Imd@pgl\_dewT Rand om Ygriables

X, Y)Z are mbd’uqlly indggenderﬁ' V‘\/)S

£ P(xep,YeB,ZeC) = PxeA) P(YeB) P(zeC)
for all A)B)C .

or eg uivalenﬂy
. f x)\()Z have aJaInT »pahc (Orpmlc)
(%,4,2Z) SO that

) = §§f6 Py
D

XY,z
P((%%2)€D $Y 2
for all reﬁiOY\S D,
2,4,2) = (04 bz
(2,4 E( v ) Z

it f
X,Y,Z
£or all %,%)Z.

Tdenticall d?S‘l’rimegoo s have he

same cdf.

de'oeno@m‘\' and
(denfically distributed )

F they are mulually independent” and have
the same distribution (cdf).

X;Y, 2 are Li.d Cin



Various Facls
E(X+¥+z2) = EX+EY+EZL
If X,Y,2 are mutually indgo- Hhen
Var (X+Y+Z) = Var (X)+Var(Y)+Var(Z)

Mx+Y+z(t) =M, () M) /Vlz(t) .

I'F X|)Xz)'v°) Xn are i-;edo ) +h€n

E(2 %) = n(EX)



More Facts about Independent Random Variables

If X,Y,Z are mutually independent rv's:

e F(XYZ)=EX-EY - -EZ
(whenever EX, EY, EZ are finite)

e g(X), h(Y), k(Z) are mutually independent rv's for any
functions g, h, k,

and therefore . ..

o Eg(X)h(Y)k(Z) = Eg(X) Eh(Y) Ek(Z)
(whenever Eg(X), Eh(Y) , Ek(Z) are finite),

and therefore . ..

° MX—I—Y—i—Z(t) — Eet(X—i—Y—i—Z) — FetXetY otZ
= EetX EelY Fet? = Mx (t) My (t)M4(t).



Discrefe Distribuitions

Rinomial arise *From
Geometric Bernoul |1 Trials

NQjathZ Binomia |

Hyperaeomz‘('rfc
Poisson

Peornoulli Trials
X5 %5 Ky sy un iid Bernoulli (4)

—

X; = I with probab'llH'\/ e
O with probcdoilH‘y I~

O EXi =%

@ Var X, = P(“P)

© MX.(—t): '—1O+f9€t for all t
A

Proops . For convenience  let X=X .
Frov 2 J

@ EX :%Ze_‘%%ﬁ((%) = ].10 + O.Cl—’F) _____70



@ Var X = EX* (EX)

2_

P
Since XL'—"—X /ar\of XK:X forall K
since. X takes on On\y The
values O and 1 for which

uK: \ and OK:— O.
we have EX*= -
Thus \ar X = /P—»pzsf?(]"‘f)) .

@ M Qt):EetX:Z thjc(%)
X xe% X

= F(o)+a17€(()
= l-zyo +136

Think of X\szjxg) as the

results of re'oea‘feo( +rials or Tosses
of o coin -

X’L:T

= success on trial 1%

ar X; = I{heads on 1 tossT -



The. Binomial distribution

Let X, % eer, X,y be i1d Bemoulli(p).
Define  Sp, = i K
1=)

Then S, v Rinomial (n,e)
with }PYYﬂC

P(5n=K) = (1) £ (=P " k=0 l,...
and

ES.= nEX =np |

\/CU”S :h\/dr‘X — V\/{O(%-,p)

g () = [, 0] = (1-prpet)

( These results can also be obtajned
o{\’maﬂy from The Pm{ )



The Geomelric distribudion
[ eT X\)lexgj..o be Tid Bemou\li(zf)),

Define T, = the # of the Trial ot
which the first success (=)

oClurs
= in{:{nlxn: l} .
T smallest
Then [}~ Geomdtric ()

P(T,=K) = (-p)" p for

K=12,3,..
I
ET =%, Var Ty = l=p
) f@f £
W\ (t — . — | [ —
T | = (1-p)et ? t<=loglizp)

/4 W

There Is no %u‘nck way To See The
mean, variance and m 10 We will obtain

—+he W\ﬁ‘F Fram ‘H’)é- pm S and Fen use
—the VY\ﬂF o Sﬁ \H’\a mean aY)J variancé .



| ot X Geomelric ().

MX (t)=E Q:éx = Z Qt%—é;(%)

oo

t _

-

2=
L?(QtBX/: t(g:t x|
Zpet > [G-pyet] ™
* x=\

A 8eame‘frfc series which
Com/e}%)ws i ( _’F)et< I)
ar quj \/q/ayﬁ'/)/ + < _,/629(/70)

+
- lpe""—”f for ‘f:<“-l?9(l—f>)

| —(l—pl&
f (U‘V?d/éf/'}’)d o gfw/’yg)




cCalculus MNote :

V V= 3
— Q,f — 00 [
M (E) = fo"’__ et Ty >
— p. L
P 1%
_t +







The Discrefe Memocyless Property

| @ If X~ Geomelric (p), then X satisFies
the Discrete Mev»’lor)/(ess Proper+)/ (DMP)

P(X>g+z-()<>5(3 =P(X>=z)
for all in'fejers Y ,Z >0,

or Q%uf\\lalen‘ﬂy 5

P(X>L6+Z>=P(X>SDP(X>Z\ )
tor all ‘mee.jers %)(ﬁ—‘ > O .

Converse\y 5

If the v X has range £=11,2;3,...%
and X satisfies The DMP,
FHhen X v Geoméf'rfc (/Io) —For some Value OF,P

Proof of @ :

P(X>grz[X>yg) = PAX>g+z} N{X>4})
P(X>4)

= P(X>%+z) (%)
P(X>4)




Hore we have used —the fact that
K> ‘6”2} < 4X>y4}
56 that §X>g+z}ﬂ{><>g€} = Ix>y+z§,

Tn gener | © TF event A implies evenit B,
then AC R so~that ANB = A.

Now neote ~thal P(X>x) = G—/{o)%) X = (jgjgj...
Plugging “this ifo (%) yields

Pieyrd _ (=p)#T _ qy®
P(X>y) (-p) &

= P(X>2Z).

Promironc @ . Version H’) of DMP with -

zZ = | SWQS

P(XZy+1)= P(X>y)P(X>1) for y=12,3 ...
Seﬁinj %:( 3]V€5
P(x>2)= P(X>\)Z.

Then y=2 gives
P( X%f‘)’) = P(x>2) P(X>i) = P(X>l) 3



The Nf.jci(' Ve Binemial Disfribution

Let Xi, Xa, X3,... b iid Bernaq(li(fa),

If T, = the time of the r™ success

= the number of trials needed
+o obtain r successes

= infin:S,=r}
n
where S, = > X; |
=)

then T, Negative Biromial (ry p)

‘ "‘h - — _ r _ X"r
Wi /f:m‘p P(Te=x) (?f’__:)f’ ( P)

‘.Far X = G r"'b r-\'ZJ--.

Y

Var Tr = r(l':%)
mgf M (Jc)—— »pet ~) for €<~log(15p)

— (- p)ét



ér‘jumﬁﬁ‘l
T, ¢ T (T

Since the coin has o memory, T is
intuitively obvious that

T, TN, Ta=Ta, e 5 Tp=Tp, are
i11d Geometric () .
Thereq':aré;

ET. = r(ET) = -1%

Var T, = r(VarT)) = r(——f)
T (B = (M-, t))
( -)(D) )

for t<— g(l ,'0)‘

DQT'\VQTiOY\ Q'F pm-F’

{T = k} {‘I‘ha_ k*h +rial 1S @ Success
and exac‘Hy r-| of the
previous trials are Succeses }




(T =kY = {x=15 n{S =1}

where S = # of succesesS in
n trials,

and X = result of n*h gl

Clearly {XK?-\]‘ and {SK_‘::r—\}

are 'mdepwoe@h"" and SK-I n Biv\omialj\
Ck=1yp).

Thus (for K=r)

P(Tr=K) = P(Xx=1) P(Sg-=r-1)

=p (1) d-p
— k—)‘>4or6_4o)l<-—r

r—

Note: My dofinition of the ;9@479'% .bmomiql
's e book’s “alternate definition”.



Gyiuen a Sepuence o‘F mcﬁﬁpem%ﬂ coin ’l’oSﬁeS
cadn with pmb&b\lﬂy Ve of hecd doFine

Sn:‘-' # ot heads in n‘fOQSQSj
T ‘;# C)‘?‘ "’Qgg.eg needeoo “k‘) %QT s h@aogg,
i

F’m&mq The ccﬂfmgi e
(1) Direct dorivation ($rom defn. of cdf).
Recall P(T.=4)= (r«— )10 (*/{0\)9’
For 4= AN SR

K °_
s P(Tsk)=> (§0))F0-¢r " (%
g=r
Omo\

for wtegers K20,
pT <K)=0 for K<



@ Tadirect derivation
Use “he propert
e properly
{Te>ny = {on<rs.
This holds for g,_\lfms‘\ﬁ\/e Tmfeﬁvers r and N,
Thus, for any positive ‘in’f@ﬁer K,

P(T,.<k)=I-P(Te>K) = | = P(S.<¥).
Now
P(S<r) =1 ifF K<T, and
r-\ .
— K "J K—- K’a o
‘jzc(g)f” (-p)" 7 3 k=r.
Thus
RN PR
P(T.<K) =1=2>_ Qé“)/ﬁ (=p) ° for kxr
3=°
— 0 For k<Y,

it and the equ\"é,r formula (%) give
for the same Zuavﬁ‘ﬁye

Secahé@ q“Porm\,(/(L 1S uguaﬂy

This resu
A ifferent formulas
For small 1, This
eastier Yo use.



Closure” Propar‘l‘ié.s
Suppose Xg) X2 are ?n&moencﬂeﬁ.
O If X,~Binomial(niyp) and
X, &V Binomial (nljp))

then X+ X%, ~ Binomial (nitnz,P).

@ If xi~Ng.Bin. (N, ) and
Ko 0V Nej.Bin. (rasP),
Then X+ X2 NNgﬁ.Bin. (r+r, , ’0) .
[RecaH: G eometric (10) same as N B (l,p),]

S imilar properﬁes hold for sums of +hree
or mdre. rv’s.

These pmper'f'ies are infuitive . Give a
“coin ‘fossinj" S‘/'ary for each.

s . Recall Hhat mgf)s

Mx,+><2,(f) = MX,(Jc) Mxl(z%)

# X, and X, are independent.



)
M {t)/l/( (vé
M +Xq () =

O My,

= p +1OQ
- +'f)€ ) (/ *fo )
(I ‘ '+n2.) P
(nlqg{ f Binoemial (n e
S (by N Bui::miaJ (w, 2 5 P
’ X, v
><( 2 2

(%)
M,
My, (€ = M, €

@ x

’5) ( (i -p)@'t)
Z-)Pze e,
i [—( -./o)e)

r,P).
Bin(r+ !
Ne F
ﬂ Zf:guegesf of g
)4
lhus



Hyperqeome"['(‘f ¢ Distribution
= 1
(arises when Sampl'lnj from a )cim"fe.
population without™ replacement )

Suppose you have an urn with:

R red balls,
G green balls.

Draw k balls ab random (witheut
r-ep\acem@fTT )

Define S = # of red balls in scmbole,

The PYmC mc SK IS

# of Somples of size K
P( Sk = x) = (confbim mexacﬂy X )
red balls

(# of samples ofsize K)

= (5) /<6-9c> for O<x<R
(R;G) - and 0sk-xs<G.

(pm¥ = O otheyise.)



Sk has a h\/perﬁeomdﬁc distribuTion.
Tn the textbooks nofation:

Sy ~Hypergeardivic (N=R+6, M=R, K= k)

The mqf of Sk
Sk €40,1,2,-,K}
Since SK iS bourdd) 7‘/7@ mjf’ /S
Pinite for all T.
But Fhe mj)p has no S/'mp/e c losed

farm . (Ther‘e, Is No Wa}/ ‘fo ‘
Sf/ﬂpl fﬁ/ e Sammmélan )

So mﬁf /s nol useful.
Mean and Variance of Sk

The book compytes Jhese d /?267"/)/
From e pmf.ﬁ We use andther rote.




| f 4 ball is red,

Deacme X;L: {O stherwise

- I{ T pall 1s r‘ed} )
K

Then SK = Z:‘ X’L )
?,:

Since EX. = P(it ball is red )

= P(1°F ball is red) = ;3\8:6 ,
(see discussion below)

K K P
= e = = < = K‘————-—- o
ES, =E> X =2 EX; e

Discussion : e are row Hinking of the sanple
of K balls (choszn from R+6) as be’mj ordered.

There are (R+&)(R+G=1)c«+ ( R+G-Kk+1)
= QREG) K! e%ually lTk@Jy ordered
Samplé_se

The humber @F Orcpél'é_d Sme)/QS' where the
i pall is red is



R - (R*FG"!) C (k=1)]

/‘ K=
PchOﬂZ /Y /\\
2d ball picK the Place Them in
?or Fhe other k-1 the remaining
™ POS’FHOV\ bQ”S <3 POS\-‘,lOY)S
Thuws
R+6 l 1|
P( M pall is red) = R > (k=1)]
R+G>
<) Kl
R (R*‘G"D} (k-1)!
= k-DIR+GR R (R+GY)]
(R+ &) K | R+G)!
KI (R+6—K)I
I
R+ G

We. will Shor‘H\/ need
For {#3 R
P (1t and Jh balls are red)
= P( 15" and 274 palls are red)

- R . R
R+G R+G—)




A COuY\’hY\j PrOO)C:

Tﬁi number of ordered SQmples nere the
1™ and éﬂq balls are red s

R - (R-1 (R+ G2
,‘\ ( T ) < K—2 > © (K"Q-)'
ick one pick oné /l\
fed bal l red ball g_"_‘;‘lzjtz Fla*ci, Yhem
'%;’\‘WQ . ;thr e balls ‘r:mq‘e/'m
1 loos;'hon 4 ‘ODS'FHOV\ a ning
pos tions

so that
D (1 and 5™ balls are red)

R (R-1) (R;_?Q:-Z)(K‘-Z)j

R+G
( K )k.’
R(P\‘-\)(Rnte-Z)} ~ R -(R-1)
(R+G) = (R+G){R+ 6

I

|\




The Second Momenl and Variance of
The Hyp@rﬁgome“l'r‘ic Distribution

We want Var(S¢) = E SKZ - (E SK)Z :

e Q\reacoy Know ESK = K I_?%TG .




Note that

3 l{'lﬂ‘ ball red } {3+h ball red }

-1 i1 th and a‘ﬁﬂn ball are r‘ed}

(recall T, T_=1, _.)
so “thal
E X,L Xé P( h g S\HW balls are Pea”

(recall ET_=P(C) )

AnB

R R

— R+6 R+6 | ’FOF'(L';tg
R .
?Té ‘FOF 'L-—-a .
Thus ES ZZE
1= la—
=k B+ k(D) K R

R+6 R+6 R+ G-\



Var (Sy) = ES ~(ES”
= k R 4 k(k-DR . R~

R+6G R+6 R+G- |
2
— (KK
(< 25 )
- K %_6 [(R+6)(R+6 ) +(k-1)R-1R+6E)
—k R(RtG- \)]
(R+GYR+6G-1)
— K .._@__- -“__@_ +6_
RT6 R¥6E i"'@jli
W\J
\Jariance of
giomial (n=K,p= i)
Fintte ulafion
c ortection factor



The Poisson U istribulion

T+ X ~ Paisson| A, then

omf P(%=K) = z\_’f_%_? for K=0,1,2,...
<

EX =Var X = A .
mﬁ\c I\/\X(f) = ex(é -0 (exercise)

Closure Propeﬁy

I-F K, PO(5SOY\(>\;)) XQ_N PO’ISSOV\(Q\2>) anaf
K, and Ko are ]mdapey\a?@mt

“then ¥, + X, ~ Foisson (At 25).

Proof :
MX\_‘_XZ(‘&) = MXI(f) MXZ_(t) oy indeeno@nce

t
= e'/\,(ét").exz_(é -1

A+ N)EeE-
= o 2)e-1)

a—

= mgwc of Poisson (A +A,)



The Poisson disth. arises because of

Poisson approxima‘\'ion tothe Binomial disth.

IR X~ Binomial (Ny£) where n is lqrﬁe and p IS small)

then P(X=kK) % 7\:;64 with A=np

(‘Hﬂd’ s, Xnv approx POiSSOﬂ(?\:V’”fO)) .

Formal Statemert as a limit fheorem

Fix a value A>O0.
Suppose Xn ™ Binomial (n, p=2) for n=1,3,3,...
and Y ~ Poisson(A). Then

i P(x=K) = e - POYEK)

N —> oo Kl

+hat is, *n é‘? Y (com/eramxcé, in disth.)

Poisson ippro)('\ma“hw\ To hyper(argomefric disth,

F X~ h\/pergﬁome‘l’riq N, M, K) and

T PZEERN
# of red balls rotal #  #of red bal/i
n Samp(émc K of balls in urn

N is lage TI\\/IL IS smaﬂ) and % 15 small

Hhen X~ approx Porsson (A= K‘%) :



More qenera\ Poisson appraximaiion

Suppose Ay, Az, ..., A, are Indge-andenT evenls
anJ Z‘)Z Z are the corrqspoy\cfmj

'svwdiCGLTor Y‘avwdom variables

Z. = I — l I‘F A’i gccurs
T A. O oJtherwise.
2

Lef\’ PzzP(Am)
IFf n is \Qraﬂ and all The

S = zz /)r—ES

e
has CKPPFOX\MOL{'Q\Y a_ Paisson (A= Z«p,b) di<tn.

,P. are Small) Then
1

@ Ge\ger Cocm'\'el’ W\ﬁ’\ IWY\P OF faC?lOac'hVe
mq‘\’eha\ con5|57(”y)j GFOPDCFQFQM"" \So‘f'opes

@ \erF.c accdﬁrﬂ's om a Cer‘f'am h Wa\ Jurm
a j\\/QY\ Per)()o!) with drivers OF d %‘ertvﬁ ab! ‘

@ Num\Oer aF CaARS O‘F a Yare Jusea&@ (m a qiven
city) when people vary in their Suscefﬂﬂlo ity -

etc.



Example. - SupPOSC

ZOO&) skiers a‘!’ Q. \'QSOYTD

each has ,orobabilHy , 002 of an
accident on any given day,

sKiers are 7hd€pe\nden‘l’.

Then
X = # of accidents ‘l’oday

~ Binemial (n= 2000, P = .002)
( larﬁa) (small)

~ approx Poisson (\ = 2000 (.002) = i),

Thus P(x=2)x A€ _ 421
2! 2

Corfinudiion : Similar sifuafion but now
P(skier i hes accident) = £; = 2x/07°4
for 1=1,2y..., 2000.
Maximum P{ = "PZooo = ZXIO—'GX 2000
= Y x |03 which is “small”.

2000

Thus X ~ approx Poisson(\ = 2 P ).
_¢ Q.OOO‘ 1=1
A= 22100 > 4 = 2x107€+ 20002001 o, 1y
1= ™~
2

So P(X=2) & same as befere .



The Poisson Process

cKs, everls, etc.)

A PVOCQSS of arrivals (cli
tth constanT

‘s called a Poisson process W

cate AT

@ The mmber c){: arr'uvais in any 3ivg,n F;xed
perioo! +F ime of duration t has

a_ Paisson (Xt) distribulion -
@) Disjoint ifervals of time are 'mcﬁe)oena?evfr,

meawnm

Conseguewce of @ 2 The expedecf number of

arrivals n oLPQrIoa? of lergf\ﬂ t s AT.
A (on awrage).

The arrivals occur at rate

Examgtes .

@ Clicks on @ Gefgel” CaunTer
~ (under uniform conditions)

@ Acciderts on a ‘(H'jhwa)/
(wndar un form cord ifions)

etc.



Example: Clicks on a Geiger counter occur according to a
Poisson process with an average rate of 1.5 clicks per second.

What is the probability there are exactly 2 clicks during the
time interval (2.5,5.5) and exactly 3 clicks during (5.5,9.5)7

Answer: Define

X1 = # of clicks during (2.5,5.5),
Xo> = # of clicks during (5.5,9.5).
Then
X1 ~ Poisson(A\1 =1.5x(5.5—-25)=15x3=4)5)
Xo ~ Poisson (A =1.5x%x(9.9-55)=15%x4=6.0),

and X7 and X, are independent because the time intervals
(2.5,5.5) and (5.5,9.5) are disjoint.

P(X1=2,X2=3) = P(X1=2)P(X>2=3) by independence
)\%e_)‘l . )\ge_AQ
21 3!
4.526_4'5 636_6
21 3
= 0.1124786 x 0.08923508
= 0.01003704




Example (Poisson Process )

Clicks on a Geiger couh‘/’Qr' occur accord’irﬁ
To a PO\'SSOh proc€SS \/\/Tﬁﬂ OVQraa,Q mfe [.5
clicks per secopd.

What s the 'orobabffﬁy of
exactly 2. clicks oluring (O,3)
and exactly 3 clicks o(urt'mg (2)6) ?

These Time Pzrfods overla\o.
So we do Hhe ‘FoHoWinS.

| et X, = # of clicks o@urinj (0,2) 5 | disigint
XZ:: # 07C clicks Jurmj (2)3)) ;yfi'er\/qfs
ng-—‘# of clicks Juriwg (3)6), of Time

Then Ky, X:,_ng are ]wJepeHdQn+ with

X\~ Poisson (A, = 1.5%2=3)
X, ~v Poisson (N, = [.5x| = .5)

X 5 v Poisson [7\3:],5>43:$"ﬁ5),
wWe. want P(X.+X2:2J X2+><3==3)
= P(Xi=2,%=0,X3=3)

+ P (X=1, X2:l)7(3:2)

+ P (X=0, %22, X3=1)



:+P(><|:2) P(X,=0) P(X;=3)
+ P (XF1) P(Xo=1) P(X5=2)
P(X=0)P(X,=2) P(X3=1)

. -3
— 3212 o -1.5 -
L, 152 wsis Tt
Ol 3/
-3
_l— ‘ X ,45'6 x [7[ 2 —1#5'
I
! ] 21
+ 306_3 o | 5—2. -1.5° | — 4.5
= e <« 4.5 e
_ 21 [ !

+ 3.lc e ¢S I* * -
| 54574 15745 Je



