Problem 1. Suppose X and Y are independent with X ~ Uniform(-1,1) and Y ~ Normal(0, 1).
Define a new random variable Z by
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(a) (10%) ' What is the distribution of Z? Prove your answer.
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(b) (4%) Are Z and Y independent? Prove your answer.
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" Problem 2. (20%) Suppose X; and X, are ind;apendent Normal(0, 02) random variables. Find
the joint density of
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Problem 3. The random pair (X,Y’) has the distribution (joint mass function)
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(a) (7%) Show that X and Y are dependent; 5 Y
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(b) (7%) Give a probability table for random variables U and V that have the same marginals as
X and Y but are independent.
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Problem 4.

(a) (6%) State the definition of a two-parameter exponential family (2pef), that is, give a general
expression for the density function of a 2pef. '
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(b) (6%) Does the Gamma(a, ) family with both o and § unknown form a 2pef? Justify your
answer. 2 X
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(c) (5%) Does the Uniform(a,b) family with both a and b unknown form a 2pef? Justify your fw f
answer.
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Problem 5. Suppose X,Y have joint density fx,y(z,y) =6(1—z —y) in the region where z > 0
y > 0, and £ +y < 1 (and zero outside this region)
(a) (5%) Find fx().
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(%) Find fyix(y|z) for 0 <z < L.
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\/c) (5%) Find E(Y|X =2) for 0< z < 1.
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No work is required in the remaining problems. You will receive full credit for stating
the correct answers.

Problem 6.

(a) (4%) State a general expression for Var(Y|X) as a difference of two terms.

(b) (4%) Use the answer to part (a) and obtain an expression for E[Var(Y|X)]. Simplify where
possible. : ,
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 (c) (4%) Obtain an expression for Var[E(Y|X)] as a difference of two terms. Simplify where
possible.
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Problem 7. Suppose X, Xy,..., X, are iid from a distribution with density f and cdf F.

(a) (4%) State a formula for the cdf of X(;), the j-th order statistic.
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