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2.9 From the probability integral transformation, Theorem 2.1.10, we know that if u(z) = F,(z),
then F,(X) ~ uniform(0,1). Therefore, for the given pdf, calculate

0 ifz<1
U(w)=Fz(x)={(x—1)2/4 ifl<a<3
1 if3<z

2.10 a. We prove part b), which is equivalent to part a).

b. Let Ay = {z : Fy(z) < y}. Since F; is nondecreasing, A, is a half infinite interval, either
open, say (—o0,zy), or closed, say (—o0,z,]. If A, is closed, then

Fy(y) = P(Y <y) = P(Fo(X) < y) = P(X € 4y) = Fy(zy) < .

The last inequality is true because x, € Ay, and Fy(x) < y for every z € A,. If A, is open,
then

Fy(y) = P(Y <y) = P(Fx(X) <y) = P(X € 4y),

as before. But now we have

P(X € Ay) = P(X € (- oo,zy)) = E?JP(X € (—o0, 7)),

Use the Axiom of Continuity, Exercise 1.12, and this equals lim,y, Fx(z) < y. The last
inequality is true since Fyp(x) < y for every & € A, that is, for every < z,. Thus,
Fy (y) <y for every y. To get strict inequality for some vy, let y be a value that is “jumped
over” by Fy. That is, let y be such that, for some z,,

li%an(x) <y< Fx(.ry).
Ty

For such a y, Ay = (—o0,xy), and Fy (y) = limgyy Fx(z) < y.

22
2.11 a. Using integration by parts with u = z and dv = xe™2dx then

> *® —x? 1
+/ e dz| =—(2m)=1.
—oo 2

—c0 —00

oo a2 a2
EX2 = / $2Le'2—d;c = L —xe 2
2m 2w
Using example 2.1.7 let Y = X2, Then

1 1 -y 1 -y . 1 e
w0 =3 7 + 7 - e

Therefore,

[e.¢] (o]
y 5 1 1ozu|® e 1
EY=/ ———e2 dy = —= | —2yZ%e™ +/ 2€2dj|=—— 27) =1.
[ e g e et - o
=}

This was obtained using integration by parts with u = Zy% and dv = %e z- and the fact the
fy(y) integrates to 1.

b. Y =|X| where —o0o < x < 00. Therefore 0 < y < co. Then

Fy(y) = P(Y<y) = P(X[<y) = P(-y<X<y)
Pz<y)-P(X <-y) = Fx(y)—Fx(-y).
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Therefore,

d . 1 - 1 - 2 -
Fr(v) = Z-Fr () = fx() + fx(-y) = =€ + —=e7 = \/;eﬁz".

©  fa _, \/5 o \/5 00 2

EY: —e 2 = _— Ud — —_ | — u — —

/Oy\/;e dy 7r/06 u=y= [l ==

whereuzi.

-y 2 |

SR

Thus,

2
o0
EY2 :/ yQ\/ge;zy'dy: \/§ [._y‘g:z'2 *
0 ™

This was done using integration by part with v = y and dv = ye™= % dy. Then Var(Y)=1- 2

2.12 We have tanz = y/d, therefore tan~!(y/d) = z and % tan~1(y/d) = W Ldy = dz. Thus

2 1

fr(y) = wd W»

0<y <oo.

This is the Cauchy distribution restricted to (0, 00), and the mean is infinite.
213 P(X =k) = (1 —p)kp+p*(1 — p), k = 1,2,.... Therefore,

EX = Y k(-pfp+pf(1-p) = (1~p)p[zk(1—p)k'l+zkpk‘l
k=1 k=1

k=1

B 1 1 1—2p+ 2p?
= “"’)”L?*(l—pw] T

2.14

|

/Ooo (1-Fx(2))dz = /Ooo P(X > z)dx

[ [ sauas
/ h / " e fx (y)dy

/O yfx(y)dy = EX,

Il

where the last equality follows from changing the order of integration.
2.15 Assume without loss of generality that X < Y. Then X VY =Y and X AY = X. Thus

X+Y =(XAY)+ (X VY). Taking expectations
EX +Y]=E[(XAY)+ (X VY)]=EXAY)+EX VY).

Therefore E(X VY) =EX +EY —E(X AY).
2.16 From Exercise 2.14,
—ae™™M (1 —a)e #t|%

ET = / ae™ M4 (1 - a)e™#] dt = - =2
—a)e™] 3 .
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217 a. ["322dz=m? €1 = m= ()" = 794

b. The function is symmetric about zero, therefore m = 0 as long as the integral is finite.

1 o0
—/ ! dz =ltan_1(x)
T

T J_oo 1422

o 1

Tow
ar (3+3) =t
This is the Cauchy pdf.
218 E|X —a| = [% |z — a|f(z)dz = [*_ —(z — a)f(z)dz + [,"(z — a)f(z)dz. Then,

%E]X—(ﬂ =/_oof(x)da:—/a flz)dz 0.

The solution to this equation is @ = median. This is a minimum since d?/da*E|X —a| = 2f(a) >

0.
2.19
TR -af = [T e-atn = [ - i@
= /_oo -2z —a)fx(x)de = -2 [/_00 zfx(x)dx — a/_oo fX(x)dx]
= —2[EX —a].

Therefore if £E(X —a)? = 0 then —2[EX —a] = 0 which implies that EX = a. If EX = a then
LE(X —a)? = —2[EX —a] = —2[a — a] = 0. EX = a is a minimum since d?/da’E(X — a)? =
2 > 0. The assumptions that are needed are the ones listed in Theorem 2.4.3.

2.20 From Example 1.5.4, if X = number of children until the first daughter, then

P(X =k)=(1-p)*'p,

where p = probability of a daughter. Thus X is a geometric random variable, and

[ee) oo oo
d d
= —p)klp = p-N Z(1-pf = —p— 1-p)F-1
EX = Y k(1-p'p = p de( p) PG > (1-p)
k=1 k=1 k=0
d [1 1
Pap {p ] p
Therefore, if p = % ,the expected number of children is two.
2.21 Since g(z) is monotone
Eg(X) = / 9(z)fx (z)dz = / yfx(g~ (y))@g' (y)dy = / yfy (y)dy = EY,
—00 —0Q — 00

where the second equality follows from the change of variable y = g(z), * = ¢ (y) and
dz = ££g7 ' (y)dy.

2.22 a. Using integration by parts with u = z and dv = ze=2"/P* we obtain that
2
/oo 226~/ 3% = il /oo e /P 4y,
0 2 Jo

The integral can be evaluated using the argument on pages 104-105 (see 3.3.14) or by trans-

forming to a gamma kernel (use y = —A?/f?). Therefore, f;° e~/ dx = \/73/2 and hence
the function integrates to 1.
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2.24 a.

2.25 a.

2.26 a.
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- EX =28/\rm EX? =33%/2 VarX = 2 [3-4].

Use Theorem 2.1.8 with Ag = {0}, A; = (=1,0) and Az = (0,1). Then gi(z) = 22 on A;
and go(x) = 22 on A,. Then

1 4/
fry) =3y V2 0<y<l.

1 2
. BY = [Jufy(y)dy = } EY? = [y fy(y)dy = L Vary =1 - (1)* = 4.
it |1
EX = fol zaz® ldr = fol az®dr = a(f_l_il 0= aH-
EX? = fol 20z ldx = fol ar®tldx = ———“ji;z 0= 3.

2
VarX = o5~ (ah1) = G

_ L I e ) _ 1n(n+l) _ ntl
e a ke HntD)Entl) _ (kD) Ent)
2 _ no z2 __ 1 n 2 _ 1 nn+)2n+1) _ (n+1)(2n+1
EX® = Zi:l n — nlui=1T T 3 6 - 6 .

_ (m+D)@2n+1)  n41\2 _ 202430+l n242n+l _ ni4l
VarX = 6 ( ) = 6 -T2 =12 -

EX = f02 z3(z - 1)%de = %fog(x3 —22% +z)dz = L.
EX = [; 2”3 (z ~ 1)%de = § [J(a* — 20 + 2?)dw = §.
VarX =2 - 12 = 2.

Y = —X and g—l(y) = —y. Thus fy(y) = fX(g_l(y)Ha%g_l(yM = fX(—y)| - 1| = fX(y)
for every y.

To show that Mx (t) is symmetric about 0 we must show that Mx (0 +€) = Mx (0 — ¢€) for
all e > 0.

(o) 0 oo
Mx(0+¢) = / e0+Iz fo(p)de = / e fx(z)dx + / e fx (z)dx
0

-0 —o00

oo 0 [eS]
= /0 ee(‘“”)fx(—a:)dx+/ e fx (—z)dz =/ e fx(z)dx

—00 —o00

/00 097 fy(z)dx = Mx(0—e).

There are many examples; here are three. The standard normal pdf (Example 2.1.9) is
symmetric about a = 0 because (0 — €)2 = (0 + €)2. The Cauchy pdf (Example 2.2.4) is
symmetric about a = 0 because (0 — €)? = (0 + €)2. The uniform(0, 1) pdf (Example 2.1.4)
is symmetric about a = 1/2 because

1 if0<e<3
0 ifj<e<oo’

F((1/2) +6) = £((1/2) ) = {

/ f(z)dz / fla+e)de (change variable, € =  — a)
a 0

= /oof(a—e)de (f(a+e€) = f(a—e) for all € > 0)
0

= / f(z)dz. (change variable, = a — €)
—00
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Since
a o0 o0
/ fz)dz +/ f(z)dz = / flz)dz =1,
—Oo0 a —0Q
it must be that

/_;f(x)dx = /aoof(a:)d:r =1/2.

Therefore, a is a median.

EX —a EX-a) = /oo(x—a)f(m)dx

—00

/a (x —a)f(x)dz + /Oo(x —a)f(z)dx

—0o0

/oo(—e)f(a— e)aie—l—/oo ef(a+e)de
0 0

With a change of variable, € = a — z in the first integral, and € = x — a in the second integral
we obtain that

EX -a = E(X -a)
= —/ooef(a—e)de—l-/ooef(a—e)de (fla+e€) = f(a—e) for all € > 0)
0 0
= 0. (two integrals are same)

Therefore, EX = a.

.Ifa>e>0,

fla—e) =e 079 > =@+ — f(g 1 ¢).
Therefore, f(z) is not symmetric about a > 0. If —e < a <0,
fla—e)=0<e @) = fa+e).

Therefore, f(z) is not symmetric about a < 0, either.
The median of X =log2 <1 =EX.
The standard normal pdf.

. The uniform on the interval (0,1).

For the case when the mode is unique. Let a be the point of symmetry and b be the mode. Let
assume that a is not the mode and without loss of generality that a = b+¢ > b for € > 0. Since
b is the mode then f(b) > f(b+¢€) > f(b+ 2¢) which implies that f(a—¢€) > f(a) > f(a+¢)
which contradict the fact the f(z) is symmetric. Thus a is the mode.

For the case when the mode is not unique, there must exist an interval (x,z2) such that
f(z) has the same value in the whole interval, i.e, f(z) is flat in this interval and for all
b € (z1,22), bis a mode. Let assume that a ¢ (z1,22), thus a is not a mode. Let also assume
without loss of generality that a = (b+ €) > b. Since b is a mode and a = (b+¢€) & (z1, z2)
then f(b) > f(b+€) > f(b+ 2¢) which contradict the fact the f(z) is symmetric. Thus
a € (z1,x2) and is a mode.

. f(z) is decreasing for z > 0, with f(0) > f(z) > f(y) for all 0 < z < y. Thus f(z) is

unimodal and 0 is the mode.



Second Edition

2.28 a.

b = /°°<x—a>3f<x>dx _ / (2 — a)*f(a)da + /oo(x—a)"‘f(x)dx

—00 — 00
0 0o
= / v fy +a)dy + / v f(y + a)dy (change variable y = x — a)
—00 0

- /Oo —y3f(—y+a)dy+/oo v’ f(y + a)dy
0 0
= 0. (f(=y+a) = f(y+a))

b. For f(z) = e™®, uy = ug = 1, therefore a3 = p3.

S (o]
M3 = / (z-1)3e%dz = / (z® —32% 4+ 3z — 1)e %dz
0 0

= I(4)-30(3)+30(@2)-I(1) = 31-3x21+3x1-1 = 2.

c. Each distribution has p; = 0, therefore we must calculate py = EX? and pq = EX*.

(i) f(z) = “¢12=W€_m2/2a w2 =1, Ha =3, a4 = 3.
(ii) flx) =3, -1<z<1, B2 = 3, pa = 1, oy = 2.
(i) f(z)=2ell, —~co <z <00, p2=2, ps1=24, =6

As a graph will show, (iii) is most peaked, (i) is next, and (ii) is least peaked.
2.29 a. For the binomial

EX(X - 1)

Il
N
X
8
|
N
N
3
8
=
|
3
3
8

N——
i
S

—
|
B

3
N
<
|
=
S
|
=
hS
L

2-9

where we use the identity z(z — 1)(?) = n(n — 1)(",?), substitute y = = — 2 and recognize

that the new sum is equal to 1. Similarly, for the Poisson

= P LNl
EX(X—1):§2x(x—1) p =)\y;) = A2,

where we substitute y = x — 2.
b. Var(X) = E[X(X — 1)] + EX — (EX)2. For the binomial

Var(X) = n(n — 1)p* + np — (np)® = np(1 — p).

For the Poisson
Var(X) = A2+ A - A2 =\

n a+b—1 n a+b—1
BEY - Zy a (n) (“*7 _Zn a (n—l) (¢
- +a+b-1) _ — —1)+(a+1)+b-1
y=0 y+a\y ("L Yy ) y=1 (y 1) + ((1 + 1) Yy 1 ((” (y—lgt—ll—(a?fl)

y+a

)
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Wﬁ ()
y =1/ ("I
a-+1 (n-—-l) (a0

ety =1/ ("
) na

)_a—I—b’

2-10
n

1@—n+m+n(

(a+b I\ n
a+1 a Z

(a+1+b 1
a+1 y:l

na "~ a+1 <n—1>
a+b].:0j+(a—|—1) J (
since the last summation is 1, being the sum over all possible values of a beta-binomial(n —
is calculated similar to EY, but using the identity

Y=

(a+1+b—1
a+1
(n—1)+(a+1)+b-1

(j+(a+1)

(a+1) .

1)] _ n(n 1a
(a+b)(a+b+1)
(y — 1)( ) =n(n-1)" v ~2) and adding 2 instead of 1 to the parameter a. The sum over all

l,a+1,0). EY(Y
possible values of a beta-binomial(n — 2,a + 2,b) will appear in the calculation. Therefore
b(n+a+0b)
Var(Y) = E[Y (Y — V)2 = 2
ar(Y) Y(Y -1)]+EY — (EY) CEDECET
b= 1)
(integration-by-parts)

ltc 1_

fOC twldx— i tz|0 ct
2> (ctete —etc—l—l).

2.30 a. E(e
b. E tX)_fOCQx ta:dx_
— e~ (@=a)/B gtz 1.

oo

* 1
——e(x_"‘)/ﬁemdx—i—/
[e3

c.
E(®) = /
(e™) %
o
e-—oz/ﬁ3 1 ez(%+t) a/ﬁ 11 e_w(%“t)
28 (-1

T 28 (n

at
-V/B<t<|/p.
) <(1 p)et)w. Now use the fact

[

T g
d. E(e) = Yoo e (M T)p (L - p) = 7 00, (T
that Y00 o ("t 1) ( et)m (1 —(1-p)e ) =1 for (1 —p)et < 1, since this is just the
sum of this pmf, to get E(etX) = ( 1 o) o t< —log(1 — p).
2.31 Since the mgf is defined as Mx (t) = Ee!*, we necessarily have Mx (0) = Ee® = 1. But t/(1 —1t)
is 0 at t = 0, therefore it cannot be an mgf
2.32
d 4 M, (t) EX
S t = — (log(M (1)) = & = — =EX (since Mx(0) =Ee’ =1
Pl )t=0 i 0 M) | _ 1 ( )
d d (M) My () My (t) - M, (1))
—S(t) = 2\ - —
dt $=0 t \ Mo (t) ) |10 M (t)] o
1-EX?—(EX)’
- DEX-BX) _ vax.
1
2.33 a. Mx(t) =) o0, €® ﬁux =e Ao, (et;;)m —Aghe’ — eA(ef-1)
d e’ — —
—Mﬂmﬂ=eM Dxet| =

EX =4
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EX? = & Mw(t)‘t_o = )\ete)‘(et_l))\et+/\ete)‘(et'1)lt_O =N+
VarX =EX?2 - (EX)2= A2+ X - A2 =)\,
b.
(o0} oo
My(t) = > e*p(1-p)* = py_((1-pe)°
=0 =0
1 p
= p— = —— t<—log(l-p).
1—(1 - p)e’ 1—(1—p)e gl =)
d —p t
EX = —M.y(t) = ——= (-1 —pe
dt™ o (1—(1-p)et)? ( ) .
_ pl-p _ 1-p
p? P
d2
EX? = —M,(t)
dt t=0
2
(1= =p)e) (w1 = p)e') +p(1 = p)e'2 (1-(1 = p)e) (1 — p)e’
- (1- @1 ~pe*
t=0
_ PA-p+2°1-p)° _ p(l-p) +2(1-p)
p* P’
2 2
Varx — P1-P) +22(1 -p)”_( —21?) _ 1—2;0
p p p
c. My(t) = [ et® \/21—7” e~ (@=m)?/20% g — = oo e (@*=2pe=20"c+4)/20° 42 Now com-
plete the square in the numerator by writing
2% = 2ux — 20%tx+p? = 2? —2u+ o%t)x £ (u+ o?t)? +
= (z— (p+0%))* = (u+0°t) + 12
= (z— (u+0%))? — [2u0’t + (c%t)?).
Then we have M, (t) = el2ua’t+(o?t)%]/20” ﬁffooo e—;i‘g'(w‘(ﬂ‘l‘a?t))zdw _ e,u,t+#.
EX = LM (t)|,_, = (uto?t)ert+o’s/? _=n
EX?= & Mm(t)‘ = (M+a2t)26“t+"2t2/2+a2e"t+"2t/2‘t_o = p? + o2
VarX = p? + 02 — 2 = o2,
2.35 a.
oo 1 log z)%/2
EX] = / xr———2———e_( °082)° /2y (f1 is lognormal with g =0, o2 = 1)
0 T
L [% -1/ :
= F ey e Y /%eVdy (substitute y = logz, dy = (1/x)dz)
T J—c0

1 * —y2/2+ryd 1 00 —(y2-—27"y+r2)/2 r2/2d
= —= e Y=— e e Yy
V21 J—co V2T J—so

2
= /2
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¢~ (log)*/2 sin(2w log x)dx
2nx

(o) o0
/ z" fi(x) sin(2rlog x)dz = / x"
0 0

00 1 2
_ (+rr o= W+ /2 gin(2r + 277 d;
/_ e (2my )dy

(substitute y = logz, dy = (1/z)dx)
/OO 1 )2 g (2my)d
= —¢ sin(27
—oo V2T vy
(sin(a + 27r) = sin(a) if r = 0,1,2,...)
= 0,
because e(™”~¥*)/2 sin(2my) = —e(r*~(=9")/25in(2x(—y)); the integrand is an odd function
so the negative integral cancels the positive one.

2.36 First, it can be shown that

lim etcz;—(log:c)2 - 00
Z—00

by using ’'Hopital’s rule to show
tz — (logz)?
i 2 (og2)” _
z—00 tx
and, hence,
lim tz — (logz)? = lim tz = cc.
T—00 T—00
Then for any k > 0, there is a constant ¢ such that

oo 1 1 2 9 o0 ]. oo
/ —etrellog®)® /24, c/ —dz = clogz|; = co.
E Z kT

Hence M (t) does not exist.
2.37 a. The graph looks very similar to Figure 2.3.2 except that f; is symmetric around 0 (since it
is standard normal).
b. The functions look like t?/2 — it is impossible to see any difference.
c. The mgf of f; is eX1(), The mgf of f, is eX2().
d. Make the transformation y = e® to get the densities in Example 2.3.10.
a. &L [Fe Mdt = e 7. Verify

d 1/ el _d[ 1 _x

2.39

b. & [ e Mdt = [0 LeMdt = [0 ~te Mdt = ~LE = — L Verify
d e d1 1
Y A TS v
c ;t tl w—lzdx:—t—lf.Verify
d /1 Ll od (1 _d(,, 1y_ 1
dt |J, =2 Cdt x|, ) dt t) 2
d _ [ —3,. _ 2% _ 1 ;
d. & [ (x_l_Tt) de = [ 4 (———g(m_lt) )da:—fl 2(x —t)3dr = —(z — 1) ‘1 = e . Verify

4 2= L[yt = L 1
EZ/I (==1) dx_dt[ (==t '1]—dt1—t_(1_t)2'




( 2.13 e\ndmj )

Doing the summations 2

Use the Known moe

geo metric Afs*ra'bu‘gyc\)i\hj > oF the

From &Ppeyw?’\x) 'nc N~ GeomeTric (f’))

(e @

fhen EY = > K/‘O(“'/P)K—": 4.
This me\ies = K(g-)K": 4
<= P P>
P\QE\aciY)j e b}/ FP n this 3}V€S
Z » PK*\ _ | b
k= (-p)°

Pluﬁj ’mj Hhese values back info the
expression for EX we gel

Fx= (- 1 i
/P)/O(O*-/)O)l’ + ,201)

= T/ETO + Lj}-‘éﬁ Same. as bdore.



Dok lem. 2. 14(b)
M.S (ms

| & X be o cl,asc,vfype, l‘w\oQo-M VCtN&JOIﬁ whos e

{‘o.V\ﬂL \& *U\\ﬁ Non \/\egocf Ve ./\4@6{]&#’5’

cxX = 2 x A

X%\B

- é\(’pxc\‘B
= -é\(*\ "’7«? ) + 3 —pZS’B + 4“(1([‘0*..

= £.0) + D L RGN AR,
+ £ () Pels) + pd

4’? 3> fLLt),, ,
QD

10+ 2400 - ﬂ i)

K=3

7= Ke) (-fJ
- 5[1,56’—\)_] = Z [ - F (G)J

(/l'u\s 18 t’k\ &\sdd’e w\UOSWf/ to parf'(a)



[2,\9] Assume EX* exists (is Finitfe).
This {mplie,s EX exists.
Now hote Fhadt
EX-2)" = E( X*=2aX+a%)

= ExZ—zaEX)+a*.

Thus
a,d'é E(X“A)Z = -2 EX + Za &)

and 1t (s clear that
S Y . — v —
1a E(X-aY" =0 L EX=a .

From &) we gz‘f

4~ 2 _
4d Ex-a)r =2 >0
dat (<=a)

Thus a =EX
Jhich minimizes £ (X-a)".

‘s The umigue value oF a

The only assu.mgl' ‘on we needed s that EX*
exists. IF X is corfinueus with od f &(C)

+his means —Fhat f% %l&(%)ofx < oo °



&)ﬁz Oj%{ﬂ@l <\,M<,Hoﬂ s, ) [2&22 PLERNATE sOwﬂor\/J
J(L);/L’F?f;] xe BT DL LD, }3>D
l/l«@ 2(7@)1 o o *‘raY\S%fm ‘|L'O a SQYTW\Q, ']V]T\Qj]’a\. .

- x¥

§m<((x)éac = £a> Y S xZe B dx

P
2 fo;‘i 6’@ DZxdx D/c/l' 7,/)(
p3\J/TF 0 Y 527;2“1,(
z X J\I7}3@ '31@[7 X:\ryﬁ
pr T ”
@ -y
Y fd y e dy
\J/
TR M(32) _
- 1L {4 gy = '121Z= =
@) F3%)

Recall I TH{a+1) =T so Fhat
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