy with k > i,1 < j (i.e., corresponding only to positions down and to the left

of (i,7))-

Proof. Fix a pair (i,7). Then ~;; is defined as the image of Na_y,,0(x) under the
canonical injection H*(Uy;) — H*(G) where A is an elementary abelian subgroup of

the form A, < Uy of maximal rank and d =j—1+1. Let U = Uy and K = Uy N H.
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Then since the elements xy; with & > 4,1 < j come from H*(K), we can restrict
ourselves to the problem of computing resg Na_pziq in H*(Uy) = H*(Uy). (Uy is
the group of upper triangular matrices in GL4(IF,) with 1 on the diagonal) We are

now in the following context:

I, 0 =x I, * x
U:Ud,A:{MEUd,M: 0 I, = },K:{MEUd,MZ 0 I, O }
0 0 I 0 0 I
or
I, * % I, 0 =«

U=Up,A={MecU,M=|0 1, 0|}, NK={MecU,M=10 1, x|}

0 0 I. 0 0 I

for some a,b,c (a+ b= [d/2] in the first case and b+ ¢ = [d/2] in the second case).
Since both K and A are normal in U, KA is normal in U. Then a set of double

coset representatives for K\U/A is

B 0 0
S={M,M=10 C o]}
0 0 D

Then by the Evens norm formula we have
*
resgNa-uTig = H Ninsas—1—KT€SknsAs—1 (8" T14)-
seS

Since A is normal in U, sAs™! = A. Tt can be easily computed that s*(z14) = z14+0.1.
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where o.t. represents a linear combination of zy; with (k, 1) # (i, j) corresponding only
to nonzero positions of A N K. We thus get
resg Na_uTiqg = H Nkna—kresgna(@ig + o.t.).
seS

Since Nxna—x(z14+0.t.) = 9:’1”;+l.0.t, by multiplication we get the desired result. [

To prove the proposition we will also use the following

Lemma 3.6. Let k[X, ..., X,] be the ring of polynomials in n indeterminates. Let
b = X" + fi(Xy, ..., X;) where f; are polynomials such that the mazimum degree of
X; in f; is less than n;. Then k(by,....,b,) C k(X1,...,X,) is a finite extension of
fields.

Proof. We proceed by induction on n. Case n = 1 is clear. Suppose it is true for n—1.
Since k(by,...,bn—1) C k(X1,..., Xp_1) is finite, we also have that k(by,...,b,—1,b,) C
k(X1 ..., Xn-1,by) is finite. In the extension k(Xy, ..., X—1,b,) C k(X1, ..., Xn—1, X»)
we have

X+ fu(Xy, o X1, Xy) — b, =0,

which is an equation in X,, with coefficients in k(Xj, ..., X;,_1, b,) of degree n,,.
Thus k(X1, ..., Xp_1,b,) C k(X1, ..., Xp_1, X,,) is finite and therefore k(b1, ..., b,) C
k(Xq,..., X,) is finite.

Back to the proof of our proposition. We can now define the indeterminates X;
as X1 = g1 (k= [n/2]), Xo = Tp—1 411, X3 = Tpst2 ... (counting parallel to the

diagonal, starting with the lower left corner of the rectangle corresponding to non-zero
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entries of matrices in H) and the b; as the corresponding ~;;. By the way we defined
the X;, we are in the context of Lemma 3.6 and thus the extension k(x;;) C k(i)
is finite. This implies that the Krull dimension of k[v;;] is the same as that of k[z;;].
But k[z;;] is a polynomial ring in [n/2](n — [n/2]) = [n?/4] variables and thus the

dimension of k[v;;] is at least [n?/4] and we are done. O
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CHAPTER 4
ALL MAXIMAL ELEMENTARY ABELIAN SUBGROUPS
OF Us; AND U,

A maximal elementary abelian subgroup is an elementary abelian subgroup such that
there are no elementary abelian subgroups that properly contain it. In this chapter
we will compute all maximal elementary abelian subgroups of Us(F,) and Uy(F,).
This is useful when one wants to check whether a cohomology class is nilpotent. For

that we use the following theorem of Quillen ([AM] p. 144):

Theorem 4.1 (Quillen). Let G be a finite p-group and k a field of characteristic
p. A cohomology class (€ H*(G,k) is nilpotent if and only if its restriction to all

elementary abelian subgroups is nilpotent.

From now on we will assume that p > 3. We will do the case of Us first, since it

is easier. Let Z = Z(Us) be the center of Us. We have

Theorem 4.2. All mazimal elementary abelian subgroups of Us are H; =< A;, Z >,

where 1 =0,1,...,p and

110 100
Ai=10 1 i|fori=0,1,..,p—1land A,=1]0 1 1

0 01 0 01
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Moreover these subgroups are all different.

Proof. Since p > 3, any nontrivial matrix in Us has order p. First any maximal ele-
mentary abelian subgroup F must contain the center Z of Us; otherwise the subgroup
Z F is elementary abelian and it strictly contains E, so E is not maximal.

Observe now that Uz has order p® and is not abelian. So any maximal elementary
abelian subgroup must have order at most p?>. But for any matrix A € Us — Z,
the group generated by A and Z is elementary abelian (because it is abelian and
all elements have order p) and has order p?. Since all maximal elementary abelian
subgroups must contain Z, they must be of this form, generated by a matrix A and
by Z.

Now any matrix A, by multiplying it with a suitable element of Z can be trans-

formed into a matrix of the form

The powers of A are of the form

A =10 1 kb

If a # 0, for a suitable k& we can get ka = 1 so A¥ = A,C for some i < p— 1 and some
C e Z. Ifa=0thenb 0 (orelse A € Z) so for some k we have that A* = A,C with

C € Z. Because < A,Z >D< A;, Z > and these groups have the same cardinality,
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the group generated by A and Z is the same as the one generated by A; and Z hence
the first part of the theorem follows.

The fact that the H; are all different is very easy to see, since A, ¢ H,; for
k # 1. O

We now turn to the case of Uy. Let Z = Z(Uy) be the center of Uy. In general, it
is known that the center of U, is isomorphic to F, and consists of matrices that have

only one nontrivial entry, in the upper right-hand corner. Let C' be a generator of Z.

Theorem 4.3. Let E be a mazimal elementary abelian subgroup of G = Uy(F,) with

p > 5. Then E has one of the following forms:

1 0 % x
0 1 % =%
1) E= ;
0010
00 01
1 a ¢ O 1 0 a O
011 d 01 0 b
2) E=<A,B,C > with A= , B = )
0 01%b 0010
0 0 01 00 01

where (a,b) # (0,0) and d =0 if b #0 and c =0 if b= 0,a # 0,
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1 1 a O 1 0 ¢ O
010 b 01 0 —a
3) E=<A,B,C > with A= , B = ;
0 010 001 1
00 01 000 1
1 a ¢ O 1 0 a O
01 0 d 01 0 b
4) FE =< A,B,C > with A= , B = )
0 01 %b 0010
0 0 01 00 01

wherea =1,¢c=00ra=0,b=1,d=0.

Moreover these subgroups are all different.

Proof. Since we suppose p > 3, every nontrivial element of U, has order p. Thus a
subgroup is elementary abelian if and only if it is commutative. Let 5 : Uy — Z/p be

the surjective homomorphism defined by

Let H = ker 8. Then H is an extraspecial p-group of order p°.

We have two cases:

a) The first case is £ ¢ H. Then §(E) = Z/p. Let A € E be such that 3(A) = 1.
Then any matrix X € E can be written as A*Y for some k¥ < p — 1 and some Y

such that (YY) =0, i.e., Y € EN H. Thus E is generated by A and £ N H. Let
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X € (ENH)— Z. By multiplying with elements of Z we can suppose that A and X

have the following forms:

1 a ¢ 0 1 =z 2 0

011 d 01 0 ¢
A: ’X:

001 b 001y

0 0 0 1 0 0 01

We need to have AX = X A that is

1 a+z c+z at+cy 1l a+z c+x+2 dov+bz

0 1 1 t+y+d 0 1 0 t+d
=AX =XA=

0 0 1 b+y 0 0 1 b+y

0 0 0 1 0 0 0 1

From here we obtain that z = 0,y = 0, at = bz.
If (a,b) = (0,0) then we obtain the subgroup of 1).

If (a,b) # (0,0) then all matrices in H that commute with A have the form:

1 0 z %

01 0 ¢
X = with at = bz.

0010

0001

It is clear that these matrices form a group of order p? containing Z, also containing

1 0 a O
01 0 %b
0010

0001
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Since the group generated by B and Z is also of order p?, it must be equal to the
group of matrices of H commuting with A and we thus get the case 2) of the theorem.
b) The other case is £ C H. Still E D Z. Let’s consider now the homomorphism
a:H — Z/p, afa;j) = a2 and let K = ker a.
If E ¢ K, then there is a matrix A € E such that o(A) = 1. Any matrix X € F
can be written as A*Y with k < p—1and oY) =0,ie,Y € ENK. Thus E is
generated by A and EN K. Let X € EN K. By multiplying A with an element of

7, we can suppose that A and X have the following forms:

1 1 a O 1 0 z ¢

010 b 010y
A: 7)(:

001 ¢ 001 =

0 001 00 01

We need to have X commute with A. By computing AX and XA we see that the
only relation that has to be satisfied is y + az = cx, i.e., y = cx — az. The set of
matrices X € K that commute with A is thus a group S = Cyx(A) N K with p?
elements.

Since £ N K is an elementary abelian subgroup of K that commutes with A, we
need to have EN K C S. We see that S is not a commutative group (the matrices
forzx =1,2=0,t =0and z =0,z = 1,t = 0 don’t commute). Thus £ N K has at
most p? elements. Since there are clearly matrices in S — Z, we get that, for each
E, there is one more matrix that together with A and Z generates E. For z = 0 we

get case 4. For z # 0 a power of X has z = 1. By dividing A by a suitable power
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of X we can make ¢ = 0. We will then be in case 3, where B is obtained from X by
multiplying by a suitable element of Z to make ¢ = 0.

The last case is £ C K. Then there must be a matrix A = (a;;) € E such that
azy # 0, otherwise E' is a subgroup of the group of case 1 and, being also a subgroup
of H, it is not maximal. Let A = (a;;) € E be such that azy = 1. By multiplying A

by a suitable element of Z, we can make it of the form:

0001

Since we suppose £ C K, we need to see what matrices of K commute with A. By
an argument we did twice in this proof, we can restrict our attention to matrices
X = (w;;) € K — Z which have x34 = 0. By multiplying X by an element of Z we

can make it of the form:
1 0 =z O

010 y
0010

00 01
By equating AX and XA, we must have that x = 0. This implies that y # 0, so
by raising X to a power, we can make y = 1. It is easy to see that the X obtained
commutes with A. Then by multiplying A by a suitable power of B = X, we can
have b = 0 and we are in case 4.

The last thing we have to check is that all these subgroups are different. First
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observe that subgroups from different cases are different. The only nontrivial part of
this is to prove that a subgroup of case 3) is different from one of case 4). For that
observe that if £ is from case 3) then there are matrices X € E such that the pair
(712, 734) takes any of the p? diferent possibilities, whereas in case 4 this pair can only
take p different values (because B and Z don’t affect these entries).

We now have to check that inside each case the described subgroups are all dif-
ferent. In case 1) there is nothing to prove.

In case 2), let E be generated by A, B (and Z) and also by A’ B'(and Z). Then
A" = A*B!C with C € Z. But A*B!C has the element at position (2,3) equal to k;
thus k = 1. So A’ = AB'C. Now AB'C has the element at (1,2) equal to a, so a’ = a
(a',V, ... being the corresponding entries of A’). Similarly ¥ = b. Thus B’ = B.

Looking at the elements at positions (1,3) and (2,4) in A’ and in AB!C, we get
that ¢ = c+la, d =d+1b. If b # 0 then d = d’ = 0 (from the description of case 2,
since b =0’ are nonzero), sol =0and ¢ =c. If b=0then a # 0 and ¢ = c=0. We
get that [ = 0 and thus d’ = d.

Similar arguments work for cases 3) and 4). ]
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CHAPTER 5
ALL RELATIONS MOD NILPOTENTS OF THE CLASSES
DEFINED IN U,

In this chapter, we will assume that p > 5. To compute all the relations modulo
nilpotents, we will find those classes in the subring R defined in chapter 3 that restrict

to 0 on all maximal elementary abelian subgroups. This will be enough because of

Lemma 5.1. Let R = F,[{~;;}] be the ring defined in chapter 3. Then an element
a € R is nilpotent if and only if it restricts to zero on all maximal elementary abelian

subgroups.

Proof. 1t is known that the F,, cohomology ring of an elementary abelian p-group Z/p"
is a tensor product of an exterior algebra with a polynomial algebra. The generators
of the polynomial algebra are the elements of degree two.

Let @ € R and let E be an elementary abelian subgroup of rank k of G = U,,.
Let Fp[z1, ..., zx] be the polynomial part of H*(E), with x, ..., 25 elements of degree
2. The element ~;; restricts to an element of F,[x, ..., z;] as one can easily see from
the norm formula (since ;; is the norm of some element of degree 2). Thus also the
element «, which is a polynomial in the 7;;, restricts to an element of F,[xy, ..., .
But since F, [y, ..., z¢] is a reduced ring, the restriction of o to £ is nilpotent if and

only if is zero.
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The theorem of Quillen we referred at the beginning of chapter 4 states that
a cohomology class is nilpotent if and only if it is nilpotent when restricted to all
elementary abelian subgroups (or all maximal elementary abelian subgroups). By
this theorem and the above argument, we obtain that « is nilpotent if and only if it

restricts to zero an all maximal elementary abelian subgroups. O]

First let’s denote by H < G the subgroup of matrices (a;;) € U such that ass = 0.
It is easy to see that H is an extraspecial p-group of order p°. Also let K < G be
the subgroup of matrices (a;;) € U such that as, = 0 and let L be the subgroup of
matrices (a;;) € U such that a12 = 0,a34 =0 .

Now let’s denote by z, v, 2, t, u, v the elements 19, Y23, Y34, Y13, V24, Y14 T€Spectively.

Define the element ¢ € H?*(H) corresponding to the morphism H 3 (a;;) — a3

and u' € H?*(K) corresponding to the morphism K > (a;;) — az4 Then
= NH—>Gt/; U = NK—>Gu/

easily results from the property N5 p. 58 of [Ev].
For an elementary abelian group F =< A, B,C... > let’s denote by X4, Xpg, ...
the elements X4 = 6(¢4), where ¢4 € H'(E,F,) = Hom(E,F,) is the morphism

da(A*B...) = k, and similar definitions for Xp, ... hold. Then it is known that
H*(E,F,) =F,[X4,X5,..]® E,
where F is an exterior algebra and we can view X4, Xp, ... as indeterminates.

Proposition 5.2. The restriction of x,y,z,t,u,v to a mazximal elementary abelian

subgroup E is the following, corresponding to the cases from theorem 4.3:
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1)respr =0, respy = X, respz = 0, resgt = YP—=Y XP~! respu = ZP—ZXP~1,
respl = T +lot.

2) respx = aX, resgy = X, resgz = bX, resgt = a(Y? — YXP™Y), resgu =
b(Y? — Y XP 1) resgv = 27" + Lo.t.

3) resgx = X, resgy = 0, resgz = Y, resgt = ¢(Y? — YXP71), respu =
b(X? — XYP 1), resgu = 2" + Lo.t.

4) respx = aX, resgy = 0, respz = bX, resgt = a(YP — YXP™Y), respu =
b(Y? — Y XP) resgv = 27" + Lo.t,

where X = Xa, Y = Xp, Z = X¢ (and for case 1, T = X¢ and Z = Xp)
and the elementary abelian subgroup at each case can be written £ =< A, B,C >

(E =< A,B,C,D > for case 1).

Proof. 1) respx = 0 is clear since all matrices of E have 0 in the (1, 2) position. Also
respz = 0 and resgy = X are clear. Since FH = (G in this case, by the norm formula
we get:

respt =respNy—.al' = Npnu—prespnnt’ = H q

q,respnaHq=resgnut’

3
L

(Y +iX)=YP - Y XL

@
Il
o

Now since K <G and E C K, there are p double cosets for F and K (they are also
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single cosets). A set of double coset representatives is

100 0
0100
S={AecUA= el
001 4
0 0 1
thus by the norm formula:
p—1
resgu =resgNg_qu' = Hr@sEs*(u') = H(Z +iX) = 2P — ZXP7t
ses =0

The fact that resgv = T + Lo.t. has been done in chapter 3).

2) Since resgx and aX both come from the same morphism on E, we get that
resgr = aX. Also resgy = X, resgz = bX.

Since FH = GG and H is normal in G we get that

resgt = respNy_gt' = Npnu—prespaut’ = H q

q,respngq=resgnut’

|
—

p

=Ty +iX) =a(y? — yX* )

@
Il
o

since ENH =< B,C >.

For resgu, it b =0, E C K and using the coset representatives for K from case 1

we get
p—1
respu = resgNg_cu = HresEs*(u’) = H(dX +iX)=0
seS i=0

If b # 0 then FK = G and we get

respu = respNg_qu' = Npngpgrespngt’ = Npnx_pbY = b(Y? — Y XP1)
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since FNK =< B,C >.
For resgv we have that L is normal subgroup of G and EL is of index p in G. If
a # 0 (case a = 0 is done similarly), the set S from case 1 is a system of representatives

for the ¥ — L double cosets. We get

respv =resgpNp_qv' = | | Ngar—prespars™ = | | Ngnr—ps*Z

seS seS
p—1
= [[Neni—p(Z +iY) = Npnp—p(2P — 2Y77)
=0

= (Ngnr—pZ)” — Near—pZ(Ngar—pY )P~"
= (2P — ZXP7YP — (ZP — ZXP ) (YP — Yy XP !
= 7" +lot.
Here we took into account that £ N L =< B,C > and that the norm is a ring
homomorphism (see [Ev], p. 64).
3) It is clear that respz = X, respy = 0 and resgz =Y.
For resgt observe that £ C H and H is normal in GG. A set of £ — H double

coset representatives is

1 000
01420
Ir={AcUA= vieF,}
0010
0001
Then by the norm formula we get
p—1
respt = respNy_gt' = H resps*(t') = H(CY —iX) =c(YP - Y XP),

seT 1=0
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For resgu we have that KE = G and K is normal in G. So by the norm formula

we have
TresSpu = resENK_@u/ = NEQKHEresEnKu/ = NEOKHEbX = b(Xp — XYp_l)

since ENK =< A,C >.
For resgv we have that LE = GG and L is normal in G. So by the norm formula

we have
2
resgv = resp NV = Ngar—greSgarV = Npar—pZ = ZP + .ot

since ENL =< C >.
Case 4) is done similarly to case 2) O
Corollary 5.3. Let f(X,Y, Z,T,U,V) € F,[X,Y, Z,T,U,V].
Then f(z,y,z,t,u,v) € H*(GQ) is nilpotent if and only if the following hold:
1) f(0,X,0,Y, 2, T) =0,
2) f(aX,X,bX,aY,bY,Z) =0 for all a,b € F,, (a,b) # (0,0),
3) f(X,0,Y,a(Y? — YXP~ 1) b(XP — XYP™1), Z) =0 for all a,b € F,,
4) f(aX,0,bX,aY,bY,Z) =0 for all a,b € F,, (a,b) # (0,0).
Proof. We saw from 5.1 that f(x,y,z,t,u,v) is nilpotent if and only if it restricts
to zero on all maximal elementary abelian subgroups of G. But we described all
maximal elementary abelian subgroups of Uy, in the previous chapter.
By restricting to the subgroup of case 1 of 4.3, since the restriction map is a ring
homomorphism and by using prop. 5.2 we obtain that:

£(0,X,0,Y? —YXP~', zP — ZXP1 TP 4+ lot.) = 0.
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But observe that X, YP—-Y X?P~1 7P 7 XP~1 TP +1.0.t. are algebraically independent
so we can replace them by XY, Z T respectively. This way we obtain the first
relation. The second relation is obtained similarly by restricting to subgroups of the
second case of 4.3 and using the second result from 5.2. Here we also use that X and

Y? — Y XP~! are algebraically independent. Relations 3) and 4) follow similarly. [J

Theorem 5.4. Let N be the nilradical of Fylx,y, z,t, u,v]. Then F,[z,y, z,t,u,v]/N

is isomorphic to F [ X,Y, Z, T, U, V]/I where I is

I=ILnvVENLENIL=VLNnLNEN1, and

L = (X, Z)a

IL=UX~-TZUT —-UTP, X? — XYP~t 7P — ZyP~1)

L=, TP —T(Z° — ZXP~"WP~ L UP —U(X? — XZP71)),

I, =UX-TZUT-UT?)Y,XZ? — X?7).
Proof. We have the canonical map F,[X,Y,Z,T,U, V| — F,[z,y,z,t,u,v] defined
by X — z,Y — y,.... This map is obviously surjective. Then the induced map
F,[X.Y,Z,T,U, V] — Fylz,y, 2 t,u,v]/N is surjective and we only have to prove
that I is its kernel. In other words, we have to prove that f(z,vy, z,t,u,v) € N if and
only if f(X,Y,Z,T,U,V) € I. So by the previous corollary we have to prove that f
satisfies conditions 1) to 4) of that corollary if and only if f € I.

Observe now that f(0,X,0,Y,Z,T) = 0 is equivalent to f € (X, 7). This is

because we can write
(XY, Z2,T,U0V)=gY,T,UV)+ Xh(X,Y,Z,T,UV)+ Zk(X,Y,Z,T,U, V)
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and f(0,Y,0,7,U,V)=0=g(Y,T,U,V). Thus f satisfies 1) if and only if f € I;.

Condition 2) of cor. 5.3 is satisfied by f if and only if
fely=(X—aY,Z—-0bY,aU —bT) for all (a,b) # (0,0).

This is because for a # 0 we can write

FX,Y,Z2,T,U V) =g(Y,Z,T,U,V) + (X — a¥)p(X,Y, Z,T,U, V)
=hY, T,UV)+(Z-0Y)qX,Y,Z,T,UV)+ (X —aY)p(X,Y, Z, T, U, V)
= k(Y,T,V) + (aU — bT)r(X,Y, Z,T,U, V) + (Z — bY)q(X,Y, Z,T,U, V) +
+ (X —aY)p(X,)Y, Z,T,U,V)
and because of condition 2) we get that k(Y,T,V) = 0. If a = 0 then b # 0 and k
will depend on Y, U, V, and we obtain the same thing.

We obtain this way that f satisfies condition 2) if and only if f € N(ap)£(0,0)Lab-

So we only need to prove that

N(ap)#£(0,0) Lab = V. (5.1)

We will now work over the algebraic closure E of F,,. The above condition is equiv-

alent to

V(Nab)0.0)Lan) = V(I2).

where V(I) represents the algebraic set of points @ € P%(FF,) such that g(Q) = 0,Vg €

I. But V(Nilx) = UpV (Ix) (see [ZS], p. 160) so we need to prove that

Uab)z0,0)V (Lap) =V (I2).
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FQeV(h),Q=(x:y:z:t:u:v) then

ur =tz

a? — y?~' = 0 which implies z = ky (for some k € F,)

2P — 2y?~' = 0 which implies z = ly (for some [ € F,)

uPt — ut? = 0 which implies u = mt (for some m € F,) or t = 0.

If t = 0 then from ux = tz we get that t =0 oru =0. If x =0 then Q) € Iy, if u=0
then Q € Iy.

If t # 0 then u = mt and since uxr = tz, we obtain that mtky = tly. Iff y =0
then x = y = z = 0 and we can find (a,b) # (0,0) such that au = bt, so Q € L.
Otherwise y # 0 and from mtky = tly we get mk =1, so x = ky,z = mky,u = mt,
so Q € Iy, where a =k, b= mk.

In all cases we obtain that there is (a,b) # (0,0) such that Q € I, so V(I3) C
Ulup. It is easy to verify that if @ € V(I,) for some (a,b) # (0,0) then Q € V(I3),
so we obtain (5.1).

The fact that f satisfies condition 4) if and only if f € /I, is done similarly.

We now need to prove that f satisfies condition 3) if and only if f € I3 and then
we are done.

Let a(X,Z) = ZP — ZX?"! and B(X,Z) = X? — XZP~'. We will prove more
generally that if o, 3 € F,[X,Y] and f(X,0,Z,aa(X, 2),06(X,Z),V) = 0 for all
a,b€F, then f € (Y, TP — TaP~',UP — UpF1).
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Define the polynomials
Mi;(X,Z2,T,U) = T(T — a(X, 2))..(T — (i — Da(X, Z2))U(U — B(X, Z))...
(U= (G- 1)B(X, 2))
with 0 < 4,5 < p, where i = 0 (resp. j = 0) means that there are no factors in the T

(resp. U) variable. Observe that M, ; can be used instead of the monomials 77U’ to

write

FXY, 2T UV) = Yg(X,Y, ZT,UV)+ S Miyfiy(X,2,V)+
0<4,7<p—1 (52)

+ My oh(X,Y, Z,T,U,V) + My, ,k(X,Y, Z,T,U,V).
This is because the coefficient of T°U7 in M; ; is 1 and we can recursively write all
T'U7,i,j < p in terms of these M, ; with coefficients in F,[X, Z].
Now by looking at f(X,0,Z,aa(X,Z),b3(X,Z),V) = 0 and in (5.2) making
Y =0,T =ax(X,Z) and U = b3(X, Z), we see that all My, with & > a or [ > b,
have value 0, because of the way they are defined. Now by giving the following values

o (a,b):
(0,0),(1,0),...,(p — 1,0),(0,1),(1,1), ... (p—1,1), ..., (p— 1, p— 1),
we get succesively that f; ; = 0,0 <4,7 <p— 1. This implies that
fe (Y, My, M,o) = (Y, TP — TP U? —UB™).
Reciprocally, it is clear that if f € I3 than f satisfies condition 3). [

It is impractical to compute this ideal exactly (i.e., obtaining its generators). I
did this using the Macaulay II package for p = 5 and I obtained an ideal with 45

generators!
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CHAPTER 6
THE HECKE ALGEBRAS H(G//B) AND H(G//U)

In this chapter, we will compute the Hecke algebra H(G//B) and H(G//U), where
G = GL,(F,), B is the Borel subgroup consisting of upper triangular matrices, and
U = U,(F,) is the unitary subgroup consisting of upper triangular matrices with 1

on the diagonal. We have the Bruhat decomposition:

B\G/B = [] BuwbB,
weW
where W is the group of matrices obtained by permuting the lines of the identity

matrix corresponding to each permutation of S5,,.

Proposition 6.1. With the above notations, H(G//B) is generated by the double
cosets Bs;B = (s;) where s; € W corresponds to the transposition (i,1 + 1). The

relations between the double cosets (s;) in H(G//B) are the following:
(si)(s5) = (s5)(s4), if [i = j| > 1,
(s:)(sit1)(si) = (si41)(5:) (si11),

(si)(si) =p- (1) + (p— 1)(s0).
Proof. See [Ho| p. 3. O

We now turn to H(G//U). As in [Ho], for w € S,, define
l(w) = min{k, w = s;,...5;, }
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Let d(w) = deg BwB (regarded as a B-double coset). Recall that deg BwB is defined
as the number d of left cosets Bw; such that:
BwB = [] Bu:.
1<i<d

It is also equal to [B : BN w™ ' Buw].

We have d(w) = p'™) since it is enough to check this on s;, because d() is mul-
tiplicative on minimal products of s; and () is additive on minimal products of s;.
Since U is normal in B, we have B = [[,., Ut where T' is the group of diagonal

matrices. Also observe that W normalizes T'. We then have

d(w) d(w) d(w)
[[UtwU = BuB = BwU = [[ Buu,= [] Utwu, (6.1)
teT i=1 =1, teT

where wu; is a system of single B-coset representatives for BwB with u; € U. Using

the Bruhat decomposition, we get from here that

N\G/U= ][] Utwl. (6.2)

weWiteT

Since
d(w)

UtwU D H Utwu; foreachteT
i=1
and when we take reunion for all ¢ € T we get equality (see (6.1)), we actually have
d(w)
UtwU = H Utwu; foreachteT.

i=1
Let’s denote the double coset UzU by (x). We obtain therefore that deg(tw) =

d(w) = deg(w), in H(G//U).
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Proposition 6.2. With the above notations, H(G//U) is generated by the double
cosets (s;) and (t) with t € T. The relations between these generators in H(G//U)
are the following:
(tsi) = (1) (s2), (sit) = (s:)(1), (&) = () (t'),
(si)(s5) = (85)(s0), W [i = j| > 1,
(si)(si+1)(si) = (si41)(80)(8i11),
(s:)(si) =p(1)+ > (diag(l,.,1,k,1,1,..., 1)s;),

kl=—1

where k is at position i in diag(1,..,1,k,1,1,....1).
Proof. We saw above (in (6.2)) that H(G//U) is generated by the double cosets (tw)
with t € T,w € W. Let now t,t' € T and w,w’ € W be such that I(w) + (') =
[(ww").
Since (tw) - (t'w’) as a set contains (twt'w’) and
deg(tw) deg(t'w') = deg(w) deg(w') = deg(ww') = deg(twt'w’)
(because we know that deg(ww’) = deg(tyww’) and twt'w’ can be written as t;ww’),

we get that
(tw)(H'w") = (twt'w"). (6.3)

From here, by giving appropriate values to t,t, w,w’, we get that
(t)(w) = (tw), (w)(t) = (wt) and (tt') = ()(t").
Also from here, since for |i — j| > 1 we have I(s;) + I(s;) = I(s;s;), we get

(5:)(s5) = (sis5) = (558:) = (85)(54)-
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If we W, write w = s;,...s;,, @ minimal decomposition in product of transposi-

tions. Then [(w) = I(s;,) + I(si,) + ... + (s4,) and from (6.3) we get

(w) = (s1,)-(56,):

The permutations of positions 7,7 + 1,7 + 2 form a group isomorphic to S3. There
are three transpositions there. Two of them are s; and s;,;. The third is s;s;115; =
Si118;Si+1. Since this is a minimal decomposition of this transposition (because it
cannot be a product of 2 transpositions and it is not an elementary transposition s;),

we get that

(si)(si+1)(5:) = (sisiv151) = (sir18i8i1) = (si41)(s0) (5i42).
We now want to prove the relation for (s;)(s;). We will prove that

UsiUs;U =ULWUU [] Udiag(1,...,1,k,1,1,...,1)s;U, (6.4)

kl=—1

where k is at position i. Because

Ii 1 0 0
01
si=| 0 s 0 with s = :
10
0 0 L
we get that
Ui * *
Us;Us;U = 0 UssUssU, *
0 0 Un—i—l
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so we see that without loss of generality we may assume U = U,. In this case an

a

element of U has the form A = and thus a nontrivial element of sUs is of
01
the form
01 1 a 0 1 10 1 1 0 —1* 1 é
10 01 10 a 1 0 1 a 0 0 1

This implies that

0 1
UsUsU =UU[[U “|U=vvu [] Udiag(k,1)sU.
a0 a 0 kl=—1

We thus obtained the relation (6.4). From here we get that
(s)?=m(1)+ Y mi(diag(l,...,1, k1,1, ... 1)s;)
kl=—1
for some integers m, m; > 0. Now since for any t € T, deg(ts;) = p, deg(1) = 1 and
deg(s;)? = p*, we have no other choice than m = p,m; = 1 so we get the following

relation:

(52 =p(1)+ > (diag(1, ..., 1,k,1,1,...1)s,).
kl=—1
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CHAPTER 7
ON A CONJECTURE OF ASH

Let U = U,(F,) and

Ut ={AeGL.F), A= |. . . .|k

Define
Iy ={M € SL,(Z), M € U}
Sy ={M € M,(Z),det M > 0, (det M,p) =1, M € U*}
I(N) = {M € SL,(Z),M = I, mod N}, (1) = SL.(Z)
Sk(N)={M € M,(Z),det M > 0, (det M, K) =1, M = diag(1,1,...,1,%) mod N}
GSk(N) = {M € M,(Z),det M # 0, (det M, K) = 1, M = diag(1, 1, ..., 1, %) mod N}
Definition 7.1. A Hecke pair is a pair (I',.S), where I" is a subgroup of GL,(Z)

containing I'(N) for some N, and S is a semigroup of GL,(Q) such that I" C S.

Definition 7.2. Two Hecke pairs (I, S) and (I, S”) are said to be compatible if
HNrcr,scy,
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2) T"NSS™t =T, and
3) IS = .

Lemma 7.1. a) (I'(p), Sp(p)) and (I'y, Su) are compatible Hecke pairs.
b) (T'y, Sy) and (I'(1), Sy(1)) are compatible Hecke pairs.

Proof. a) Clearly I'(p) C 'y and S,(p) C Sy. Suppose now v € 'y NS,(p)S,(p)~".
Then v is congruent to diag(1,1,...,1,%) mod p and has determinant 1. Thus =
is congruent to diag(1,1,...,1,1) mod p, so v € I'(p). Since the other inclusion is
trivial, we get that Ty N S,(p)S,(p)~* = T'(p). Since any matrix from U* can be
written as a product of a matrix from U and a matrix from diag(1,1,...,1,%) we
get that Sy C I'y'S,(p); hence Sy = I'ySy(p). Since the three conditions have been
verified, we have that (I'(p), S,(p)) and (I'y, Sy) are compatible Hecke pairs.

b) Clearly Ty € T'(1) and Syy C S,(1). Suppose now that v € I'(1)NSyS;,'. Then
v € SL,(Z) and 5§ € U*. Thus ¥ € U so v € I'y. So I'(1) N SyS;' = T'y. The last
thing that we have to prove is that I'(1)Sy = S,(1). But from [Ash] p.238, Lemma
1.1 a), we have I'(1).S,(p) = Sp(1) and since S,(p) C Sy, we get that I'(1)Sy = Sp(1).
So (I'y, Sy) and (I'(1), S,(1)) are compatible Hecke pairs. O

Definition 7.3. A Hecke pair (I',.5) is called a congruence Hecke pair of level N if
the following hold:

a) (I'(N),Sy(N)) and (I', S) are compatible Hecke pairs,

b) (I',S) and (GL,(Z),GSN(1)) are compatible Hecke pairs.

Corollary 7.2. (I'y, Sy) is a congruence Hecke pair of level p.
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Proof. Point a) of the above definition holds because of point a) of the previous
lemma.

Point b) holds because of point b) of the previous lemma, and the fact that
(I'(1), S,(1)) and (GL,(Z),GS,(1)) are compatible Hecke pairs and the relation of

compatibility is transitive (see [Ash], p. 238). O

Lemma 7.3. Let (I',S) — (I",5") be compatible Hecke pairs. Consider a morphism
(17,8 2, (I'1, S1) of Hecke pairs (i.e ¢ : S" — Sy is a morphism of semigroups and
Iy = ¢(T")). Define the Hecke pair (T,S) = (¢(T), ¢(9)).

If (T, S) and (T'1, S1) are compatible Hecke pairs then we have the following com-

mutative diagram of Hecke algebras:

H(S'//T") = H(S//T)

| l

H(S1//Tv) — H(S//T)
Proof. We have such a diagram on the Hecke algebras, we only need to prove that it
is commutative.

Since (I, §) and (IV,S’) are compatible Hecke pairs, by property 3) of the defi-

nition of compatible Hecke pairs we get that any simple coset IVa, a € S’ is equal

to I''s for some s € S. We thus have the following commutative diagram of single

cosets:
I's — Ts
l !

T16(s) — Tep(s)
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Since each of these maps on cosets gives rise to a map on double cosets by joining
together the simple cosets that make up the double coset, we obtain a commutative

diagram on the double cosets, and on the corresponding Hecke Algebras. O]

Corollary 7.4. Let H(p) = H(S,(1)//T'(1)). We have the following commutative
diagram of Hecke algebras:
H(p) — H(Su//Tv)
l l
H(GLn(Fp)//SLn(Fy)) — H(U™//U).
Proof. We only need to prove that H(U*//U) and H(GL,(F,)//SL,(F,)) are com-
patible Hecke pairs. Then by applying the previous lemma, we get the result.

It is clear that U* C GL,(F,) and U C SL,(F,). We also have U*SL,(F,) =
GL,(F,), since by taking a matrix A of GL,(F,) and multiplying it with the inverse
of diag(1,1,...,1,det A) we obtain a matrix of SL,(F,).

We need now to check that SL,(F,) N\U*U*™* = U. Since U* is a group it implies

that U*U*~! = U* so we have to prove that SL,(F,) N U* = U which is obvious. [J

Definition 7.4. As in [Ash], given a Hecke pair (I',S) and a left S-module M, we
define an action of the Hecke algebra H(S//T") on H*(I', M). We first define the

action of I'sI" for s € S as the Hecke operator T, defined below:

Ts(B) = trrasrs—1orresrasrs—18" (6) for any 5 € H*(I', M).

We extend this action to the entire Hecke algebra H(S//I') by linearity.
We also define Tj; to be the Hecke operator corresponding to the double coset

Ldiag(1,...,1,1,....))I" € H(p), where [ appears k times and I' = I'(1), S = S,(1).
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This action is compatible with the algebra structure because:

Proposition 7.5. Let (I, S) be a Hecke pair and M be a left S-module. Then H*(T")
has a structure of a right H(S//T")-module via the Hecke operator action described
above. More precisely for any a,b € H(S//T') and any 5 € H*(I', M):

Top(3) = To(Tu(B))-
Proof. See [RW]. O
Corollary 7.6. Under the commutative diagram from 7.4, the image of 11 € H(p)

in HU*//U) is

(1" —1)...0" — 1)
(F —1)..(IF — -1y

A1k Tvdiag 1,100 where dyy = deg(Tix) =
Note 7.1. The last equality has been proved in [Shi|, prop. 3.18, p. 58.

Proof. The image of T}, in H(GL,(F,)//SL,(F,)) is of the form dT}, where d is such
that the degree is preserved. In H(GL,(F,)//SL.(F,)), Tix is in the same double
coset as diag(1,1,...,1,1%) € U*. Furthermore, this double coset splits as only one
single coset since diag(1,1,...,1,1¥) normalizes U. So degTj, = 1. Since all maps
from the above commutative diagram maintain the degree, we get that d = d; ;. The
image of T;;, in H(U*//U) is diag(1,1,...,1,1%), since T;; can be represented by only

one single coset. Therefore the image of Tj; in H(U*//U) is dixTygiagi ... 100 O

Definition 7.5. Let § € H*(U,F,) be an eigenclass for 7j for all primes [, and all
1 <k <n. Thus T} ;0 = a(l, k)3 for some a(l, k) € F,. Define

P(B,1) =Y (—L)FFDRa(1 k) X*,
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Theorem 7.7. Let € H*(U,F,) be an eigenclass for Ty, for all primes | # p, and

all 1 < k < n. Then there is an integer d such that the representation
p=wl@uw .. owt ! Gy — GL,(F,), (7.1)
where Gg = Gal(Q/Q), has the property that
P(B3,1) = det(I — p(Frob)X) for all l # p.

Proof. Let T,,, = Thiag(1,1,....1,m) for any m € F;. Then Tj = d;;Tj. There is a prime
q that generates 7. Since (3 is an eigenclass then T}, 13 = a8 for some a € F;. The
eigenvalue a is nonzero, since a?~ ' = T,p-13 = T3 = 3, so a?~! = 1. But then
a = ¢* for some d € Z. Then T, ;0 = dip(T,r)3 = dgi(T,)*3 = dyrq™ 3. For any
prime [ and any k we have Ty = dixThia911,..1,4) = dipTym for some m such that
¥ = ¢™ (mod p). Then T; 103 = d; .q™*B = dy ;1% 3. Therefore a(l, k) = d; % for all
primes [. Then
P(ﬁ, l) _ Z(_l)klk(kfl)/Qa(l’ k)Xk _ Z(_l)klk(kfl)/2dl’klkka
= (—1)FFEN2d (19X)F = (see [Shi] p.64)
= (1 —=01"X)(1 = 1" X)...(1 = (™71 X) = det(I — p(Frob)X)

for the p given in (7.1). O
Now we prove that the Conjecture of Ash holds in our particular context:

Corollary 7.8. The conjecture of Ash (see [Ash], p 242, Conjecture B) is true for
I' =Ty,S = Sy and for eigenclasses § € H*(I'y,F,), which are pull-backs from

H*(U,F,) via the reduction mod p map 7 : 'y — U.
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Proof. Recall that Conjecture B from [Ash] states:

Conjecture 7.9. (Ash, 1992) Let (I',S) be a congruence Hecke pair of level N and
p be a prime. Let F be a finite field of characteristic p. Let V be an admissible F.S
module. Suppose 3 € H' (T, V') is an eigenclass for the action of the Hecke operators
Ty with eigenvalues a(l, k) € F for all primes | not dividing N and all k =1, ...;n.
Then there exists a continuous semisimple representation p : Gg — GL,(F) un-

ramified ouside pN such that
P(3,1) = det(I — p(Frob)X)

for all primes | not dividing pN .

In our context, F=TF,, V=F,, (I',S) = (I'y, Sy) and N = p.

Since [ is a pull-back from H*(U,F,), f = n*(8') with ' € H*(U,F,). Because
the map 7* is compatible with the Hecke action (see [KPS] thm. 1.3.7), G is a T} -
eigenclass for all primes [ # p and k& < n if and only if 3 is a T} ;-eigenclass for all
primes | # p and k < n and the eigenvalues are the same. Thus P(3,1) = P((#,1).

Now we apply the previous theorem for 3" and we get the result. O]
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CHAPTER 8
PROPERTIES OF THE TRANSFER MAP AND OF THE
HECKE OPERATORS

In this chapter we will develop some properties of the transfer map, and of the Hecke
operators. We will use in Chapter 9 the properties that we will develop in the next
section. We will not use the work we do in the other section, but we think that this

work is important, and to our knowledge, has not been done so far.

Theorem 8.1. Let G be a finite group and H be a subgroup of G. The transfer map

tro—q : H(H,F,) — H*(G,F,) maps nilpotents to nilpotents.

Proof. Quillen proved that an element o« € H*(G,F,) is nilpotent if and only if its
restriction to all elementary abelian subgroups is nilpotent.

Let thus o € H*(H,F,) be a nilpotent element. We want to prove that try_q(«)
is nilpotent. We will prove that the restriction of try_g(a) to all elementary abelian
subgroups is nilpotent.

Let E be an elementary abelian subgroup of G. Let G = Uy EgH be a double
coset decomposition of G. Then

*
resptry_g(a) = E trEngHg—1—ET€SENgHg-19 L.
g€l
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Now if for some g € I we have that ENgHg ' # E then trgnyuy-1.5 = 0 (see [AM]

p. 72, cor 5.9). We thus get

resptry_g(a) = g respgra,
gel,ENngHg—1=FE

but since « is nilpotent, resgg*« is also nilpotent so resgtry () is nilpotent (being

a sum of nilpotents). Thus try_g(«) is nilpotent. O
Corollary 8.2. The Hecke operators take nilpotents to nilpotents.

Proof. Clear since the Hecke operators are a composition of maps (transfer, restriction

and conjugation, as seen in Chapter 7) that take nilpotents to nilpotents. O

Functoriality properties of the transfer map

Lemma 8.3. Let G be a finite group and H a normal subgroup of G. Let G’ be

another subgroup of G such that there exists a split exact sequence:
l1-K—-G 56 —1

for some subgroup K of G. Let H = HNG'. If K C H then the map G'/H' — G/H
induced by the inclusion is an isomorphism and there exists an induced split exact
sequence:

1-K—H—H —1.
Also try_qgr = trg gz for any x € H*(H') — H*(H).

Proof. From the split exact sequence we have that G'’K = G since any element of G

can be written as a product 7(z) € G’ and an element of K, namely (7(x))'z. Then
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G'H = G since K C H. From one of the isomorphism theorems for groups, we have
that G'/HNG' ~ G'H/H so we get that G'/H' ~ G/H, the map being that induced
by the inclusion.

Now if z € H then (7(z)) 'z € K C H,son(z) € H. But n(z) € G'son(x) € H'.
Reciprocally, any element y € H' is in G’ so 7(y) = y; therefore |y : H — H' is
surjective. Restricting now the given exact sequence to H, we get a split exact

sequence:

1-K—>H—H —1.

To prove now the equality of the transfer maps, we can suppose, by dimension shifting,
that € H°(H’). Then we can find a system S of representatives for G'/H' ~ G/H.
Thus S will also be a system of representatives for G/H. Then
trp_qx = Z st = Zs*x € H*(G") ¢ H*(G)
s€G'/H’ seS

SOt = ) 5eg 8'T =Y cqun 57T = tra—gr € H*(G). O

An alternate definition of the transfer map

In this section let G be a finite group. Let A,(G) be the family of all non-trivial

p-elementary abelian subgroups of G.

Definition 8.1. Define

lim H*(ATF
A (A, F),)

as the sequences (24) € [aea,(q) H"(A,Fp) such that resq(xa) = xa and ¢ (x4) =

Tg-144, OF equivalently g*(x4) = z4a4-1.
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Using the restriction we can define a map

¢: H(G,F,) — AEIA?G)H (A, Fp).

Then we have the following theorem due to Quillen:
Theorem 8.4. (Quillen) The map ¢ has nilpotent kernel and cokernel.

The question is whether given H < G one can transport the transfer map
t’l“H_>G . H*(H, Fp) — H*(G, Fp)
to a “transfer map”

tru_q : Ael,}&H) H*(AF,) — Ael,lqrﬁc) H*(A,F,).

Since lim e 4, () H*(A,Fp) can in theory be computed explicitly by knowing the lat-
tice of all the p-elementary abelian subgroups of GG, we can get an explicit description
of the transfer map and thus of the Hecke operators, at least modulo nilpotents.
We'll treat the simpler case H <G. Let A € A,(G). It A ¢ H let S be a system
of A — H double coset representatives. Then A N H is a proper subgroup of A and

by the double coset formula we have, for x € H*(H):

resatry_qr = ZtTAﬂSHS—I*}A(7’65184%::;;[15715*35) = Z trang—a(resioys'z) =0
ses ses
because it is known ([AM], p. 72, Corollary 5.9) that trgp_p = 0 if E’ is a proper

subgroup of the elementary abelian group E.
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If AC H, let S be a system of representatives for G/H. Then S is also a system
of A — H double coset representatives so by the double coset formula we have, for
x e H"(H):

resatry_qxr = g tTAmsHS—IHA(TesAmSHS 187 1) E resAs T = E s*resglAsx,
ses ses ses

since sHs™ ' = H, ANsHs ' = A and tra_ 4 is the identity map. We see from here

that we can give the following

Definition 8.2. If H <G define

~c: I H* (A F i H*(AF
tra—a Ae}lrpI%H) (4, p)—>Ae,l4I£G) (4, Fy)

as follows

0 ifA¢ H
(t?”Hﬂgﬂ})A =

zgeG/H g*(nglAg) ifACH
Observe that if A C H then g7'Ag C g"'Hg = H so we x,-14, is defined. Also

observe that in general x4 # ¢*(z,-14,4) since x4 = h*(xp-14,) only for h € H.
Proposition 8.5. The map try_q defined above is well defined.

Proof. We need to check that if A’ C A then res4y (trg_qr)a = (try—qr)a and
g (trug—cx)a = (tru—cw)say-1 for all g € G. For the first equality, if A’ ¢ H then
clearly A ¢ H and the equality is trivially satisfied by the definition. If A C H then

A’ € H and we have:

~14g
resh, (try_qx)a = resy g g (xg-144) E g" res ity D (zg-144)
geG/H geG/H

= Z 9*($971A/g) = (tru—g) .

geG/H
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The last case is A’ C H, A ¢ H. Then we have to prove that

(tTH_>G{L’)A/ = 0.
For that we need the following

Lemma 8.6. If E' < E are p-groups such that there is a map w : E — E' such that
7(g) =g for all g € E' then
Z g'x =0 for allz € H(F').
geEE/E’

Proof. 1If x € H*(E') then resgpm*x = x and therefore

*

g'r =g (respm’x) =respg*(n*r) = resp(n*x) =z,

since g* acts trivially on H*(F). Thus
Zg*x: Zx:pszo.
gEE/E' gEE/E'

O

Back now to the proof of our proposition. We can assume without loss of generality
that A" = AN H since A’ C AN H and the restriction from AN H to A’ has already
been taken into consideration in the previous case.

Let S be a system of representatives for G/AH and T C A be a system of
representatives for A/A’ thus also for AH/H ~ A/JANH = A/A’. Then {ts,s €
S,t € T} is a system of representatives for G/H. We have

(t’f’H_)GQT)A/ = Z (ts)*(x(ts)*lA’ts)'

seSteT
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Observe that for all t € T, tAt™! C tAt™' = A (since t € A) and tAt™! C H so
tA't™' ¢ AN H = A’ and by cardinality tA't~! = A’. Thus

(tru—cx)a = Y (ts)*(T1a1s)

seSteT

but t € A/A’ if and only if u = s7'ts € s As/s7 ' A’s. Then ts = su and

(trg—gr)a = Z Z (su)" (xg-14r5) = Z Z s*u(wg-1a05)

s€S ues—1As/s~1A’s s€S ues—1As/s~1A’s

= Zs*( Z u(zg-1414)).

ses u€s1As/s1As

Now applying the previous lemma for the interior sum, and for £ = s7'As, B =
s 1A’s (since they are elementary abelian subgroups so E’ is a direct summand) we

get that

Z u(rg-1405) =0

u€s—1As/s—1A's

and thus (trg_gz)a = 0. We are done with the first equality.

We still have to prove the second equality, i.e., ¢*(try—cx)a = (tru—gx)ga,- for
all g € G. Let g € G be fixed.

Since H is normal in G, A C H is equivalent to gAg~! C H. So if A ¢ H, the
equality becomes trivially satisfied.

If AcC H, then gAg~! C H and

g (trn-c)a=g'( 3 5@l = D ¢'"(@ra)

seG/H seG/H
= Z (gs)*(l‘sflAs) = Z t*(l'tflgAgflt) = (tT‘H_,G‘”L‘)gflAg,
s€G/H teG/H

where we made the substitution ¢ = gs, which gives another system of representatives

for G/H. O
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If H is not normal in G, the problem is much harder. We can still derive a
definition for the transfer map as follows:

Let A be an elementary abelian subgroup and S be a system of A — H double
coset representatives. Then for x € H*(H):

sHs™1 * * H
resatrg_.qt = E transts—1-A(resimge—15"x) = g transis—1—-a(S €S =1 4 T)-
ses ses

If s7'As ¢ H then A ¢ sHs ' so ANsHs ! is a proper subgroup of A and thus the
transfer map transps-1,4 is identically 0 ([AM], p. 72, Corollary 5.9). Therefore in
the above sum, only the terms for which s7'As C H remain, and for those we have
ANsHs ' = A so the transfer map transgs-1—4 is the identity. Thus we get
resatrgqx = Z s*rest, , @
s€S,s—1AsCH

From here we can state the following:

Conjecture 8.7. Define the transfer map:

¢ lim H*(ATF lim H*(A,F
tru—c A€,l4rpr(lH) (4, Fp )_)Aeixrﬁc) (4, Fy) by

(tre—gw)a = Z s*(Ts-145),

s€Sa,s1AsCH
where Sy is a system of A — H double coset representatives.

Then this map is well defined.
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CHAPTER 9
A NEW CLASS IN H*(GLy(Fp),Fp)

As we saw in Chapter 6, the Hecke algebra H(GL,(F,)//U,) is generated by the
double cosets of the diagonal matrices and the double cosets of the s;, where s; is the
matrix corresponding to the transposition (7,7 + 1).

Given a finite group G' and a p-Sylow subgroup H, we know from p. 84 of [Brn]
that res$; is a monomorphism between H*(G,F,) and H*(H,F,). We want to give a
necessary and sufficient condition in terms of Hecke operators for a class in H*(H,F),)

to be in H*(G,F,). The following lemma is Ex.2, p. 85 from [Brn].

Lemma 9.1. Let G be a finite group and H be a p-Sylow subgroup. A cohomology
class B € H*(H,F,) is in H*(G,F,) if and only if the action of all the Hecke operators
is punctual, i.e., T,(8) = deg(x)p for allx € H(G//H).

Proof. 1f § € H*(H,F,) is the restriction of a class in H*(G,F,) by Theorem 10.3
p.84 of [Brn], 4 is G-invariant, i.e., resgmgHg,lﬁ = resf}ﬁi];g,lg*ﬁ for any g € G. But
then

_ gHg™? *a H
T,(8) = trHngHg-1—HT €S [ing g1 B = trungg-1—uT€SHAge-1 3

=(H:HNgHg )3 =degT,f.

By linearity we get that the action of all the Hecke operators is punctual.
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We now prove the other implication. Suppose that all the Hecke operators act
punctually on 8. Let w = try_gB. Let S be a system of representatives for the

H — H double cosets of G. Then

-1
respw = resptry_qf = ZtTHﬁsHS—l_)HT'eS;II%SSHsfls*ﬂ = Z Ts(5)

seS s€S
= Z(degTs)ﬁ = Z(H cHN SHS_l)ﬂ = (G : H)ﬁ
seS ses

The last equality holds because (H : H N sHs™') is exactly the number of simple
right cosets that compose HsH. So by taking the union of all double cosets HsH
and decomposing each into simple cosets, we get all the simple cosets of G/H.

Since (G : H) is prime to p, we have that § = resHﬁw. O

Lemma 9.2. A class § € H*(U,,F,) is in H*(GL,(F,),F,) if and only if:
Ty(B) = B for any t € T,, and
Ts,(8) =0 for1 <i<n-—1.

Proof. By applying the previous lemma, § € H*(U,,F,) is in H*(GL,(F,),F,) if and
only if all the Hecke operators act punctually on /3.

Because the Hecke action is compatible with the multiplication in the Hecke alge-
bra, it is enough to check that the elements of T,, (the subgroup of diagonal matrices)
and the s; act punctually on our class . This is because these elements generate the
Hecke algebra.

This ends our proof since the degree of the torus elements is 1 (the double coset

is also a single coset since T, normalizes U,,) and the degree of the s; is p. O

Let’s see now what is the action of T}, on the classes defined in chapter 3.
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Proposition 9.3. Let t = diag(ty,...,t,) € T,,. Then
T(vij) =

Proof. Since tU,t~! = U,,, we have that
Ti(vij) = tru,—u,t" (Vi) = £ (735);

observe that ~;; = Np,;.v,(;; where H;; are defined in remark 3.2. Let H = H;;.

Then tHt™! = H as can be checked easily. Looking at the following morphism
¢: U, — U, ¢(x)=1t"at
and using the functoriality property of the norm map (N5, p. 58 in [Ev]), we get

t*(vij) = " (No-v,Gij) = Na—v, 9" (Cj) = NH—M(%Q;’)

(%)pkNHaUn(Cij) =

t-
3V

]

For Uy = Z/p we see that H®(Us) (even cohomology) is a polynomial ring in one
indeterminate generated by the element o € H?(Us) corresponding to the canonical
morphism Uy — F,. From the above proposition, we see that o* is invariant to the
action of T if and only if (p — 1)|k. It is easy to see that T,, = 0, so o*P~ ¢
H*(GLy(F,)). Let xo = aP™L.

For each U,, we embed U, with k < n as the Uy, using the notation of chapter 3.

We saw that this way we have H*(Uy) — H*(U,).
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For Us, let x3 = x2 + T, (x2). It is easy to see that

1 * x
UngQUgSQ_IZ{AEUg,A: 010 }

0 01

and let’s denote this subgroup by H. Then we can write
X3 =Pt +try_y,sh(aPh).
Observe that sj(a) = v where v € H?(H) comes from the morphism

1 a b
y:H—-F, [0 1 0|

0 01

thus we get that

Xs = +trg gyt

Let us now define x4 = B*~' + Ty, (877") = B~ +try, v} ', where 3 € H?(Us)

resp. 71 € H*(H,) come from the morphisms

1 % x 1 0 ¢
B:U—F, 101 bv|—=0b m:H,—TF, 01 0b|—c
001 00 1

Proposition 9.4. With the above notations we have:

X3 = Xé-
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Proof. First we have that ys and x4 actually come from H2P~1)(Us, Z) via reduc-
tion mod p. This is easy to see, since we can define similar elements y3 and x4 in
H*P=1)(Us, Z) and the transfer map try_p, commmutes with reduction mod p.

Now we will prove that x5 = x4 in H*(Us,Z) and this will give us the result, since
then their images in H*(Us,F,,) will be equal. In this proof from now on, we will be
working with 7Z coefficients.

Now we will prove that the restriction of x5 and x4 to all the subgroups H; defined
in thm. 4.2 is the same mod p (i.e., their difference is a multiple of p).

We first compute the restriction of x3 to all H; from 4.2. Since the subgroup H
from the definition of y3 is actually Hy, we have that HH; = Us for i = 1,2,....p
(since H is of index p in Us and H H; is a subgroup strictly larger than H). Thus by

the double coset fromula ([Ev], Thm.4.2.6, p. 41) we have
T@SHitTH_,U:,)’)/p_l = tTHmHi_)HiresHmHﬂp_l =0 mod p for i=1,2,....p

since it is known (Cor. 5.9, p 72 in [AM]) that the transfer map from a proper sub-
group to an elementary abelian group is zero when we are working with IF,, coefficients,
and the transfer map commutes with reduction mod p. So the image in H*(Us,F,)
of resg,trig_uy, 7?1 is 0, so resg.trg_p,7*~' =0 mod p in H*(Us,Z). We thus have
that

resp,x3 = resy,a® ' mod p fori =1,2,...,p.

Let a; € H?(H;) be defined by the morphism «; : H; =< A;, Z >— Q/Z given by
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a;(A¥BYY — k/p (B being a generator of Z = Z(Us)). Then resy.a = «; if i < p and

resg,a = 0 so we can rewrite the above equation as follows

resgxs =o' fori=1,2,...,p—1 and resm,xs = 0,

1 00
everything being mod p. Now for H = Hj the matrices C; = |0 1 ¢ | with
0 01

i=0,1,...,p—1 are a complete system of double (and single) H coset representatives

so we have

p—1
—1 -1 —1 —1
resgxs =y +resgtru_up,Y =af  + g resgCr(y)P
=0

p—1
=o'+ Z(resHv +iag)lP t=al +(p—1ah "t =0,
i=0

also mod p. Here we used the binomial formula for each (resgy—+iag)?~* and we kept

into account that S°7i* = 0 mod pfor 1 <k < p—1and Zf:_ol i?~1 = p—1 mod p.

In conclusion, we have that respy,xs = resg,x3 = 0 mod p and resy,xs = af_l
mod p forz=1,2,...,p — 1.

Similarly to what we did above, we check that res HiterqUﬂf*l =0 mod p for

1= 07 17 ey D — 1 and reSHpt’f’Hp*)US’}/fil — —reSHpﬁp—l mOd P. We alSO see that
reSH””B - iai for 1 = 0717"'7p — 1 s0 T@SHoﬁp_l = 0 and TeSHiﬁp_l = 0411.”*1 for
1=1,...,p— L

Putting these all together, we get that resy,x3 = resy,x3 = 0 mod p and
resg Xy = o' mod p for i = 1,2,...,p — 1. This implies that resy 3 = resu, x4

mod p for i =0,1,...,pi.e x3 and x4 have the same restriction mod p on all H;.
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Looking in [Lew], p. 523, Thm. 6.26, we see that H?®~1)(Us, Z) is generated
by o/3P~1" (4 = 0,1,...,p — 1) and x,_2 (using the notation from [Lew]). Actually
the o and the 3 have the same meaning, while x,_5 is our x4. These are all the
generators for H2P~Y(Us, Z) because the other potential generators are zero. We can
get other potential generators by multiplying a x; for ¢« < p—2 with one of o, 3, 11, v, X;
(j < p—2), but this product is zero. We could also get other potential generators for
p > 3 by multiplying pv with something, but uv = x»/d,d € F}, so we have already
taken this potential generator into consideration.

Because of this we can write

xs — X5 = fla, B) + axs,

where f(X,Y) € F,[X,Y] (since pa = pf = 0) is a homogeneous polynomial of

degree p — 1 and a € F,, (since px} = 0). Restricting to all H; we get
f(X,0) = f(0,X) =0, f(X,iX) +aX?"! =0 for i=1,2,...,p-1.

From here, by considering the homogeneous polynomial g(X,Y) = f(X,Y) 4+ aX?~!
we get that g(X,iX)=0fori=1,...,p—1 and ¢g(0, X) = 0. By making the change
of variable X «— iX for ¢ # 0, we get that g(:X,X) =0 for i = 0,...,p — 1 so the
polynomial h(X) = ¢g(X, 1) has the property h(i) =0 for ¢ = 0,...,p — 1, but it is of
degree p — 1 so it must be identically 0. So ¢(X,Y) =0 and f(X,Y) = —aX?~! and
from f(X,0) = 0 we get that a = 0so f(X,Y) = 0. This implies that xy3—x4 =0. O

Proposition 9.5. x5 € H*(GLs(F,),F,).
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Proof. Because of Lemma 9.2, we just have to check that T;(y3) = x3 for all t € T3
and T, (x3) = 0.

We have, for t = diag(ty, ta, t3):

Ty(xs) = Ti(a?™ ') + Ti(To,o? 1) = (to/t)" P! 4 T (a?™)
=’ P+ T, Ty (P ) =P P+ T, (P = s,

since we saw that (s;)(t) = (s;t) = (t's;) = (t')(s;) for some ¢ € Tj.

For T, we have
Ts1 (X?)) = Ts1 (ﬁp_l) + T(Sl)(sl)(ﬁp_l) = TSl (ﬁp_l) + Tp(1)+2f;11(t¢51)(5p_1)

p—1
=T (7)) + D Tis (87 = pT, (877 = 0.
=1

The fact that T,(x3) = 0 is done similarly, but using the other definition of xs,

namely y3 = a?~! + T, (a?™1). O

Definition 9.1. Define iteratively x, = xn-1 + Ts, ,(xn-1) € H*(U,,F,), where x»
and y3 have already been defined. Here we used the embedding of U,,_; in U, that

has been described earlier in this chapter.

Definition 9.2. Define H, < U,, k=1,....,n — 1 to be the subgroups
Hy ={A €U, A= (ay)i;, arrr1 = 0}.
Remark 9.1. It is easy to check that H; = U, N siUnsi_l.

Theorem 9.6. x,, € H*(GL,(F,),F,).
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Proof. We first prove that
Ti(Xn) = xn for all t € T,,.

We do that by proving that T;(xx) = xx in Uy, for £ = 2,...,,n. We proceed by
induction on k.

Case k = 2 is trivial: Ty(x2) = Ty(aP™1) = (to/t1)PtaP™t = aP~ L,

Suppose case k is proved; let’s prove it for k£ 4 1:

Ti(xes1) = Telxw + Ts, () = X6 + Lo, Ter(Xx) = Xk + Lo, (Xk) = Xrt1s

where t' € T is such that st = t'sy,.

We are left to prove that:
Ts,(xn) =0fori=1,2,...,n—1.

We proceed by induction on n. We already saw that for n = 2 and n = 3 the theorem
is true, so the above relation is verified.
Suppose now that the above relation is true for n and n — 1 and let’s prove it for

n+ 1, n > 3. We have
T, (Xnt1) = Ts,(xn) + T4, T, (Xn)-
If i <n—1we have (s,)(s;) = (5:)(sn) s0
T, (Xnt1) = T, (xn) + T, Te.(xn) =0+ 0 =0,

because lemma 8.3 says that Tz, * € H*(U,_1) is the same when regarded in U,,_;

and in U,. The induction hypothesis implies that T, (x,) = 0.
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For i = n — 1 we have

Ty (Xny1) = Ty (Xn) + T T, (Xn) = 04+ T, T, (X1 + T, (Xn—1))

=1Ts, 75, (anl) + Ts'rzflTSnTsnfl(Xn*l) =1Ts, 715, (anl)"i‘

+ TsnTsn—lTSn (Xn—l) =04+0=0.

We used here

Ts, (Xn—1) = tru,—cresm, (SpXn—1) = tru,—c(resm, Xn—1) = PXn-1 =0

and the relation (s,-1)(8n)(Sn—1) = (8n)(Sn—1)(Sn)-
For i = n we have

p—1
T, (Xn+1> =T, (Xn) + Ts,s,, (Xn) =1, (Xn) + Z Tiisn (Xn)
=1
p—1
= Tsn (Xn) + ZTSn (Xn) = stn (Xn) = 07

=1

since we saw that (s;)? = p(1) + Z?;i(tj)(si) where ¢; are some elements of the torus

T,.+1 and we already saw that the elements of T}, act trivially on y,,.

Now that we proved that this class is invariant to the whole Hecke algebra, we

ask ourselves: Is this class non-zero? This class is of degree 2(p — 1) and it is known

that H*(GL,(F,),F,) = 0 for k < n by a theorem of Maazen (see [MP]).

So if 2(p — 1) < n our class will be zero. But we can prove

Theorem 9.7. If p > n then x, # 0.
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Proof. Let

010 0
0 01 0
U= € M,(F,)
000 ... 1
000 .. 0

Then the subgroup £ =< I, + U >< U, is elementary abelian, because I,, + U has
order p. Actually (I, + U)? = [P + U? = I, since U? =0 (U™ = 0 and p > n).

We have EFH; = U, for all t = 1,...,n — 1 since H; is a subgroup of index p in U,
and E ¢ H;. Because of this, the £ — H; double coset decomposition of U,, has only

one coset and we have
_ t *
respXn = resSpXn—1 + resptr, v, resm,_ (Sy_1(Xn-1))
*
=respXn_1+ trogreso(s;_1(Xn-1)) = respXn_1+ 0 =respxn_1-.

We can repeat the computation and we successively get that
- 1

where ap € H?(E) is the generator of the polynomial part of H*(E). O

Remark 9.2. Observe that for n = 2, 3, the class we defined is an important generator
of H*(GL,(F,),F,):

The class s is the generator a?~* of H*(GLy(F,),F,). Note that H*(GLy(F,),F,)
has only two generators, one being a?~! while the other is nilpotent of degree 2p — 3

(see [Agul]).
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The class x3 is the image of the generator
bp—2 € H*(GL3(Fp), Z) ).

of H*(GLs(Fp), Z) ) ( from [TY1]) via the reduction mod p map.

Remark 9.3. The only classes defined for general H*(GL,(F,),F,) that we know of
have been found by Milgram and Priddy in [MP]. These classes are detected on
certain maximal p-tori of block form. Our class is not one of those since our class is

zero when restricted to all maximal p-tori of block form:

Proposition 9.8. If E is an elementary abelian subgroup (p-torus) of GL,(F,) of

block form, i.e., Ay from definition 3.1 for some k and n > 2, then resgpx, = 0.

Proof. We do this by induction on n.

For n = 3 this has been done already in the proof of Proposition 9.4, since there
are only two maximal p-tori of block form in Us, namely Hy and H, so £ must be
one of them.

Supose now that we proved that resgy, = 0 for all p tori E of block form of U,,

and let’s prove that resgx,+1 = 0. We have

*
TESEXnt+1 = I€SEXn + TE€SEITH, U, 41 SpXn-

But actually y,, € H*(U,) where the embedding of U, in U,,,; has been defined earlier

in this chapter. We have the commutative diagram
E—-EnNU,
l |

Un+1 - Un;
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where the horizontal maps are obtained by truncating a (n 4+ 1) x (n + 1) matrix to
the n x n matrix from the upper left-hand corner. From here we get a commutative

diagram in cohomology
H*(Un) = H*(Unta)
| res | res
H*(ENU,) — H*(E),
so we get that resgx, = resgpnu, Xn. Since £ N U, is a p-torus of block form in U,

we get by the induction hypothesis that resgny, x»n = 0 so resgx, = 0.

To compute resgtry, —u,,,5,Xn We have two cases.

The first case is £ ¢ H,. Then FH, = U,.1, so by the double coset formula

* *
TeSptr i, U, 150 Xn = UTENH,—ET€SEAH, SpXn = 0,

since the transfer map trg g is identically zero if E’ is a proper subgroup of the
elementary abelian subgroup . From here we get resgpxn,r1 =04 0= 0.

The second case is & C H,. Then the matrices

I,.i. 00
ti=1 0 1 4| i=0,..,p—1
0 01

form a system of representatives for the £ — H,, double cosets of U, ;. By the double

coset formula

p—1 p—1
* * %k k %k
reSEtrH, U, 1SpXn = E resgt; S, Xn = g tis,respxn =0,
i=0 i=0
since t; and s, normalize E. Thus resgx,+1 =0+ 0= 0. ]
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Looking again at the classes defined by Milgram and Priddy, we see that the only
classes that they defined explicitly for p > 2 and n > 2 are of degree bigger than
2p — 2. So our class is not even in the ring generated by these classes.

It is likely that our class is the Bockstein of a class in H*~3(GL,(F,),F,).

The question is now: Can there be non-zero classes in H*(GL,(F,),F,) of degree
less than 2p — 37

As referred by Milgram and Priddy in [MP], work of Quillen and of Maazen shows
that for p > 2:

H*(GL,(F,),F,) =0 for k < n.

So the classes cannot have very low degree, but if p > n there is still a gap between
n and 2p — 3 where there might still be some non-zero classes.
For n = 2 from [Agu] we get that the smallest degree of a class is 2p — 3. So we

dare to state the following

Conjecture 9.9. Ifn > 2 and p > 3 then

H*(GL,(F,),F,) =0 for k <2p—3.
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