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Chapter 4

Multiple Random Variables

4.1 Since the distribution is uniform, the easiest way to calculate these probabilities is as the ratio
of areas, the total area being 4.

a. The circle % + y? < 1 has area 7, so P(X2+ Y2 < 1) = Z.
b. The area below the line y = 2z is half of the area of the square, so P(2X —Y > 0) = %.
c. Clearly P(|X +Y| <2)=1.

4.2 These are all fundamental properties of integrals. The proof is the same as for Theorem 2.2.5
with bivariate integrals replacing univariate integrals.

4.3 For the experiment of tossing two fair dice, each of the points in the 36-point sample space are

equally likely. So the probability of an event is (number of points in the event)/36. The given
probabilities are obtained by noting the following equivalences of events.

PUX=0Y =0) = P({(L1,(21),(13) 231525 = & = =
P({X:O,Y:l}) = P({(LQ)?(2v2)7(1’4)7(274)7(176)’(276)}) = % = %

P{X =1,Y =0})

= P({(37 ]‘)7 (47 ]‘)7 (57 1)7 (67 1)7 (37 3)7 (47 3)7 (57 3)7 (6’ 3)7 (37 5)7 (47 5)7 (57 5)7 (6’ 5)})
12

1
36 3
PH{X =1,Y =1})

= P{(3,2),(4,2),(5,2),(6,2),(3,4), (4,4),(5,4), (6,4), (3,6), (4,6), (5,6), (6,6)})
12

1
36 3
44 a. [y [7C(x + 2y)dedy = 4C = 1, thus C = 1.
b. fx(z) = {foli(H?y)dy: Mz+1) 0<z<2
0

otherwise

c. Fxy(z,y)=P(X <z,Y <y = ffoo fi’oo f(v,u)dvdu. The way this integral is calculated
depends on the values of z and y. For example, for 0 <z <2and 0 <y <1,

z oy Ty 2 2
Fxy(z,y) = / / f(u, v)dvdu = / / zll-(u + 2v)dvdu = $—8y + %
—o0 J —00 0 Jo

ButforO<z<2and 1<y,

x Yy T 1 1 1.2
Fxy(z,y) =/ / f(u,v)dvdu :/0 /0 Z(u + 2v)dvdu = 3 +
—00 J —00

|8
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The complete definition of Fxy is

0 z<0ory<0

2?y/8+y’x/4 0<z<2and0<y<1
Fxy(z,y) = y/2+y?/2 2<zand0<y<l1

z?/8 + z /4 0<z<2and1<y

1 2<zand 1<y

d. The function z = g(z) = 9/(z + 1)? is monotone on 0 < z < 2, so use Theorem 2.1.5 to
obtain fz(z) =9/(82%), 1< z < 9. ‘
45a P(X >VY)= fo f\/— T+ y)dzdy = 5.
b. P(X?<Y <X)= fo f‘/_de:cdy—l

4.6 Let A = time that A arrives and B = time that B arrives. The random variables A and B are
independent uniform(1,2) variables. So their joint pdf is uniform on the square (1,2) x (1,2).
Let X = amount of time A waits for B. Then, Fx(z) = P(X < z) = 0 for z < 0, and
Fx(zx)=P(X <z)=1for 1<z For z =0, we have

FX(O)=P(X§0)=P(X=0):P(B§A):/12/1a1dbda:%

Andfor0 <z <1,

2—x 2 1 :1:2
FX(x)zP(XSw)=1—P(X>w)=1—P(B—A>x)~:1—/ / 1dbda:§—|—x——2—.
1

4.7 We will measure time in minutes past 8 A.M. So X ~ uniform(0, 30), Y ~ uniform(40, 50) and
the joint pdf is 1/300 on the rectangle (0, 30) x (40, 50).

60— Yy 1
P(arrive before 9 AM.) = P(X +Y < 60) = / / —dacdy ==
1o 300 2

4.9

Pla<X <bec<Y <d
= P(X<bc<Y<d)—P(X <a,c<Y <d)
P(X<bY <d)-P(X<bY<c)-P(X<aY<d+PX<aY<0)

= ( d) — F(b, )— F(a,d) — F(a,c)
= Fx(b)Fy(d) — Fx(b)Fy(c) — Fx(a)Fy(d) — Fx(a)Fy(c)
= P(X<H)[P(Y<d)—P(Y <c)]-P(X <a)[P(Y <d)— P(Y <¢)]

= PX<hHP(c<Y <d)—P(X<a)P(c<Y <d)

= Pla<X <bPlc<Y <d).

4.10 a. The marginal distribution of X is P( =1)=P(X =3)= 1% and P(X =2) =i The
marginal distribution of Y is P(Y =2) =P(Y =3) = P(Y =4) =

p(x_zy_g)_o#;)(;) P(X = 2)P(Y = 3).

Therefore the random variables are not independent.

b. The distribution that satisfies P(U = z,V = y) = P(U = z)P(V = y) where U ~ X and
V~Yis
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The support of the distribution of (U,V) is {(u,v) : u = 1,2,...;v = u+ 1,u +2,...}. This
is not a cross-product set. Therefore, U and V are not mdependent More simply, if we know
U = u, then we know V > u.

One interpretation of “a stick is broken at random into three pieces” is this. Suppose the length
of the stick is 1. Let X and Y denote the two points where the stick is broken. Let X and Y
both have uniform(0,1) distributions, and assume X and Y are independent. Then the joint
distribution of X and Y is uniform on the unit square. In order for the three pieces to form
a triangle, the sum of the lengths of any two pieces must be greater than the length of the
third. This will be true if and only if the length of each piece is less than 1/2. To calculate the
probability of this, we need to identify the sample points (x,y) such that the length of each
piece is less than 1/2. If y > z, this will be true if z < 1/2, y —z < 1/2and 1 —y < 1/2.
These three inequalities define the triangle with vertices (0,1/2), (1/2,1/2) and (1/2,1). (Draw
a graph of this set.) Because of the uniform distribution, the probability that (X,Y) falls in
the triangle is the area of the triangle, which is 1/8. Similarly, if z > y, each piece will have
length less than 1/2 if y < 1/2, z —y < 1/2 and 1 — z < 1/2. These three inequalities define
the triangle with vertices (1/2,0), (1/2,1/2) and (1,1/2). The probability that (X,Y) is in this
triangle is also 1/8. So the probablhty that the pieces form a triangle is 1/8 +1/8 = 1/4.

a.

E(Y - g(X))?
E((Y -E(Y | X)) + (B(Y | X) - g(X)))”
= E(Y -E(Y | X))* +EEB(Y | X) - g(X))* + 2B[(Y - E(Y | X))(E( | X) - g(X))].

The cross term can be shown to be zero by iterating the expectation. Thus
E(Y — g(X))? = E(Y —E(Y | X))’ +E(E(Y | X)—g(X))? > E(Y —E(Y | X))?, for all g(").

The choice g(X) = E(Y | X) will give equality.
b. Equation (2.2.3) is the special case of a) where we take the random variable X to be a
constant. Then, g(X) is a constant, say b, and E(Y | X) = EY.

We will find the conditional distribution of Y| X + Y. The derivation of the conditional distri-
bution of X|X +Y is similar. Let U = X +Y and V =Y. In Example 4.3.1, we found the
joint pmf of (U, V). Note that for fixed u, f(u,v) is positive for v = 0,...,u. Therefore the
conditional pmf is

eu—ve-ﬂ )\ve—/\

f(u7'l)) “u—v)l Wl u )Y v 0 u—v
flol) =Ty = woremy = (U> (m> (m) ,v=0,...,u.

u!

That is V|U ~ binomial(U, /(8 + X)).

4 16 a. The support of the distribution of (U, V) is {(u,v): v=1,2,...;0u=0,£1,£2,...}.

IfV >0,then X >Y. So forv=1,2,..., the joint pmf is

fov(u,v) = PU=u,V=v) = PY=uX=u+v)
— p(l _ p)u+v—1p(1 _ p)u——l — p2(1 _ p)2u+v—2‘
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If V <0, then X <Y. So for v=-1,-2,..., the joint pmf is
fovw,v) = PU=u,V=v) = PX=uY=u—v)
= p(l—p)* pl—p* 7t = pP’A-p>
If V=0, then X =Y. So for v = 0, the joint pmf is
fov(@,0)=P(U=u,V =0)=P(X =Y =u) =p(1 - p)* 'p(1 —p)*~! = p*(1 - p)* 2.

In all three cases, we can write the joint pmf as
fov(u,v) = p?(1 — p)2utlvl=2 = (p2(1 _p)Qu) 1-p)l¥=2 u=1,2,...;0=0,+1,42,....

Since the joint pmf factors into a function of u and a function of v, U and V are independent.

b. The possible values of Z are all the fractions of the form r/s, where r and s are positive
integers and r < s. Consider one such value, r/s, where the fraction is in reduced form. That
is, r and s have no common factors. We need to identify all the pairs (x,y) such that x and
y are positive integers and z/(z + y) = r/s. All such pairs are (ir,i(s — 7)), i = 1,2,....

Therefore,
P(z=1) = ip(x = irY =i(s—1)) zp(l )r=1p(1 — p)ite=)=1
§ i=1 ’
b 2 2 s—2
_ _ P (1-p°  p’(1-p)
(1 - p)’” Z; P = (1-p)?1-(1-p)° 1-(1-p)°

PX=2,X+Y=t)=P(X=2,Y=t—2)=P(X =2)P(Y =t —z) =p*(1 — p)' 2.

417 a. PY =i+1) = fl+1 e %dx = e~*(1 — e~1), which is geometric with p =1 —e~!.
b. Since Y > 5 if and only if X > 4,

PX-4<zlY >25)=PX -4<z|X>4)=P(X <z)=e7,

since the exponential distribution is memoryless.

4.18 'We need to show f(z,y) is nonnegative and integrates to 1. f(z,y) > 0, because the numerator
is nonnegative since g(z) > 0, and the denominator is positive for all z > 0, y > 0. Changing
to polar coordinates, x = r cos § and y = rsin 8, we obtain

o) o) w/2 poo /2 /2
/ / flz,y)dxdy = / / Qg—wrdrde / / r)drdf = 2 / 1do = 1.
0 0 0 0 nr ™ Jo

4.19 a. Since (X; — Xg)/ﬁ ~n(0,1), (X1 — X2)2/2 ~ X3 (see Example 2.1.9).

b. Make the transformation y; =
|J| = y2. Then

T, Y2 = o1 + T2 then 1 = y1y2, T2 = y2(1 — y1) and

F(Oz +Of) ai— az L _
flyy92) = [myl (=) 1] {I‘(a1+a2)y2

thus Y ~ beta(ay, ), Y2 ~ gamma(a; + aq,1) and are independent.

1taz—1 —
e y2:| ,



[Solution to 4.19(b)]

-1 _— -1 _—
x?l e 1 ISQ e T2

[(e)  D(ag)

Ifxi (21, 20) = for 0 < 1 < 00,0 < 9 < 00.

Let Y1 = X;1/(X; + X3) and Yo = X; + X5, The inverse transformation
is X1 =YY and Xy = Yo — X7 =Y, — V1Y, = Y5(1 — Yy). Thus, the
transformation is 1-1. The support of (X7, X3) is A = (0,00) X (0,00). The
support of (Y7,Y3) is B = (0,1) x (0,00). (Clearly the possible values of Y,
are 0 to oo. For any fixed value of Y5 = X7 + X5, the value of X; can range
from 0 to Y3, and thus Y} = X;/Y, can range from 0 to 1.) The Jacobian of
the inverse transformation z1 = y1y2, 22 = y2(1 — 41) is

Owy  Owy
Jz‘gg; gg;':‘—% 121 =l —y) + 9192 = v2-
A1 Oy2 Y2 N

Thus

My y2) = fxix(Wyz y2(1—y1))ly2| for (y1,42) € (0,1) x (0,00).
(1y2) e 12 (yy(1 — )22 Lev2(-w)

- Tla) T'(az) s

B F(Oﬂ —+ 062) yal*l(l Y >a271 yg‘hraz—le_yz

_ T — Y2 T e
F(Oél)F(OCQ) ! F(Oq + 062)

for 0 <y; <1and 0 <y < 00.

We now see that the joint density factors into a function of y; times a function
of ys valid for all y;,ys. Thus Y; and Y, are independent. We have factored
the joint density as a Beta(ay, ) density for Y times a Gamma(ag + )
for Ya. Thus Y; ~ Beta(ay, az). In a similar way we can show that X5 /(X +
Xs) ~ Beta(as, aq).

Note: If we used some other choice of Y, instead of Yo = X + X, (say,
Y, = Xj), then Y} and Y, would (probably) not be independent, and we
could not obtain the marginal distribution of Y; by “inspection” as we did
above. We would have to obtain the marginal density fy,(y1) by integrating
over Y, in the joint density.
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4.20 a. This transformation is not one-to-one because you cannot determine the sign of X» from

Y; and Y3. So partition the support of (Xi,X2) into Ay = {—00 < 21 < o0,z2 = 0},
A = {—00 < z; < 00,23 >0} and Ay = {—00 < 1 < 00,22 < 0}. The support of (Y7,Y2)
is B={0 < y1 < 00,—1 < y2 < 1}. The inverse transformation from B to A; is z1 = y2/y1

and 72 = \/y1—y,y3 with Jacobian

1_y2
e VO 1
J1 = 1-y2

1 Y2/ = 2
2V /il 21— 13

The inverse transformation from B to Ajs is 1 = y2/¥1 and z2 = —+/y1—y,y3 with Jp =
—J1. From (4.3.6), fy, v, (y1,y2) is the sum of two terms, both of which are the same in this
case. Then

1 2 1
, = 92 —y1/(20 )_.__._.
fvay, (Wi, 92) 97g2° 2/1—12
1 1
_ e—v1/(20%) 0<y; <oo,-1<ys <1

2no? V1-93 ’

. We see in the above expression that the joint pdf factors into a function of y; and a function

of y2. So Y7 and Ys are independent. Y7 is the square of the distance from (X1, X3) to
the origin. Ys is the cosine of the angle between the positive zj-axis and the line from
(X1, X2) to the origin. So independence says the distance from the origin is independent of
the orientation (as measured by the angle).

4.21 Since R and § are independent, the joint pdf of T' = R? and 6 is

fT,e(t,9)=%e_t/2, O0<t<oo, 0<0<2m.

Make the transformation z = /2 cos, y = v/tsin 8. Then t = 22 + y2, § = tan~'(y/z), and

2z 2y

J - —y —x - 2.
22+y?  T%4y?
Therefore
2
fxy(z,y) = 4—6'%(‘”2‘”’2), 0<z?+y? <00, 0<tan"ly/z < 2r.
7y
Thus,

1
fxy(z,y) = %e‘%(ﬁ“ﬁ) , —00 < T,y < 00.

So X and Y are independent standard normals.

4.23 a. Let y = v, 2 = u/y = u/v then

y

8

J =

u
Ta? -
1 v’

[eXSH

oz
3

SN
e

I(at+B) T(atf+7)
T(a)T'(B) T(a+B)T (v

uye! U\ avpot y-11
fov(u,v) = ) (;) (1 - —) v (1-v) ;,0 <u<v<l

v
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Then,
_ Tlat+B+y) o ! B-1 y—1/ VUG g
o) = Fayrigrgy e [
_ Lla+B8+y) o1 B+y—1 ! B—1/1 _ \y—1 _v-u _ v
oMU S AU AR O ==
— r(a—‘—ﬁ—l—’)’) ua—l(l _ u)ﬁ{—’y—ll—‘(/@)r(V)
L(a)T(B)T () L(B+7)
_ P(a+ﬂ+7) a—1 B+y—1
= —F(a)I“(ﬁ-{-’y)u (1—u) , O<u<l.
Thus, U ~ gamma(a, 8 + 7).
b. Let z = /uv, y = /% then
oz Oz 1,1/2,-1/2  1,1/2 -1/2 1
_ e | _ v/ 2y ul/Zy _ 1
J %zg %‘ L1271/ L2382 %"

_ Tla+B+7) a—1 _ AN 2\t
vt - Rt ta v () (-45) o

The set {0 <z < 1,0 < y < 1} is mapped onto the set {0 <u <v < 1,0 <u < 1}. Then,

fu(u)
1/u
= "~ fuv(u,v)dv
_ ~1
_ Da+pB+1) ua—l(l_u)ﬁw—l/l/“ (1 — m>ﬁ 1 <1 _ \/575)7 (\/ao)? -
D(a)T(8)T(7) Ju 1—u 1—u 20(1 — u)
Call it A i
To simplify, let z = \/11‘_7_1;_”. Thenv=u=z=1,v=1/u=2=0and dz = —é%dv.
Thus,
fulu) = A/zﬂ_l(l —2)"" Yz ( kernel of beta(3,7))
— I‘(a+,8—|—’y) ua—l(l _ u)ﬁ+7—lr(ﬁ)r(7)
L(a)T(B)T(7) L(6+7)
_ D@ABY) ac1pq _ \B4r-
= Tarey " O st

That is, U ~ beta(a, 3 + ), as in a).
424 Let 2y = x + vy, 22 = =%, then & = 2122, y = 21(1 — 22) and

T+y’
Oz Oz 2 2
) 9
|J| = g2 | = I l—z 2 = 21.
821 azz 2 1

The set {z > 0,y > 0} is mapped onto the set {z; > 0,0 < zp < 1}.

)r—l —2z122

e . m(zl _ 2122)8_16_21+z12221
1 r+s—1_—2z; F(T‘+$) r—1
R S 1—
T ¢ T2 G

|

f2,,2,(21,22) = f(lr—)(zm

)s—l

, 0<2,0<2 <.
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fz., Z, (#1,22) can be factored into two densities. Therefore Z; and Z, are independent and
Zy ~ gamma(r + s,1), Zy ~ beta(r, s).
4.25 For X and Z independent, and Y = X + Z, ny(x y) = fx(z)fz(y — x). In Example 4.5.8,
fxy(@,y) = Iz ) I(o 1/10) (¥ — 2).

In Example 4.5.9, Y = X2 + Z and

P (,9) = Fx(@)fzly ~a%) = T @ s Toi 0 W - 7).

4.26 a.
P(Z<z,W=0) = mm(XY)<zY<X) = P <zY <X)
— / / —w/)\ _y/“dxdy
PR
(oo (203))
= —ex —+= .
PESY P [T
Similarly,
P(Z <zW=1) = Pmin(X,Y)<zX<Y) = PX<zX<Y)
Zopeo ] M 11
[T e el ()
e e x exp z¢ ).
/0 /w A I Y ptA oA
b.
PW=0)=PY <X)= /oo /OO le‘m//\le_y/“dxdy =
- o Jy A p pAA
w
PW=1)=1-PW=0)=——.

W =1)=1- PW =0) = L
P(Zgz):P(ZSZ,W=0)+P(ZSZ,W:1):1—exp{— (%—l——;)z}
Therefore, P(Z < z,W = i) = P(Z < z)P(W =), for i = 0,1, 2 > 0. So Z and W are

independent.

4.27 From Theorem 4.2.14 we know U ~ n(u +v,20%) and V ~ n(u — v,20?). It remains to show
that they are independent. Proceed as in Exercise 4.24.

o~ 527 [(@=1) +(y=)?]

fxy(z,y) = (by independence, sofxy = fx fy)

2no?

Let u=x+y,v=x—y,thenz=2(u+v),y=2%(u—v)and

g |12 12 |1
“l12 -1/2
The set {—00 <z < 00, —00 < y < oo} is mapped onto the set {—c0 < u < 00, —00 < v < 00}.
Therefore
L s [()-n) +((252)-)7] | L
267 2 z /)77 | .
fov(u,v) o2 2
1 e [2(&;)2-u(uMHM+2(%)2—u(u—v)+(—“%>2]
= ozt

= )y T (u (7)) ho)e T (o = (s 7).

By the factorization theorem, U and V are independent.
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4.29 a.

4.30 a.

b.
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£ = %g = cotd. Let Z = cotf. Let A; = (0,7), g1(8) = cotb, g7*(2) = cot™ !z,
Ay = (m,27),92(6) = cot 8, g5 '(2) = m + cot ™! z. By Theorem 2.1.8

1] l_1 1
o'l 422 w1422’

fz(z)=2 | Zzl-l- —00 < z < 0.

XY = RZ%cosfsinf then 2XY = R22cosfsinf = RZsin26. Therefore —2—)% = Rsin 26.

Since R = /X2 + Y2 then —2XX_ — Rsin 20. Thus -2 is distributed as sin 26 which
VX2+Y? VX2+Y?2

is distributed as sinf. To see this let sin@ ~ fsng. For the ‘function sin 20 the values of
the function sin @ are repeated over each of the 2 intervals (0,7) and (m,27) . Therefore
the distribution in each of these intervals is the distribution of sind. The probability of
choosing between each one of these intervals is % Thus fasine = 3fsin6 + 5fsin0 = fsino-
Therefore \/i—fjgﬁ has the same distribution as Y = sin 6. In addition, % has the
same distribution as X = cos  since sin 6 has the same distribution as cos . To see this let
consider the distribution of W = cos@ and V = sin where § ~ uniform(0, 27). To derive
the distribution of W = cos 6 let A; = (0,7), g1(6) = cos 8, g7 ' (w) = cos™ ' w, Ay = (m,27),
92(0) = cos 8, g5 ' (w) = 27 — cos™! w. By Theorem 2.1.8

1 -1 1 1 1 1

w) = = b e = e 1 <w< L

T (1) 27T'\/1—w2| 27T|\/1—w2| Ty/1—w?

To derive the distribution of V' = sin 6, first consider the interval (%, 3F). Let g;(6) = sin®,
497 (v) = m — sin~! v, then

Second, consider the set {(0, %) U (2%, 2n)}, for which the function sin 6 has the same values
as it does in the interval (—2— 5)- Therefore the dlStrlbuthIl of Vin {(0,%) U (3£,2m)} is

the same as the distribution of V in (5%, ) which is \/1_1_5 -1<v <L On (0,2m) each
of the sets (%, 2F), {(0,%) U (3£, 2)} has probability 1 of being chosen. Therefore
11 1 11 1 1 1
fv0) = so—=—=+5= == ~1<v<l

27T —02 27my/1T—02 7w1—02

Thus W and V has the same distribution.

Let X and Y be iid n(0,1). Then X2 +Y?2 ~ X% is a positive random variable. Therefore
with X = Rcosf and Y = Rsinf, R = VX2 +Y? is a positive random variable and
6 = tan~'(¥) ~ uniform(0,1). Thus 252 ~ X ~n(0,1).

m
EY = E{E(Y|X)} = EX = -;-
Var¥ = Var(E(Y]X))+E(Var(Y|X)) = VarX+EX2 — %2-+% - %
EXY = E[E(XY|X)] = EXE(Y|X) = EX? =
1 /1)\° 1
= — Y = ——(= = —.
Cov(X,Y) EXY - EXE 3 (2> B

The quick proof is to note that the distribution of Y|X = z is n(1,1), hence is independent
of X. The bivariate transformation ¢ = y/z, v = z will also show that the joint density
factors.



4,20 (b) Remarks

@(«ﬁ‘ I? U~ N(ajb) ;then Y = N/\//%)—c%)

W Tt Y] X=x N (2%5),
ﬂ@h i\x %NN(/j/) /\/({))

@Ffad’z I \/\/’X:%NH 'Foraﬁ%j
“then qu’)(ara ’Mffzpaamf W{\}Ha

AW})/ +o _>_<_, aboVg.,

{X’% 0% N(\;I) ‘FO(‘C&ZQ )
so W and X araw\a@g? and W N(Is 1),

Preof of @ 7 Suppose H has pdf .

= w|[%x)
FXJW(%)W> %)7C (

:')C' (%) NW) Wcara/@%j\/\/

implies X cmd’ W' indlp-
and —Si (w)=hw).



Second Edition
4.31 a.
EY = E{E(Y|X)} = EnX = g

’)’L2 n

VarY = Var (E(Y|X)) + E (Var(Y|X)) = Var(nX) + EnX(1 - X) = 5te

n

P(Y =y, X <) = (y

>xy(1—a:)"_y, y=0,1,.".,n, 0<z<l.

\T(y+1DI'(n—y+1)
P =n= ()

4.32 a. The pmfof Y, for y =0,1,..., is

* _ ° )\ye_)‘ 1 a—1_-)\/8
| senwi = 7o

e, e { (12) } ”

+B8

1 B\
= ey @) (1‘?5) ‘

If « is a positive integer,

_(y+a-1 B\ / 1\~
wo=("57) () ()
the negative binomial(a, 1/(1 + 3)) pmf. Then
EY = E(E(Y|A) = EA = ap

fr(y)

4-9

VarY = Var(E(Y|A) +E(Var(Y|A)) = VarA+EA = af*+af = af(B+1).

b. For y =0,1,..., we have

NE

P(Y =y]\) = P(Y = y|N =n, \)P(N =n|))

(")pm X

Y n!

3
Il
<

I
NgE

3
Il
<

Il
[~]e
<
£}
B
NS
7N
B
N——
<
=
S
>
3
ml
>

S
1l
<
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the Poisson(pA) pmf. Thus Y|A ~ Poisson(p\). Now calculations like those in a) yield the
pmfof Y, fory=0,1,...,1s

1 pﬁ y+
) = Sapea @ T (m)

Again, if o is a positive integer, Y ~ negative binomial(c, 1/(1 + pB)).
4.33 We can show that H has a negative binomial distribution by computing the mgf of H.

Eef’* = EE (| N) = BE (X5 N) =B {[E (X N)]"},

because, by Theorem 4.6.7, the mgf of a sum of independent random variables is equal to the
product of the individual mgfs. Now,

c- -1 (1-p)" _ -1 < (Q-p)* -1

EXlt: x1t — = —1 1—-t1"‘ .

e Z—: e Togp = Togp Z 1 logp ( og{ e'( p)})
=1 r1=1
Then

ot _ N (e ] it _ n _—A\n

E (log{l € (1 p)}) — Z <10g {1 € (1 p)}) e A (since N ~ Poisson)
logp ord logp n!

—Alog(1—ef(1=p)) t n
T e (Alog(ll—ozp(l—p)))

N oo
_)\ Alog(l—e”(1-p)) (1—p))
= e Togp E

!
oy n:

The sum equals 1. It is the sum of a Poisson([)dog(l —e(1-p))/ [logp]) pmf. Therefore,

: A logp ~M/lo 1 —Mlogp
Hty =X |log(1—e'(1-p)) — logp ep
E(e ) e [e ] (6 ) (l—et(l _p))
_ p —X/logp
1—e'(1—p) o
This is the mgf of a negative binomial(r, p), with r = —\/logp, if r is an integer.
4.34 a.
1
P =3) = [ PO =y )i
1 n) 1
= Y(1 —p)*Y a—1 1— ﬁ——ld
/0 (y p’(1-p) Bl (L—p)” dp
n F(O“I'ﬁ) /1 y+a—1 +6-y—1
= —_—— 1—p)" TP ¥
() e f, ) ’
- (e rerresy g,
(@I'(B)  T(atnt+p) Y
b.
1
POX=2) = [ POC=ain)fr)p

B 1r+m—1 3 (a+ﬁ) Y
- )“ P rar@? P
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1

B ( T 1) ‘11:((5)“&?) [T )y
_ (r+z-N\T(a+B) T(r+a)l(z+f)
B ( T )I‘(a)l"(ﬂ) T(r+z+a+p)

z=0,1,...

Therefore,

EX — E[E(X|P)] = E [T(I; P)] - o:—ﬁl’

since

o5 = [ (5

P
_ F(a+ﬂ) /1p(a D1 _p)@+n-1g, — L@+h) Dla-DIB+1)
T(@)T(6) Jo

0""6) P 1(1 p),B 1dp

L(@)T'(B)  T(a+p)

Var(X) = E(Var(X|P))+ Var(E(X|P)) = E[T(I—P)}_I_Var(r(ll;P))

P2
LD+ h) o BlatB-1)

- ala—1) 7 la-1)2(a-2)
since
1-P1 'T(a+p) (@=2)—177 _ N(B+1)—1 ~ TDa+p) Ma-2)T'(B+1)
E[ P?] = [ T e = fo e
_ (B+1D)(a+p)
ala—1)
and
1-P\ 1- P\’ 1-P1\* BB+ 3
VM( 2 ) =P ( P ) ‘(E[ P D - @ 9e-7 @1
Bla+pB—1)
- (a—1)2*a-2)

where

1-P\?* _ (@+8) (a-2)-1 (B+2)—1
5| (457 ‘/(a)rw) (=) dp
_ Te+p)T@-2rB+2) BB+
F@I@B) Ta-2+6+2)  (a—2)(a—1)

4.35 a. Var(X) = E(Var(X|P)) + Var(E(X|P)). Therefore,

Var(X) = E[nP(1— P)]+ Var(nP)

_ af 2
= "atBlatprn T VHE

B afla+B+1-1) 2
T Mar@@rpry T
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B nafla+p+1) naf 9

= er®aipr) @rdasprn
e B 2
ot faip nVarP + n*VarP

= nEP(1 —EP) +n(n—1)VarP.

b. Var(Y) = E(Var(Y|A)) + Var(E(Y]A)) = EA + Var(A) = p + 2p? since EA = p = off and
Var(A) = af? = % = %2- The “extra-Poisson” variation is 4 u2.
437 a. Let Y =) X;.

PY =k) = - %< 2(1—|—p)<1)
- / LW+ P)P(P = D)y
- /()%Hp) F1 = 30+ P L - )
. n\ (1+ —p)"*T(a+b) ,_ _
A (o) T

_ <Z> I(a Z/ eta=1( Jrktb=1gp
WE= =l (’“F&)TZJZ“’)
+

O @)

j=0

3

Il

A mixture of beta-binomial.

EY = E(E(Y]e)) = E[nd = E[n(%(wp))]:g(u a )

a+b

Using the results in Exercise 4.35(a),

Var(Y) = nEC(1 — EC) + n(n — 1)VarC.

Therefore,
1 1 1
Var(Y) = nE [5(1 + P)] (1 —-E [5(1 + P)]) +n(n—1)Var (5(1 + P))
n n(n —1)
= Z(l +EP)(1-EP) + 1 VarP
_nfy_(_o 2 4 n(n —1) ab
4 a+b 4  (a+b2(a+b+1)
4.38 a. Make the transformation v = £ — ¥, du = ZFdv, % = 3, Then
A r—1
/ l —z/v 1 v ~dv
0o Vv L)1 —7) (A\—v)
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x ( Pj-1 )Ei-1 Pj+1 Titl, ... (—__p" )=n
1—pj—pi 1—-pj—p 1-pj—pi
. ' X m—xi—wj
— (m - x])‘ ( D )M (1 bi )
' .

:ci!(m—-xi_—zj). 1—pj _1—pj

Thus X;|X; = z; ~ binomial(m — z;, —l_p;,], )-
b.

! Ti, Lj(1 Mm—2T;—xT;
s . 1 o S— Fi i,
zilz;l(m — x5 — a:i)!p‘ Py’ (I'=p; = pi)

f(@iz5) = fwilz;) f(z;) =
Using this result it can be shown that X; + X ~ binomial(m, p; + p;). Therefore,

Var(X; + X;) = m(pi + p;)(1 — pi — pj)-
By Theorem 4.5.6 Var(X; + X;) = Var(X;) + Var(Xj;) + 2Cov(X;, X;). Therefore,

1 R 1
Cov(X;, X;) = 5[m(pi-i-l?j)(l—Pz'—pj)—mpz‘(lﬂpi)—mpi(l—m)] = 5(—2mpipj) = —mp;p;j.

4.41 Let a be a constant. Cov(a, X) = E(aX) — EaEX = aEX —aEX = 0.
4.42

S Cov(XY)Y) _EXY")—pxvpy _ EXEY?—uxpypy
’ OXYOy OXyOy OXYOoy '

where the last step follows from the independence of X and Y. Now compute

o%y = E(XY)2-[E(XY)]? = EX°EY?- (EX)*(EY)?
(0% +1X) (0% +uy) — iy = ooy +okuy +ovuk.
Therefore,
_ px(oyHey)-expy pxoy
PXY)Y = =

1/2 1/2°
(%03 +ok i +oiuy) oy (ko +udok+okod)Y

4.43

COV(X1 + X9, Xo + X3) = E(Xl + Xz)(Xg + Xg) — E(Xl + X2)E(X2 -+ X3)
(4p? +o0?) —4p® = o°
E(X:1+X2)(X:1 —X2) = EX?2-X2 = 0.

Il

Cov(X+X2)(X;—X2)

4.44 Let p; = E(X;). Then

n
Var(ZXi) = Var(X;+Xo+ -+ X,)
i=1
— BI04+ Koo Xa) = (i iz 4o+ i)
= EB[(X;—m)+ (Xp—p2) + -+ + (X, —pn)]”

= ZE(Xi — i) +2 Z E(Xi — pi)(X; — 1)
i=1

1<i<j<n

= iVarXi-{-Z Z Cov(X;, Xj).

i=1 1<i<j<n
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4.45 a. We will compute the marginal of X. The calculation for Y is similar. Start with

1

2woxoy/1—p?

o [ {(522) -2 (522) (520)  (2222) )

and compute “

fxy(z,y) =

X

[o'e) o] 1 _ 1 2_95w 2
fx(@) = / Ixy(z,y)dy = / T (v,
—o0 —c0 2mox0yA/1—p

where we make the substitution z = ¥2£*, dy = oydz, w = 2% Now the part of the

exponent involving w? can be removed from the integral, and we complete the square in z
to get

fx@ = —= - / o~ T [P 2wzt =]
27rax 1—p?

e—w?/2(1=p*) gp®w? /2(1-p?)
= e

2mox/1—p?

The integrand is the kernel of normal pdf with 0 = (1 — p?), and u = pw, so it integrates
to v/2m/1—p2. Also note that e—w*/2(1=p")er*w?/2(1=p%) = ¢=w*/2 Thys,

1 2
I T gy

—w?/2 e 2
fx(z) = L\/ﬁ1 T2 = ;e—%(%&) ’

2rox\/1—p? V2mox
the pdf of n(ux,0%).
b.
frix (y|@)
L | () e () () + ()]
__ 2moxoy 1—p2
= L o @hx)?
Virox ¢
_ L () e () e () () + ()
V2roy \/1—p?
_ Lt () () () + ()|
V2roy/1-p?
B 1 e—m[(y-uv)—(l’:—;(z—ux))]z

b

V2roy\/1—p?

which is the pdf of n((uy —ploy/ox)(x —pux),ov/1— pz).

¢. The mean is easy to check,

E(aX +bY) = aEX 4 bEY = aux + buy,



4.46 a.

b.

C.

Solutions Manual fox; Statistical Inference
as is the variance,
Var(aX 4 bY) = a®VarX + b*VarY + 2abCov(X,Y) = a®0% + b*0} + 2abpoxoy.

To show that aX + bY is normal we have to do a bivariate transform. One possibility is
U=aX+0bY,V =Y, then get fy v (u,v) and show that fy(u) is normal. We will do this in
the standard case. Make the indicated transformation and write x = -(li(u —bv), y =v and
obtain

| 1/a —=bfa | _1
IJI = l 0 1 a4 ‘
Then , '
1 e—rl_l—p—) [[%(u—bu)] —2§(u—-bv)+'u2] .

fov(u,v) = m

Now factor the exponent to get a square in u. The result is
2 2 2
1 b* +2pab +a U 9 b+ap w4 02| .
2(1—p2?) a? b2 + 2pab + a? b2 + 2pab + a2

Note that this is joint bivariate normal form since uy = py =0, 02 =1, 02 = a® +b? + 2abp
and

. Cov(U,V) E(aXY +bY?) ap+b
r= oyoy oyov Va2t b2 tabp
thus 2,2 2 2,2 2\ 2
(1_p*2):1_a2p t+abp+b*  (A=pila” _ (1=p7a
a?+b2+2abp a2+ b2+ 2abp o2

where a+/1—p2? = oy+/1—p*2. We can then write

S () 1 oxp 1 <u2 o w_ v? )
vv(u,v) = —— | 52—+ =5 | | »
2noyoyy/ 1—p*2 2/1—p*2 od oyoy 0%

which is in the exact form of a bivariate normal distribution. Thus, by part a), U is normal.

EX = axEZ1+bxEZ;+Ecx = ax0+bx0+cx = cx
VarX = a%VarZ, +b%VarZ, + Varcx = a% +0b%

EY = ayO+byO+cy = cy
VarY = a2 VarZ; +b3VarZy 4+ Varey = a +b%

Cov(X,Y) = EXY-EX:.EY
E[(aXany + bxbyZz2 +exey +axby Z1Zs + axey Z1 + bxay Zo 2y
+bxceyZa + exay Z1 + exby Zo) — excey|
= axay +bxby,
since EZ} = EZ2 = 1, and expectations of other terms are all zero.

Simply plug the expressions for ax, bx, etc. into the equalities in a) and simplify.
Let D = axby —aybxy = —+v/1—p2?0x0y and solve for Z; and Z,,

7, - by (X—cx) —bx(Y—cy) _ oy(X—px)+ox(Y—py)

D V2(14+p)oxoy

O'Y(X"NX)'{'UX(Y_,UY).

V2(1—-p)oxoy

Zy =
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Then the Jacobian is

) 3 —
S AEE A & TR S —
“\ 22 92 [T\ zax ax | T T2 2 T D _./ ’
ox Oy D D D D D —\/1-p2oxoy

and we have that

1 1(oy<w ux)+0x(y2 uy))? 1 1<ay<z ux)-i—vx(l; ny))? 1
XY z, — 2(1+p)o? Y e 2(17ﬁ)axay
Txy(@y) \/27r V2 V1-p2oxoy
2
1 T — px
= (2rnoxoyv/1—p2) lexp| — < )
(Bmoxoy #) P\720— ) \ox
2
I Y “X<y_“y>+<y 'uy>, —00 <z <00, —00 <Y < 00,
ox gy Oy

a bivariate normal pdf.

d. Another solution is

ax = poxbx = (1-pPox
ay = O’yby = 0

cx = px

Cy = MUy.

There are an infinite number of solutions. Write bx = ++/0% —a% by = £/0% —a%, and
substitute bx,by into axay = poxoy. We get

axay + (:E\/O'X—CLX) (ﬂ:\/dy—ay) = poxoy.

Square both sides and simplify to get
(1 - p¥o%oy = okal — 2poxoyaxay + o¥ak.

This is an ellipse for p # £1, a line for p = +1. In either case there are an infinite number
of points satisfying the equations.

4.47 a. By definition of Z, for z < 0,

P(Z <z) P(X <zand XY >0)+ P(—X < zand XY <0)
= PX<zandY <0)+P(X>-zandY <0) (since z < 0)
= P(X<2z)P(Y <0)+PX>-2)P(Y <0) (independence)

(
(
(
(X <2)P(Y <0)+P(X <z)P(Y >0) (symmetry of Xand Y)
(
(

It
v

= P(X<2z2)(PY <0)+PY >0)
P(X < 2).

By a similar argument, for z > 0, we get P(Z > z) = P(X > z), and hence, P(Z < z) =
P(X < z). Thus, Z ~ X ~ n(0,1).

b. By definition of Z, Z > 0 & either ()X <0 and Y >0 or (ii)X >0 and Y > 0. So Z and
Y always have the same sign, hence they cannot be bivariate normal.
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WH% CTQCObiaV‘
3% oM | | L |
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RN 1 ac
NS °oc

whieh \'S Pos'\‘HVe snce a>0 av\a[ c>0,
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J J
= L R(ghod)
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Stact from e inifi ) .

for The éb"mf &g‘f;exf’rmm‘"
U=aX+bY
V=Y

given e solufion manuad.

87 @(Pmd}mﬁ e\/éry‘ﬁ)inj in The -@(ﬁ?@nen_['

t clearly has —fre form

/pon "Cv,\/ (UyV) o< @;p{ cu+dvirewv
+ 7Cu + 3\/}
Thus, by Lerma stakd in lecture 5
(UsV) has a bivarigte normal olistribution

By part (3), the marginals are rormal,
Thus U 7s /\/arma/( W/W) Some. yreomn /M(/
and variance Oi .
The values ond JJ are. Ccz/cq/qué/ as
' e soldtion manual S

4= Efa X+bY) = 3 jD/”Y

02 = Var (2X+bY) = @05 +b 0 +23bpg



