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" We  shall use the moment generdating function
J - (mgﬂp)

M, (t) = EctX

There are many o‘H')er //fram?cﬁrﬂ)s“ .

LaPlace +ransform ¢(;\) = F Q—/\X

Charocteristic ‘Func‘l'fom QS('t) - Q’L
( Fourier transtorm)

, = _X
pm\oabilﬂy Wemﬁfg furction qf(Z) =N
They ae all clasely related.

tX

The MGF .
Definition Mx(‘t) =Ee
orov (ool the expec‘l“aﬁon exists (is £inite)
Lor all t ina neijl'lborl’loocf (-€,€)

of zero ( otherwise we say MX(°)
does not exist ) |

Mx(‘ﬁ) :j‘ th%)g (x)dx for contlinious /"V)s)

— CO

M, (t) = Z otXL () for discrefe rv’s.,
x €K X



Simple examp les

The Uniform distri bution

IF X NUni%ryn(O)l)) ~then
_= tX (T tx
MX(‘t) =fc --j 2 ém)c/x

w—

4

:j@lgt%,/a’% = £ /; —c -

A\ | for t=0
MX t) -—5@76 ,
LL“ for T#O

well defined {Hr —co<t<oo .
The Binanial distri bution
n
X ~ Binomial (nyp) = /le(f) = (/’{0*7069

for —oo<T <2

(see fext)

These are @@MFJ@S of boum@gé rv’s .
There exist Finite vales a,b such that”
PrasxX<h) =1 (sothat the pdfor
pmf is zero outside of [3,b]) .



For bounJQOQ rv’s ><)
Mx(f) ‘s Finite (wel/ defined ) for all t)

=xK is Finite (well defined) for all K
(K=1,3350) -

Examples_of unboundpd rv’s
The @?Onen‘ﬁag disteibution

—AX
SuppoSe X has fbd‘F 12’( ) = A& 5 X =O.

(A isawy ‘oosiﬁve Valué,) _
X ) % .

:—‘5007\€<t~>\)%a/7¢ — 00O ’-7C tZ=A
@

_ X, =00
_ oM
+-A X =0
"L <A
_ Vi For T4 't
oo “FOr tZP\ °

e <t<A ‘neludes a

The ran
neghbjr@i;aq aboul zero, S0 we say MX (t)
RXisTS.



The double pror\@n‘('fal istribation

yNra
wc (X) = 7\@7\ for —co< X< .

(A is any positive value)

N of wcx (%)

O x

l\/\x({) :g th (%7\@——7\&!) e

— O o

O
Breakinj +nis up Yo Sw + SO
and nofing thdf 1] = for %20
ard  |x|z=—% for x<O

o gt
w v—
_ é‘?\go E+0)X Ix +_,l2.7\§ Q(t ;0%0(%
\—;0-2—\/""—_’ W
_oco if ttASO =00 if t-A=0
or £S-A or £+=)\

i

ey St ro . Q&—-A)%/ooj
= TH+A —° t-A 0

L _a<T <A,



— \
— —'-27\[ 5\__,':{— +‘7T\:—‘El Lor —A<T<A
( The mﬁ‘p 1S co of unda Fined o[,(i‘sﬂg

of this range. )

Since —N<t<A neludes o ne(g(f\korheod
aboul zero, we say that M, (E) axrsTs.

The Cauchy distribution

‘FX(%): 77/_ /+{%1 for —oco < x<0CO

%

M, (1) -‘—'j‘ et Jx
oo TT(HXR)

_ ‘ for £=0O
o0 (or urdefined) for TFO
since [im _@;{:L — oo For £t>0
—>00 7 (1+x*)
QY\CQ ’.im @f% S = CO ‘FOF' ‘t<O .
X—>-=° r((+ X2
The set {O} doos nol coatain an rferval

abod zero P so "he mﬁf does vl exist.



The :L(\an Fails To exist For many distributions.
For s reason, the * ’ohamd’gtifsﬁc function”

‘s used instead of Fhe mg‘P in more

+heorelica| courses.

HamQ\/ facts (for d\eckinj work )

For all rv’s

M, (0= [Mxsza?'X:E | :rj

Mx(t)?/ O for all £ (where defined) .
cr o0 = E@t>< >/OJ

M (E) is convex and infinitely o #ierentiable
(Where defined).




. )
Various Pmper'(‘les of I’Y737C S

The morment %@V\@&tf‘f’j Pm@

Theorem © If M (t) exists (7s Fintte in an
nteryal (-—8)6) ))
then ExN= M(0)

_ o ANK
) Mx(ﬂ}
%r K:!)Q) 3) o & O

t=0

“Droof i (nef com'D(d‘Q)y F‘@OFOUL@
K
M) = () £
? K +X inferchan
= E d 1Y S \K
(a/tl [/(5![5) cmégﬁzj
= F X"
Now plug in Jc-—-KO o 8@7’
M, o) = EX.
?

When can the ‘m‘l’erdnancoa@ h =
be d’us‘h?a’&d’ ?




Eetx = fefx;[ (x)dx or Zefxﬁf (%)
X ¥ X
(conlinueus rv. ) (discrete ry)

so Yhe 8ae:ﬁ'on becomes £

When can we "’”L”Cm@@ a_/Q/t—- and f

Ord—é_t[:ana/Z?

Thi's 8@#}@:—&/ guesf/'an s addressed
n Secf/'oy; 2.4 ( ojof/bnq/),
We rehy onThis foct :

Let T ={¢t: Ee™¥< oo}

If ¢ be/o(ljs Tothe nferior ofF T
(not an Q/ﬂa/po/'n‘/'f))

then d\" g X _ £ /4 EX
4) <2 *E@?)Q

for K=1,2,3,...



Momzn’fs owc ‘Hr)e, cﬂoablé pranéh'fiq[ d’ TS‘fh,

_ 1 1

4
M (£) = _'_)\[ -1 N J
X 2L e T o b?

EX:M’(O):—;?\[ -+ L 120

M) () = Zx[ 2 Vf—-@s]

E></\/lo-_— 2,2 2
(0) 7\[/\3+ -2

Var X = EX*—EX)’= Z _o= 2
7\2.

(For =n<t< )

FxS = M;K’(O) _ (0 for odd K

K

—  for even K
K

PN



Scaling Properties of m\qf ’S
(a ad b are corstaiits )
M (E)=M (at)
X X

a
_ bt
N\x+b(’c) = e MX(”C)
_ bt
M, a8 = e’ M (a8)
Proof .
_ = _t(aXx+b)
MQX%&A = = e( oy it
=E g%’ e
_ eb‘t E e(a‘b)x

(Exarrp/es j}ven Jater)



MEFs for sums of Tndeperolent
PVs

TIF X, Y are inc/epémc/énf rvos P fhen
Mypy () = M _(EIM ()

More detailed M :
If XY are indep. rv’s
and MX(O)) MY(‘) //Qxfsfi)j

1hen MX+Y<°) ekisfs and fsgivem b)/
Myry () =M () MY(LL)..

General Version

TIf Xy Xggeaes X,, are Mdepenaﬂerfr v 73)

Then




Further properties of mat’s

Assume all M3F)5 below ’/ngs-f' “j.
“they are defired and Tinite in some
inferval (-€,&).
(O 1f N\X(‘E)=MY('6) forall T in
some neijhbof-hoocf of zero,
then x £y
(medn};ﬁ F (t)= F{(‘t) forall T).

Restalemenit ¢ maqf’s are uhigue .
Two rv’s wi-gv Fhe same jy" must
have the same Aistribution’s

@ If Y) XUX;\)X_;)... are IV’s

wrth
M., (‘t)—*}MY(t) forall T in

4 (as n—>co) ,_
some neijhborhooa/ 070 zerzj)

+en 4
Xp —> Y (cdfs cam/erge)




&esfa‘remen‘f.’ C@Wigfmﬁ of m 19 yob>

implies convergence of colF’s.

Definition (of Converﬁence, n Distribufion)

X —0—(9 Y (as h—>co)

means ‘Pﬂa"'
F; (t) — F\((t) for all T

; (exce pt perhaﬁs at values of
£ where FY has cna'ump),

Afterndfe notatien
im F ) =F (t) forall € )
N Xn T -@(cepf

Fact (2) using “lim" notation :

If Im Mxﬂ(‘t)::MY(ﬁ)

n-—>» co

forall £ ina neijhbarhooﬂ O]CZQQ’O)
then Tim FE (t) = F_(t) forall €

Nn—>oo Xy\ Y
except pernaps where. E’r has a jump.



Properties O ad @) fail (in general )

for momerts. -

(7) There exist rv’s X and Y with
different distributions but he

same. momeii'sy
ExK= EY" for k=1)2,3,...
but f; +# E, .
@ There exist seguences of rvis fr

which all moments converge, but
cdf’s b not.

But ndte:
£ XY are boun
Ext= Y™ for K=
Then F;:FY ' , K K
IF YN/\/&L(:)O‘D*) aangﬁExn =LY

for all K, Then Xné Y ( cdfs
converge )

dod Vs and
1,3,3ye

)



Example - Tl ustratin

O mgip or sums of

‘nFepondent rV’s.

@ mﬁf um'\iunel\/ datermines disth.
Suppose % X, are iid Exponertrial (1)

with Jens'nL)/ fx) = Q—%) x = O

and mSJC M(t) = T—-\T% )t<1°

What are the YY\S‘F and elistn. of
= _L(X — X ) ?
> (X =%2) !
Solution :

M () = M

(t)
e
deZ{\oemdaY\T rv’s

M )M (L)

p
2

1

——

2

1
=
x
M-
(-.[..
R
<
X
t\) N\
|
N|-
=



\ |
-3t  1+5¢

|

for —o<t<2

since both 5T

anop ——é_'t YYMS+ be
less than 1 for
mﬂ(l to be defined

'::.J_(———\—-—— + \ )

2=t 1+4t

=2 (v )

———2—< +t 2-t€

= A _.\-—+__L_\
2(7\+t /\"t)x—:z

\/\/h'\d/\ we reCajn'\ze as the mﬂ'F O“F a
doub\e ZXPO)’\en'hql dTS'IT\ WT‘H'\ A=2 .

Thus Y has densﬁy
’c\((%}) = ~2,(5U) —oo< Y <00



@Qmﬂef
TP X, XKaye e 09 %K TY‘@Q@P‘QM@W
with Xg o Nl 077 |
Then n
Y= a+ 2> bN
sqtisties b
EY =at+=bips (=0
VarY = Z b7t (= o2)
N N(/“) o).
Proof

‘ — +
MO =M, oy (0



T
FY‘OVY\ ‘HqQ qpp@vd IX 3

%Y 2). th
F ety omet

for —co<t<co,

Th ar’QJCo T

L) = eat Me 5 (b) 3 S ]

‘t+ -LO'Zt

at+= (b T +—Z_L-Oji2b/£ t )

—

- e
(a+Z bfg/*&)t“'"fz."(z(’%zbz){z

/q‘é’—i- J‘O'Zfz

- 2
where,/u ZEWMJCTZ—‘:Z “0729

This is Yhe m F of the N CTZ)
disth. So by Mh!guehess o VYLCjFS
we conclude Y r N(/AJO?‘)



E_____.,‘P-—x ample - COY\V@’%@“O?— Og Geome'hmc 0? isTh.
To Exponeh’f':al distn.

usmg mﬁ'? S
(COLV\ also be Cﬂoy)e @aS)ly WH’%OUT mjp)s)

Bacquoumca

G eometric (0) dism.
,pmwc 1[: (%) = 10('-'49) ‘FOF X=1,2,3,e00

f
G ~£—J———g e for bl

Ex %ﬁ)ql(@) d;shn
FO/;oo{F 7C (X)) = /8 ’%//3)

mﬁjc‘/\/l():——,?é%jcort</6

x = O

ResulT
I‘F X\)XZ)X3) . CeV\OQ\( W?‘Hﬂ

X  Ceometric () and
\( N t;xlooner\‘ha‘(i)

+hen
n A5 Y (asn—>o2).

N
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Proof & (Show that mj)c s cm/)\/erje-)
| et \/n: -&‘— .
n
J— s t i
(t) = My (t) = Mxh(?;) by ch“"g
)/.

n n
- proper
:%\-“ N
+
_ \
Mxh('{?) = w< so that
= (1-%)et
t/n
l\/\vn("l:) = —e
= (1 Jﬁ)et/n
i M (t) = lim ;Vl\-__é_;-_t_/_‘_q,_/———
O n oo
n—> N ()N
e meld: (by subsfﬁod’inj)
————ut
U—729 I_..([——LL)Q,LL W= _Y‘\_
- Iim wo o dllv»dm:g Wrouﬁh
w0 Q"“t.-(l—-u) <b>/ e )

u—>0 -—-te”

+ | ( Hasana s Fule)

-



= L = m_(¥)
-t Y(

This is valid for all t <1,

QED

N gte - [\/\V () is WQH-—Oﬁwcméol
N

for '6<“h‘0j(|“’r‘\‘>
and s—v\\oj(.l—‘-(ﬁ>>‘ for

n:\)a)gp“'o



Example ¢ Cerifral Limt Theorem
| £or the Poisson dist.

E} ac kg rourLol

X ~ Poissan(N\) has
X -
,Pm{f FX (X)) = Ne for 2=0,1,2,...

x
+
mar M () = Ale 1)
30' . 2 “ (Exercfse,‘\
and EX =
Var X =A

RZSUL\‘I: when A s (arﬁe) X has
approx'xma+€l>/ ac V\ormq( OUS‘T.

That is,
X=A  has approx a- N (0,1)
W distn.

Fo rmal Sj'aTe,mevﬂ' :
I'F XI)XQ)X:s)"’)
X, ~ Poisson(n) an
—HQQY\ Xﬂ-n 0{> Y (CLS V\*%Oo) .
Nn™

Y with
d Y ~ N(0,lI)



ProoF .  Show ‘(’hcd' m&{ws Cov\\/er‘je.

M —v\(JC) = E@((o[t(%n;\n)l

Xn '
' ——
Xn _
e I
_thw

= e E Q”P[;%\Xn]
— AR _
MX (t/’\['ﬁ‘) — eﬂ(@ |>

= exp{h(et/ﬁ - ,\% -1_)} for all t.

Now lef n—>co and s¢e whal happens,

: AR
fim expin(e "= &)

Substifufe = & (sothat n=-3) and
note that w—>0 asn-—>°°.

= [im QXP{ e _ut -1 }

u—>0 wZ




—'ex/io{llfgo u_%‘t ()}

k/v—\/
has form 0/0
in The limit
/TA‘PPV L_’HQSF'\J(’cd 's rule (twice)
T wt_ + |
i, (=)
= lim te“t—-f)
w—=20 B
= Tim (f’-e“t) -t
w20\ 2 <
2
. /2 M, () (ihe maf of a
N, D) rnv.)

QED



