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1 Ancillary statistics

Suppose X ~ Py, 0 € ©.

Definition 1. A statistics is ancillary if its distribution does not depend on 6. More
precisely, a statistic S(X) is ancillary for © it its distribution is the same for all § € ©.
That is, Pp(S(X) € A) is constant for 0 € © for any set A.

Example: X = (X1,...,X,) iid N(u, 0?). Let
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so that the distribution of S? depends upon o2 but not on x. Thus S? is ancillary for
01 = {(u,0°) : 0> = a3},

but is not ancillary for
0y = {(p,0?) : 0* > 0}.

Let ¢(z) be a fixed density.

1. Location Family (LF) of densities: f(z | 0) = ¢¥(x — ), —0c0 < 0 < 0.

2. Scale Family (SF) of densities: f(z | 0) = $1(%),0 > 0.

3. Location-Scale Family (LSF) of densities: f(z | p,0) = 2ip(=£), (0 > 0,—00 < pu <
00).

If X ~ f(-|0) and Z ~ 9(-), then
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If X = (Xq,

,Xp) isiid f(- | 6) and Z = (Z1,...,Z,) iid ¢(-), then
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1. Examples of Location families:

(a) Unif(#, 0 + 1) distributions (f € © = R) with pdf f(z |0) =1(0 <x<0+1)
(b) Cauchy location family with pdf

1
) = :
(c) N(p,0d) distributions with p € R unknown, o3 known.
2. Examples of Scale families:

(a) Unif(0, ) distributions (# > 0 unknown) with pdf f(z | 8) = 0711(0 < z < 0)
(b) Cauchy scale family with pdf

1
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¢) N(0,¢?) distributions with ¢2 > 0 unknown.
(c)

3. Examples of Location-Scale families:

(d) Exp(B) distributions (8 > 0 unknown) with pdf f(z | 8) = B~ e */#I(2 > 0)

(a) Unif(e, 8), —00 < a < 8 < oo(all uniform distributions)
(b) N(u,0%),n € R,02 > 0 (all normal distributions).



1.1 Facts

1. If X = (X3,X2,...,Xy) is iid from a LF and S(z) is a location invariant function,
(S(z +cl) = S(z) for all x € R™ and ¢ € R), then S(X) is ancillary.

2. If X = (X1,Xo,...,X,) is iid from a SF and S(z) is a scale invariant function,
(S(cx) = S(z) for all z € R™ and ¢ > 0), then S(X) is ancillary.

3. If X = (X1,X9,...,X,) is iid from a LSF and S(z) is a location-scale invariant
function, (S(az+bl) = S(z) for all z € R™ and a > 0,b € R), then S(X) is ancillary.

Proof. Let X = (X1, Xs,...,Xy) beiid f(-|0) and Z = (Z1,...,Z,) be iid ¥(- | 6).

1. Since X 4 Z + 01, we have

P(S(X) € A) = P(S(Z+61) € 4)
— P(S(2) € 4)

which does not involve 6 by the location invariance of S.

2. Since X 4 07, we have

P(S(X)eA) = P(S(0ZecA)
= P(S(2) € 4)

which does not involve 8 by the scale invariance of S.

3. Since X 4 0Z + pl, we have

P(S(X) € A) = P(S(Z+pl) € A)
— P(S(2) € 4)

which does not involve i, o by the location-scale invariance of S.



1.2

1.

1.3

Location Invariant Statistics

S(X) = ﬁ Zz’:l(Xi — X)2 is location invariant:

zn:(Xi+cX+c)2:n_1zn:(Xi+cX0)2:S(X).

i=1 =1

Here X +c= (1/n) Y2 (X, +¢) =X +ec.

S(X+c):n_l

. S(X) =), |X; — median(X)| is location invariant:

S(X +¢)=> |X;+c—median(X +¢)| = Y |X; + ¢ — median(X) — ¢| = S(X).
i=1 =1

S(X) = max X; — min X; = X(,,) — X(y) is location invariant:
S(X + ¢) = max(X; + ¢) — min(X; + ¢) = max(X;) + ¢ — min(X;) — ¢ = X,y — X(yy.
The vector S(X) = (Xo— X1, X3—Xo,..., X, —X1) is location invariant by a similar

argument.

Scale Invariant Statistics

t= ;ﬁ«/—\/oﬁ is scale invariant as:
cT
t = =1
(ea) = == = t(a)
since the ¢’s cancel. Here we have used
1 — 1 —
cT = EZC:@ = c;le =cz,
i=1 i=1
R JR—
S(cx) = n_lz(cxi—cf)2:c n_lz(xi—:i‘)z:cS(x).
=1 1=1
S(X) = X)(Zn : is scale invariant:
cX
S(eX) = =5(X
(€)= =S

for all ¢ > 0.
Note: S(cX) # S(X) for ¢ <0.
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is scale invariant.

1.4 Scale Invariant Statistics

1. Sample skewness is proportional to

They are location-scale invariant.

Proof. 1t suffices to show:

(a) S(aX)=S(X) for a >0, and
(b) S(X +b) = S(X) for all b.

Part (b) follows from

S

(Xi4+b) = (X +0) = X; —

Part (a) follows from

3. The standardized residuals

2= (21,22,...,2n),2i =

are location-scale invariant.

General comment: An ancillary statistic by itself can tell us nothing about 6, but when
combined with other statistics, it may give information about 6.

Example: X = (X1, Xo,...,X,) iid Unif(0,0 + 1). We know (X(y), X(,,)) is MSS. Any
1-1 function of a MSS is also MSS. Therefore (X 1), X,y — X(1)) is MSS. We cannot drop
X (n) — X(1) without losing information about . But X(,,) — X(y) is ancillary ! It is ancillary
because Unif(@, 0 + 1) is a location family, and X,y — X(q) is a location invariant statistic.




