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1. Let n items be drawn in order without replacement from a shipment of N items of
which Nθ are bad, where 0 < θ < 1. Let Xi = 1 if the ith item drawn is bad, and
is 0 otherwise. Show that

∑n
i=1Xi is sufficient for θ directly from definition and also

by the factorization theorem.

2. Suppose X1, . . . , Xn is a sample from a population with one of the following densities.

(a) f(x | θ) = θxθ−1, 0 < x < 1, θ > 0. This is Beta(θ, 1) density.

(b) f(x | θ) = θaxa−1 exp(−θxa), x > 1, θ > 0, a > 0. This is known as the Weibull
Density.

(c) f(x | θ) = θaθ/x(θ+1), x > a, θ > 0, a > 0. This is known as the Pareto density.

In all cases, find the real-valued sufficient statistic for θ and a fixed.

3. Let X1, X2, . . . , Xn be a sample from a population with density

f(x | θ) =

{
a(θ)h(x), if θ1 ≤ x ≤ θ2
0, otherwise

where h(x) ≥ 0, θ = (θ1, θ2) with −∞ < θ1 ≤ θ2 <∞ and

a(θ) =

(∫ θ2

θ1

h(x)dx

)−1

.

Find a sufficient statistic for θ.

4. Let θ = (θ1, θ2) be a bivariate parameter. Suppose that T1(X) is sufficient for θ1
whenever θ2 is fixed and known, whereas T2(X) is sufficient for θ2 whenever θ1 is
fixed and known. Assume that θ1, θ2 vary independently, θ1 ∈ Θ1, θ2 ∈ Θ2 and that
the set S = {x : f(x | θ) > 0} does not depend on θ.

(a) Show that if T1 and T2 do not depend on θ2 and θ1 respectively, then (T1(X), T2(X))
is sufficient for θ.

(b) Exhibit an example in which (T1(X), T2(X)) is sufficient for θ, T (X) is sufficient
for θ1 whenever θ2 is fixed and known, but T2(X) is not sufficient for θ2 , when
θ1 is fixed and known.

5. LetX1, X2, . . . , Xm;Y1, Y2, . . . , , Yn , be independently distributed according to N(µ, σ2)
and N(η, τ2), respectively. Find minimal sufficient statistics for the following three
cases:
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(a) µ, η, σ, τ are arbitrary: −∞ < µ, η <∞, 0 < σ, τ .

(b) σ = τ and µ, η, σ are arbitrary.

(c) µ = η and µ, σ, τ are arbitrary.
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