1 Stochastic Block models

Let A = (A;;) € {0,1}™*" denote the adjacency matrix of a network with n nodes, with
A;; = 1 indicating the presence of an edge from node i to node j and A;; = 0 indicating
a lack thereof. We will consider directed networks without self-loops so that A;; and Aj;

need not be the same and A; = 0.

ind

Qrs ~ U0,1), rs=1,...k, (1)
Plzi=k|n)=mg, i=1,...,n, (2)
m ~ Dirichlet(ay, . .., ax), (3)
Aij | 2,Q % Bernoulli(6y), 63 = Q.. (4)

A hierarchical specification as in (or very similar to) (1) — (4) has been commonly used in
the literature; see for example, [4, 3, 1, 2]. Analytic marginalizations can be carried out
due to the conjugate nature of the prior, facilitating posterior sampling [2]. In particular,

using standard multinomial-Dirichlet conjugacy, the marginal prior of z can be written as

k
T(Cpi o) H Ly + o) 2 € Znks (5)

2 Gibbs sampling for fixed &

Define

ne = ZI r=1,...,k.
Nps = ZZ (zi =127 = 8) =npng — el (r = 5).

1<i#j<n

Alrs] = ZZ Aij, r=1,...)k,s=1,... k.
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Then we have

m | — ~ Dirichlet(ag 4+ n1,...,ar + ng)

Qrs | — ~ Beta(l+ Alrs],1+ n,s — Alrs]).
Note that
Plzi=1]z,AmQ)x P(A]| z,m Q)P (z | m)P(m)P(Q).
Keeping the terms involving z;,

(A’Zﬂ- Q {HQZZ 1_Qzlzj)1 A”} {HQikgz(l—szzl)lAm}, P(Z‘T[')O(?Tzl..

JFi k#i
Hence,
P(zi =124, A,m, Q) ox 7y, X {HQ inzj)l‘Aij} X {HQi’ZU - szzi)l—f‘ki}_
i ki
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