A Location—Scale Family of o /stributions

has densities (pdf’s) of e form

g(xlo) = & WXL where
Visa ?odﬂ o->0,

Pro PQrTfQS

L gxlo,1) = Y(x)

2. IF X~ q(lpo), then X2~ g(-101),

3, If X~ g(+|0,1),Tnen O'X{'/uvg(‘ | M50).
(vae 2 and 3 b}/‘fne material in Section 2.1.)

Example I The normal distributions are c
Loco:f'\'or\——SCQ‘@ ‘Fdfﬂ\ly

B L —X72 The standard
( = — @ .
ake W(x) Yoo, normal d;’sﬁf).)

Then gtfu,o) = 5 P(EA)

= L L Q_()%%
o Van )
o 6_@79/20’2

- Vo' o

is The Pchc F a N(/u)g’z) distn.



ExXample I The 'Cauchy ocdfion=Scale famu)/.
Take Wix) = _J— L, , —co<x<oco.

Then 3(7(,/4)0-):: ,Ciy__xl/( ;4_&)

= |

- — L 5 — OO X< 00
ECT

defines he Caac,h)/ [ -5 vcam\ly

Ndte : For Hhis J?am\) OFGQtS'('hS) S not the mean

and o is no‘)’ “+the sfandard deviation.
( Same remark aPPhes in Next Qxample)

Example  The Unifgrm distn's form a L=S family.

_ 1 i o<xx|
Take W(x) = I(Ojl)(%) ~ L O gtherwise .

V is the pdf of the Unitorm(0;1) distn.

Then g(x|u,0) = _.g__,\//(;ﬁ)

= LT (e
Loy (5F)

( Note - J c(o,)) iff x-pe€(0,0) >
| FF xe (u, mto)
==1 (x)

(s pu+ O’)

which is the Pohc OF‘H/\Q Uniform (/A)/&"'O')
distn.



Lel WV be a Pd?.
A Scale Fa\m“\_\y of OQTS'('HS. has d’ensﬁ'ies
of the Form 3(7010') = —;—_ {ﬂ(%_)

where o> O,
( o~ is the Scale parame‘*'er.)

A localion Famﬂy of distns. has densities
of Hhe form gl |m) = V(%)

Example © The N(u,1) disths. form a
| location Pamﬂy-

The N(0,d32) distns. form a

Y Scale Famﬂ)/.
— X
ke WV(x) = L e Z, Then
le /V-ﬁ
A\
\}/(’)é—'/b(,) — I 7 OC/L)/Z \Ul’\i(‘z‘f\ ‘IS\‘W‘Q
Vam odf of N(sD,
\ ‘ Q,_%/M which is the

A wix) =



Example @ The family of Gamma (%6, B)
disths (where «, is any Tixed value of o)
forms a. scale family.

%O(o"" —X

TaKe WY(x) = e , x>0.
| (o )
\ o= | —
Then _é_:\[/(%f__ = '?Lr(%:> QX/G”
(o )
_ %o(o—-lg—-x/a-
g Xo ]—1(0(0)
which s he Pd? aF the Gamma(%, o)
distn.

Nate : ITf we permit both o and R To Vary;
the family of Gamma(et,B) distps.
does not form a Locdtion- Scale Fam"(}/.

(o« is a“shape’ parameter.)



Suppose g(x | u,0) is a location-scale family of densities, and

XNg('|/'L70)7 ng(|071)
X —pu d d
Then =7 and X =o0Z+u so that
o
X — b— b —
P(X>b)=P< £ “):P(Z> ”),etc.
o o o

E(X)=FE(cZ+p)=0c-EZ+pu (if EZ is finite)
Var(X) = Var(cZ + ) = o2Var(Z) (if Var(Z2) is finite)

Similar facts hold for location families and scale families.

Erase u (set u = 0) for facts for scale families. Erase o
(set ¢ = 1) for facts about location families.

Example: The N(o,0°), o > 0, distributions form a scale family.
The density of the N(o,o?) distribution is:

\/21_7TU exp (—(x;agy) = %\/127 exp (% (g - 1)2)) = %zp (g)

Example: The N(1,)\), X > 0, distributions do NOT form a
scale family.

One way to see this is to note that if X ~ N(1,)) then
EX =1 for all A (it is constant). But a scale family with
scale parameter o satisfies EX = ocFEZ which cannot be
constant (unless EZ = 0).




EXPOV\QV\T(Q‘ Families
The Wcam'l\y of {Jcﬁﬂms or me’s

L fxlg) 0@}

T_ The Paraméfer space.,

(e mijl/ﬁ represeyﬂ' a sinﬁle

p arammeter or a vector gt
‘oarame‘('QFS.)

(S an e,xponen"\'l'a( Fam'\ly if wWe can write

f(zl®) = h(x)c(@)@sp(ZK Wi@)tri,(m)
=,
valid for all % and 4l 6 e 1@)

This is the 3enem[ Kﬁpqro;mg}er @(Pane,n'HQ\ Fam”y
( kpejc). -
For k=1, he 32V\erq\ Ohe parqmigr @(ponem‘ﬁg,l

family (Lpef) has the form
Fx[©) = hx) c(©) @qo{w(@t(x)}
valid for all % and all GE@‘
Note: We allow h to be degenerate ( constant)

budt Y‘egu'urc all the otner functions to be
nondegeneradle (nonconstant) .




[’Eiamp\es of 11_9 ef’s

Expeonenial disTribdtions
nc(%lﬁ) = —‘B- Q‘%//S) x> 0,B8>0, (/pdvc)

In this examP\C

6=8, @ =(0,).
— 1 . _
‘Fﬁx\ﬁ)—l(o)oo)(m- ; szp{ _Ixs_x}
Cr~

\/VVW

C~N—
hoey c©) w(e) (%)
Thus ‘F(%{ﬁ) forms a 1 ot with
as idertified above. P he PaﬂLs

Binomial cﬂfs’rribuﬁong

The family of Binomial(n,p) distribdtions with
n known (fixed) is a L}oe-F. The Pmm‘: s

X |
Fx(p) -.—.@Jp%a_@n L X= 0yl 5e ey, O<P<
L___—V-\/

n x
(-p)" (%)



Tn this QXamPIQ S=p, @ =(0,1),
Fxlip) =

)Ly, 70 -8V exp] % sy |

. ~— N e~ —
h(x) c(0) tx) we)




Examples of 2 pef’s

The family of NQM)JJ‘) d istributions
The N(u,0*) pdf is |

-
—_ (2=
1C(%I/u)o"~) = | o _fo{ﬁ_%

Va_\i& for o250 anco —Co< UL 2,
Here © = (u,0?) and
@:{(/aja'l)i o250 avd -——oo</u<oo}‘

x| pyo®) = L— exp{‘:léj o -,&’*}

Aan o 2602 02 247
et ...L- __L p* _J_ . 2
am "'@F(ﬁl) Qxf}{zaflx '%%‘7‘}
—— , —~
hx)  ¢(6) w,(8) €(%X)
£
W, () £, (%)
we have a 2pef with Hhe parfs as
deritified dbove.

I\_lgf_gi Tn writing an €>Yoanéﬂﬁq| family, h is
allowead To be 3enera‘re (constanT ) 3 but }_)_(_)j
any of the ather FarTs. Also, we réguire,
hx) =0 forall 2.



Non-exponential families

There are many families of distripufions
which are nét exPonewﬁa\ families.

The Cauchy Location—Scale jcam'\\y

N T
foxlu,0) = L (T ) for al) x
CQV‘@ be writlen as an prohen'ﬁal Fam':l/.
(Try T‘\‘J )
A Frickier emmP}e °
Consider Hhis shiftod exponaﬁhal distribution

with pdf e
Pixlpp) = fe P

\— Plot mclpof\o

for 2>

,_é-:* : —
M PR
/l. —— s
07 Foelpwp) = \'é._-—ﬂ e F

© hx) (@) W(©)E)



This is nol valid for all %, but only
for x>pm. To 8d an expression valid
for all %, we need an indicator Lunction.

fxlup)=1 MNP F K
(u)00) B V\zv
—~—— T r—

Qﬁ a- c(®)  we)t)

function |
of x alone.
This is nol an exy)anen"fial family.

Deftnition ¢ The Suppori of a 100913 or
Prmc fex) is the ser
fx:f)>of.

Fact : The support of an expenerial

—-._—-—-—‘

family of pdf’s (pmf’s) f(x|&)
's the same for all ©.
Proof (for 190(:)3 The suppor! sf

L) = h(x) (@) exp J WIBITIOS

s 3%+ hix) >0 % which does not
involie ©.




Return to Previous Examp(e,

Flx )/»()’9) = —/—'52-(%7%)//3 for K>

has Suppor‘f { X . 76>/u} which depéhc/g
on © ::cuﬂg) -H‘\roujh —+he value .

Thus (without further work) we Know
this is _n_éj' an exPahenﬁql Pamil)/-

Example ' The Fam'\\y of Uni)COYM(a)b)
distribufions with —co<a<hbh <o
s not an expanential family.

The U\n'\Farm(a)b) olansﬁy

f(x[a,b) = gl:_‘é for a<x<b
5 o  otherwise

has Suppor"” {%3 a<x<b'} W\I\ICV\ OZQPQMVS
on ©=(2,b), Thus (withad further work)
we Know this is pit an exponential family.

Examq_o‘f : The Caud\)/ location-scale fam ”}'
is Nl an e%ponevrﬁql Famil)/) but its suppor

s e same for all 6= (x4, ).




