Continuous DistribuTions

The Gamma. disT.
X~ Gamma (e, ) has

- =X
*Pd\c fix) = e o({/g for x>0.
M) B (>0, 8>0)
Exzocﬂ
\VarX ﬁo(ﬁz

.

S X €<
mgf My (©)= I-—,Bt) » P
calew\dtion of momerits done earlier.
Deriva ion of mﬂf .
£ otX :jwe &(x)dx

= 5006-6% . xo(—ie“%//e dx
Q

.® ‘
l

(<) ‘
which is finite when -t<—j—é



Then ih+e3m| pecomes
p— (é')d oo%qdlg“x/ﬂ,dx
% “o DR
\,_,—-\/\/

G amma (X, ﬁ') 706{70
I % o L,
= (&)1 =(zg)” fr €<F

Closure PT’Opeer
T§ x,%g independerl
Xy Gammc&(dl)lg) 9
X4 v Gamma (087_)/8))
+hen KXy Gamma (et +z 5 B)

Procf My (83 =M, (M (E)

| < /| °<§L____ g o(‘+0<2_
= (T—{—,?CB ( /-',87‘:) = /")Bt>
= ij of Gamma (oj+z, B). QED.




The Expanen‘f'fq( Dis‘fr‘l'bu"f'lbrl ( E><1o ( [9) )

pdf 00 = -/;‘,;e"% For x>0 (£>0),

EX = B, Var X = 8%

cdf F (*)= |- X for x>0,
P(X>x) = e’"%/ﬁ for x>0,

mgf M, (€)= —(-_-_‘-/-é-t for t< B,

EXF(/Q) same. as (Gamma (1319).

The (Confinueus) Memory(css PropéﬂL}’

If X~ BEx4p(B), then

P(X—t >s|X>t) = P(X>s) (%)
for_c_l_il S;t>O

or qu'\ Va(e\nﬂy 5
P(X> s+t) = P(X>s) P(X>t)

'FUFQ_(J 5‘)‘{':>O

Converse : If the rv. Y satisties (¥,
then Y v EXF(/Q) For Some value of /8




Failure rote (\r\o\Zcmﬂ mf@\_
S uppose. X has /‘zd? f&o) 3 cdf Fx v
and T =0 for x<0.

D@ﬁn@ The hazard Function
p) = lim P (E=X=ted[X>T)

340 Ky
( = ‘C(_t), by exercise 3’@2_5)
| — F () :
Then P(t<xst+d[x>t) & htt)d
Lor small d.
Fact: Yr~axp(B) i h(t) = fé—-
for all t.

The QX‘DOth\"}' ial disth. has a conslant
hQZQrDQ ;Faf@) and 1T s the Q_my ol isth.
with this property.

(No‘\'eL //COﬂS’fGYﬁ V\ozq('& mfé,” prop erﬂ{*y (s
eﬁui\/a\ev\f to 7 mMemary loss” pmager“'}/,




PFOO‘F O‘F one OB’!FQC,TTOM:
Suppose K™ &P (B). Then
ht) = lim  P(t< <t +d 1 X>1)

= lim L P(=xstHd)
Vo 9 T x>t

= lim L ﬂﬁ,§> B \;:@i}
SO O |- F(t)
4
— \lVY\ - ~(f+d\)/ﬁ ) - (\ - //g>




Fac? If 70,2552y are 1id &p(@)
then X =min Z{ nJ @F(5AW> .
mPraowC AR ( heuristic)

X has the me;mafyfiéss Gyropeﬁ)/ :
Thus X v QX{O(?} Sor some value &,

Whal is ?P
Deafermine. § by c,onsid@riﬁ the fuilyre.

rafe.

Clearly” |

+) = L .
.t thg) =

s L= 2= F= A4



/\ more. jcarmal Proo‘F uses .

Lemma I If X, ,X; ..., ><h are indoperdonT
with  cdf’s Foo B B 5 Then
() = l——_lT(\"F,,;(t)) and

min A4 1=

Fra, )= TTR®.

1

C opseguences of Lemma,
0

If Xiyaee,Xp are 1.d with codf F) “thein
) = — (1 -F®)

1

N
Enaxx' (t) = (F Hj))

Min¥

TF X,,.e,%n are iid exp(/é’) rv’s , then
~t/8)" _ —t/(é’/r\)
= +) = | —(c — | -
N Far t> O,
Thus min X NEX/O(/Q/‘\) )

P, () = (1= o 7BY" for t=o0.



PFOO'F O‘F L_Q,m:

Fo (B = P((max X s t)

mox 25 (<1<h

since mox X ST :Fawlmlyhc)
(g&_\_‘_ ‘e values X"L are < t

1=\
- 7 F.(8)
i=

- (€) =P( min X;L <t)=1\- P(M‘mx/L > t)

mj .
m)(/L

_ D n ‘ sipce MinX*7t
=1 - (;Q‘{Xq>t}) (]-FF all The ,\L/alu€$)

. are >T
X,Lat

N

N
= | —_(TFD(X,L>“&> = | —

1=1 i

(I-F.®)
v



Problem :  ( The “K stal)”’ problem.)

A room is |it by K 1ight bulbs.
The lifetimes of fhe bulbs are iid E)S/DCE)

How \onj ariti] the room is in total
darkness 7

Find Tthe mean ard variance ofF the
+ime wAtil Yotal darkness .




Solufﬂ@vl: Assume K liﬁhﬂoulbs wiHh

lifetimes 21,2500, Z, Ao 00 d exp(B),
Define
Zm: Z(r:K) = m'm(Z,)Z,_)...)ZK)
= ‘(‘,me aj’ Wh\CJ/\ 'FTFST bulb burns OMT)

_ — - . - th
Z(i)u Z('LoK) — +lmQ at Wlmclq T bulb

burns ou‘fJ

Z(K) :Z(KZK) = 'h'YY)Q at Wh;(’/@ lasz 5:(1'_}3
urn

time wnfi| ‘tofal darkness
max(Z,)ZZJ,,,)ZK) ’

Nofe Fhat  Z ) < Ly < = = Ly with

probability one (that is, ties have probability
Zero).

|

[l

Consider the Id’enﬁb/
Z(K) Zu) T (Z(ZJ Z(I))+ °° +(Z(/<> (:<—-1)> .



The Memoryfess Pro‘oer'f)/ Implies .
If ot any Time /crr bulbs rema’m) the
amounT of Time wntil the next bulb

burns out does not depend on how long
the bulbs have been in opem‘f'l'ah.

A ‘Hm@ Z(i‘.K) there are K—*i bulbs

“remaining- The memoryless P"OPQ’*Y say's
ﬂme\/ are all as 3000V as hew, The Time
writil the hext bulb bums oul is Fhe

MmN mum of k-2 eme\en‘l’ial rv°>s which

are iid QX{OC(g)- Thus
(1:k) Qxya(fz)

and this rv is independent of what
has happ@h@&q a\r@dy Z(Upzm)m)Z({).

Z - Z

({+) 1K)

Thus Cinfuitively)

2y s Zeay Lo yere

are mdapen/emt Q,Xpor\en‘f’ ial rv's

) Z(K)”Z(K—t)




(1L+)) (1)
Thus
Z(K): Z(H (2) l)) oo (K) Z(K \)>
',mPIiQS

EZLw = EZ E(Z( )ZUQJr
+ ECZ<|<) L)
and ( by indogendence.)
Var Z = \/ar(Z(,Q + \/ar(Z(z)—Z(,Q
+ ~-+\/ar(Z(k)“Zc/<—-n3

- ) + (B )+ o @)



Alternate Solution (Analytic):

FX(t) — FmaxZi(t) — (le(t))k — (1 - e_t/ﬁ)k
so that the pdf of X is

Fx(t) = Fi(t) = k(1 — e t/P)k—1 (5 W) for t > 0.

Using the pdf we can compute the mean and variance of X in
the usual way.

Another way to compute the mean is to use the result of a
homework exercise:

EX = /Oo(l — Fx(t))dt for any nonnegative rv X
0
= /Oo(l —(1—e %" dt in this case.
0
Setting k = 3 (just for example) and expanding the power gives
EX = /00(1 —(1—e 53 dt
0
= /00(1 — (1 —3eMP 43728 _ 73t/8Y)) dt
0
=35—3 (5) + é which agrees with

é —|- g + B from the earlier approach.

We can also obtain the variance in a similar fashion.



Fact © For o Poisson process with rdfe Y

the time wnilil +the WCIrSJF arrival has an
Q,Xponen‘(“ia\ o(is“fribuﬁon wiHh mean

8= £
Proof : (Start time From zero.)
Let T, =7the Time of “the first arrival,
S‘(:: the # of arrivals by time €.

We know S L™ Poissan(At) so that

P(S, =0) = (xt)"@;“/ _ St
KJ K=0 ’

Bul {T,>t}) ={5,=0F (Trink about

it
Thus P(T(>t) =P(S;=0) ="

and P(Tst) = |- AL,
This is the cdf of Exp( 4 ) distn.



A Copnection between the Gamma distn.
and Tthe Peisson AdisTh.
(via The Poisson Process)

FacT:/A\ Pr‘ocej's OWC ar‘t‘TVqu 'S a

e e—

Poison process with rate A

£ andl anly iT
“the inferarcival fimes are ..
exponential rV's with mean L.
A

i m—

No_t.aj.ron: L..QT ( *;MQ STQ‘T‘TS 7Crom ZQFO)

T = Time of Vﬁh acrival 5

5; _ # of arrivals a’urinj (0,¢t) .
The inferarrival Times are

T )TZ_’TnJ =, Tr”Tr_‘,..
NoTe Thal

T ~ Gamma (€ }L\") (loy fact above)
S—t ~ Poisson(At) (by defn. of Poisson

pracess )



Thus
ATty =1%=r3
implies P(T,>t) = P(S,<r)

which leads To
0o S Y
j ?\\r ¢ \QRJ% ——Z (7\—(:) e
t r(r ww
C:fj/—\__/ ~ Poisson (AL)
anma (=1, B=>) o
pot—P P

1C0rmu|& can also be oﬁer/VQJ 93)/

his f
r@peafeoa :ﬁfejra+10h b)/ AT



Law of Large Numbers (LLN)

Let X1, X2, X3,... be iid with finite mean pu.
(That is, E|X;| < oo and EX; = pu.)

Define S, = ZH:XZ- and X, = Sn _ %zn:Xz
i=1

=1 n
Strong Law of Large Numbers (SLLN):

P(Iim Xn=M> —1
n—oo

In words: the sequence X,, n = 1,2,3,..., converges to u
with probability 1 (as n — o).

This result implies the ...

Weak Law of Large Numbers (WLLN):

im P(| X, —pl<e)=1 foralle>0,

or lim P(| X, —u|>¢)=0 foralle>0.
n—oo

o If X1, X5, X3,... also has a finite variance Var(X;) = 62 < oo,
then we can say more:

_ . 1 2
Var(s,) = no?,  Var(X,) = Var (S—) =~ var(s,) =~
n n

n

and Chebyshev's Inequality (see text, p. 122) implies

2

P(|)_(n—u|>6)<a—2 (which —- 0 as n — o00).
ne



Cevifral Limit Theorem (CLT)

I-F lexz).o.)xh are l.;d ‘From Qa
disfribud'foy\ wiTh EX,’L = & and

Var X; = 0% < 00

D

then S -n d
n /2 — N((Ol) (as n— o)

no 4

ond | equl valevitly,

Xn-/“_ _i% N(03‘> (os N — o)
o7AIn

where S = hz X and —Xn = Sn/n .
1=

Informal STaJYe_vneY\‘V

For ”larﬁe” n,
Sﬂ N approx N(H/ULJ nO’l) 5

— 2

Xh NQPPFOXN(/A«D _Qh_:_ )

HOW IOUBQ Shou(d N bg?



Narmel Distribution

axtb VN (et b, 507
XA o (O, 1)
P(xeb) = P(X& < bzA)

a -

= 5( Qﬁ) , afe.

- ol (

Norma) Agproximation

| SULPPOSQ ,X has mean /u 5 \/CLVMY\QZ o Z)
ana? a ol\sfr‘(bu‘f‘fan which S
approximcﬁgl)/ normal .

Let F N(/(’(JCTQ)"
P(x<b) = P(X*sb)=( L)




The Continuity Correction

The normal distribution is continuous. If a normal approxima-
tion is used for a discrete distribution, caution is required.

When using a normal approximation to the distribution of an
integer-valued random variable X, greater accuracy is usually
obtained by using the “continuity correction’ .

Let X* be a normal random variable with the same mean and
variance as X. For integers b and ¢, the continuity correction
IS:

P(X=0b) ~ P(X*€[b—.5,b+.5])
Pb<X<c) ~ Plb—.5<X*<c+.5)

P(X>b) ~ P(X*>b—.5)

P(X<¢) ~ P(X*<c4+.5)

The continuity correction essentially amounts to replacing each
of the “spikes” in the pmf of X by a rectangle of the same
height with width one. This converts the pmf (a series of
spikes) into a density (pdf) which looks like a histogram (a
series of rectangles). The normal distribution is then used as
an approximation to this histogram.

After using the continuity correction, we standardize the ran-
dom variable X* in the usual way. If X and X* have mean u
X*—pu
o)
b—.5— c+ .5 —
hgo ot ”) |
o o

and variance o2, then Z = ~ N(0,1). For example

P(nggc)%P(
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Poisson pmf (lambda=10)

10
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Corresponding pdf + Normal(10,10) pdf
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Normal ApproXi mations

Binomial distn.
If X ~ Binomial (n,p) and n is large;
then
X v Approx (\/orma\ (/(L:h/p) O = hP("‘/P)) _

Arjumer\‘\‘I X = ﬁ Z: where
1={
Ziylg,e Ly are i1d Bernoulli (p)
Now use CLT.

Poisson disth.
T£ X~ Poisson(A) and D\ is larﬁe)

“+hen X ~ QpproX Normal (/(/L-'-'— A, 0F=N).,

Arjume,vﬁi Fix a value A,.
Let 2,2, ...,2Z,, e iid Piszn (o),

LA
Then Z Z,;J ~ Poisson (A =nX,) .
1=1

Now lgf n—> o0 and use CLT.



7N€3q‘l'i\/e, Binomiql distn
If X Neg Bin(r,p) and /s large.,
then X~ approx N(u= &5, o= 1)

.ZZ,& where
2=
Z(yZg yeery Zp Q@@ iid Geometric (o)

Now use CLT.

Arﬁumen‘]' T X =

Gamma_dist.
If X~ Gamma(d,B) and & is large,
then X is approximately Normal.
Argqument I Fix a Value o .
Let Zi,Z2,.+)Zn be ivd Gamma(o@)/B)

Nn
Then g Z; Gammq(nqa)/g) '
Now let pn—>co and use CLT.

Rela dism

If X~ Beta(x,B) with both o) B large
+hen X is a.Pp{fo/BX. Normal . j/g I

gnd others . oo




_‘C_gmmevﬁ‘s on C5

Sujppose
n pecple support candidate A .

n pesple suppor?‘ B.
Eadn person vates with ProbabHH\/ p-
Peop)e clecide indapenden‘ﬂy.

Let X = # who vate for A 3
Y= # who Vte for B.

Then X and Y are independ’en‘f with a
Rinomial (n,$) distribution
which 1s approximcd'ely
Normal (/(L': nf, O"z:‘-nf)(l-—,f)))
T n s swfzﬁ'c(eﬁ}y lm:?e.
D(tie) = P(X=Y) = P(X-Y=0).
Recall ¢ If X,Y independent with
X~ N,01%) and YuN (425052),
then X4 N Gl 07405
and X—YN’\/(/“I_/“:.)QZFOS}).
Thus, for n large.
D= X-Y ~ NCw-x, o)
( approx imately )
~N (OJ 20'2)




Let DY~ N(G, 242).
D is approx N(O)Za'z) ) )
D* (s exactly N(O, 202)
Since D is ]h‘l’éﬁer’-valueo' , The
coyﬂ‘inu\h/ correcltion 3?Ves
P(D=0) #P(-£<D"< %)

—_ -~ L —
"'P< 2 O< D*"O< %-—O)
202 /\/-.’.7.\0:3- /\/ZE;:

=p(-e <Z<E)

where Z = D*-O /\)N(Ojl)
\/20'3'

ond €= 5=} (7=

Note: TF n is larﬁz) O“lzﬁp(hp)
'S Q(SO[QFSQ, <o that &€ will

be small.

Be) —P(-€) whee D is the
cdf of N(O,I)

@(&) = ('“§(€)) = 2@(&:)__ l

(I



by symmetry of The N(o,) disth.

o
—x

\

X
@(—%) == forall x.

Thus, Fo compute P(tie) you
caleulate ¢ = !

2V£np(‘~1®
aY\& usé +Qb|€5 or Campu+gr +o 8@‘]’

2dE)-1.

Problem with [ables

Tables ‘\'ypica”y ﬁiVe @(2) or P(Z >z )

for 2 =0.00,0.0(,002,. .y 349 (say).

If € s smaH rouna?mj To‘)Jne negrest
tabled z—valua loses a lot of
accqracy.

Rofter fo US€ «--




Good approxima‘ﬁOY) for small 3

Let p(a)= € =72 _ pdf for NO).

AfaT
Then  P(+ie) is approximately

—

P(—e<z<g)= ge p(%)a?i—
i) -€
N(O)‘)

~(2€E) @(O) = 2& when € s
Al 27 synal] -

Y N 2 . )
Taus P(Fie) x & 2 zn;__.__“_ﬁo)
— \ i
\J’-%wnp(lwp)

[ -

\Nheh Nn= 2)000) OOO) ad 'F — 0-8
you 8a‘l‘
P(tie) & . 0004987 |
N o dhat £ = .000625’ whieh raunolg
0 —
to zero 9IVINg 2 -1 =0,
5



Problem ac‘/‘ual/y wonts
P( Joe mates a difference)
= p(Joe brezks a tie) +P(Joe cravtes a_tie)
=P(D=0) + P(D=1)

(@ssuming Joe voles for B )
P(osD< 1)

~ p(-.5sD"<1.5)

P(:——é—: <Z<f:§:)

[

[

VZJL AJ202
~ when N
N‘: Az ‘\/ 0“7'5_‘} ﬁ (?S Iara,g)
N

/-——\/—/
width of inferval cﬂehsﬂy of
of N‘Qjmﬁah 7, qf zero

/

2
Naoc2 Varn /o=
= | — 000997
I “F“"J‘D) when n = z?ooaoooj
f)‘-‘-, .




Beta Distr bution

 ~ Betalet, B) with «>0, >0

has poﬂ{"
“F(%) = %o(-l({_%lﬁ—" ‘FOI" O<x—<'
B(O()/S>
where B(e)B) = f '%"‘“d-x)ﬂ"'a”x
o
— () l_'(ﬂ) |
(x+BD

Paramerers o, /9 aQre. //S’}’W\PQ” para%*@rs,

<< | = Im +1C(%):0°

x 2 QO
> = Ilim (x) = O
. —>1¢‘—90"'7C
<l = Iim F(x) =
x|~
g> = [im fe)=0O

x>\~
Seﬁ’f}?ﬁ o(::/g::} (7/'\/45 Un){bFM(OJI) 0//5"7177.



ModiF/iﬂj* o andf /3 gives a variety

of Shapes -

> o<<1)/9</

<0{>l)/§>l
==

O | ] pe
Rut you camQ_Qj Se'f' a bIMOC/Q/
A sTribution
(unless—the /odf

b/ow's up at

/\/\ O and [ 9 /'Virﬁ
mooles at O

and 1)

e ————

The Beta distribution is used Yo
moolel 8uan+i+fe$ “f’akb’g values in (0)1)
(such as propor‘fions anol prababt'/ffias),



For a. Beta disttlhution :

vhielh are easy conseg Uences of

‘EXK — E’(__’S""’() . T‘(°<+ﬁ)
e D o<+,8+K>

— (O(-H(-—- D (ot k=2) « -
(B = (<><"'>3)

MEF M, () exists forall T,
(smce X IS boundbc/)

but is not usetul . (LT does not
have a simple c/a&ec/ form. )




