Question 1. (15 points) Let X, Xs,..., X, be independently and identically distributed as
Beta(1, 8) distribution given by

f|B)=p1-2)*" o0<z<l1

where 8 > 0 is an unknown parameter. It is easy to show that >, log(1 — X;) is a complete
and sufficient statistic for 8 and § = (1 — X)/X is the method of moments estimator for 3, where
X = (1/n) X", X;. Also, straightforward calculations show that S is not an unbiased estimator.
Suppose, for some function g, I found that S’ = g(X) is an unbiased estimator for 3. Will S’ be
the best unbiased estimator of 87 Justify your answer.
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Question 2. (20 points) Let Xq, Xa,..., X, be i.i.d Bernoulli(f) where 0 < # < 1 is an unknown
parameter. Recall that 7= 3" | X; is a complete sufficient statistic for 4.

a) (8 points) Find the best unbiased estimator for 1 — 4.

b) (12 points) Find the best unbiased estimator for (1 — 8)2.
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Question 3. (20 points) Let X7, X5,..., X, beiid N(p, 0?) with unknown mean ¢ € R and known
variance o2 > 0. Recall that X = (1/n) Y, X, is a complete and sufficient statistic for u.

a) (8 points) For fixed and known ¢ # 0, find the best unbiased estimator of e, (Hint: Try with
the moment generating function of X (Refer to Mx(s) of N(u,o?) in the formula page).

b) (12 points) Show that the variance of the best unbiased estimator obtained in a) does not achieve
the Cramer-Rao lower bound, but it is asymptotically efficient.
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Question 4. (25 points)
a) (10 points) Consider a test of simple hypotheses
Hy:0=0q versus H,:8=60

based on one observation X from a discrete distribution with probability mass function f(x | #) for
z=1,2,...,7. The values of the likelihood function at fy and 6, are given in the table below.

x |1 2 3 4 5 6 7
f(z[6) [ 001 001 001 001 001 0.01 094
f(z|61) | 0.06 0.05 004 003 002 0.01 0.79

Find the most powerful test for Hy : 8 = 6y versus H1 1§ = &7 with level & = 0.04. Compute the
power for this test.

b) (15 points) Suppose X is a single observation from a population with probability density function
given by:

flz|9) =0z, 0<z<l.

where 0 > 0 is the parameter of interest. Find the rejection region for the most powerful test of
level 0.05, for testing the simple null hypothesis Hyp : # = 3 against the simple alternative hypothesis

Hy:60=2.
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1 Distribution Overview

1.1 Discrete Distributions

Notation' Fx{z) Ix{=z) E[X] v[x) Mx(s)
z<a o
e iy Ha<z<b) a+b (b-a+1)*-1 e°? — gm{br1e
Uniform Unif{a,...,b} a<z<h S EE ) gy
x>bh
Bernoulli Bern (p) (1-p) = P (1 -p)'* P p(1-p) 1—p+pe’
Binomial Bin {n.p) Lopn—zz+1) (;):o" (1-p)n== np np(l - p) (1—p+pe)"
4t K x »
e ! = x e
Multinomial Mult (n, p) mp,‘ Y - E ap; npi(l—pi) (; pic )
(9]¢} nm am(N — n)(¥ - m) ’

; i flodid N/A
Hypergeometric Hyp(N,m.n) v 5 NN - 1) '/
Negative Binomial  NBin (r, ) (’::;1),;’(1_ o 1-p r‘;.?

« T 1-p B
Geometric Geo(p) pl-p) ' zeN = syt
x,—A i
Poisson Po(A) - : A A eMet=u

We use the notation y(s,2) and [(2) to refer 1o the Gamma functions and use B(z,y) and I to refer to the Beta funetions
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