Bivar| ate Transformations

(U,V) is a function of (X,Y).

(ULV) = g(XY) where g° R*— R,
Given the distn. of (K,Y) |

+ind the disth, of (UyV).

FirsT Fru’nc?gles
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(5 O
vé J | e

Define 8—7(8) = {(%g%' g%, 4)€ B
for any sev B< R®.

Then P((LWeB) = P((XY)e g7'(B)).



Formula for E{OMT dersity (ina special case)
Su PPOS€ .
@D (%Y) has a joinf pdf ey B -
@ 9 is 1=1 and “Smocth”
from @ = {(?Cfé(): ﬁv(%fét) > O}
g
To @ = imaam of A under “the map ﬁ
= (Wi (W) = g(xy) for
some (x,y) € @} ‘
Then 9 has an inverse h :3"' andl
h s also smooth .
NoteTion . Let 3 = (3!J 32) w it
w :‘-3,(%)3) and \/:32(%)2()
and h ’—‘—(h[)h?_) with
X = h‘((,LJ\/) and’ (aL: hZ(L(JV).
Resultl IF (D and @ are True | then
(U)\/) has aJoinT pohc 3?Veh ’oy

£ ) =£  (hwv),hmv)) [T
5V o for (w,v)€ )
where J s the Jacobian of the

‘nverse transformation h .




The Jacobian

J = Jv) = 1 o(x,4)

/ d (U,v)

determinant
\ matrix of
partial derivatives

(0% O

— o W 5_?: _ %—2& %?/é
ox oyl
[ JV é‘% %u, g%—

where 2= h (w,V) ,

4= hz_(%v) )



COMYY)€Y¢E .

@ _FU;V(%V) - ))C<Y (h'(u,v), hy! u)V)> ]T

)
for ( u)v)élg
's the “vector” version of

.}:Xy(h(u)v) h(u)\/)) s simply £ (6)

re._gxpressad? interms cf w and y.

Tust rgp/ace x and & b)/ expressions N
terms of w and v.



Heuristic derivation of the density of (U,V) = ¢(X,Y)

Let (u,v) be a particular point in the (U,V) plane.

Suppose the function g maps (z,y) to the point (u,v)
(so that (z,y) = h(u,v) where h = g~ 1)

Let A be a small (infinitesimal) region containing (z,v).
Suppose g maps A into the small region B containing (u,v).
Then P((X,Y) € A) = P((U,V) € B).
We also know:

P((X,Y)eA) = fxy(z,y)Area(4),

P((U,V) e B) = fuv(u,v)Area(B)

and the approximations can be made as accurate as we please
by making the areas sufficiently small.

Equating the two expressions leads to

fxy(z,y) Area(A) = fuv(u,v) Area(B)
so that
Area(A)
Area(B)
This ratio of areas is (in the limit of areas going to zero)
just the absolute value of the Jacobian |J(u,v)| of the inverse

transformation h, which tells us the amount of contraction or
expansion produced by the mapping h at the point (u,v).

fov(u,v) = fxy(z,y) -

Thus we have:

fU,V(u7 U) — fX,Y(]'L('U,,’U)) |J(’U,, ’U)l
as desired.



Ex;amglﬁ . (X)Y) with Joirﬁ' /Pohc
Fx)\( (x)g.) ot 6("‘%“3) ID(ng') .

4 I gﬁ Rea(on D

b ox

Define (U,\/):ﬁ(XJY) by
U-‘:—'Oj(f“)() =3,(X,Y))

\/ = ?:Y_;( :32_<X)Y) .

Find Joint pd¥ 1 (vsv).

2

(D What are the Suﬂoor')'s of (X,Y) and ( Uy V) ?

As X ranges from 0 o 1, U=—loj(f~><)
Pang,as from O to co,

For fixed X between O and 1, V = {_:\_/;<
ranges from 0 to L as ¥ rarges From
O To [-X.

Thus the suPPorTS are



A = { (X,4) 1 X>0,4>0, x+<5[<f}l = D)
o B={(wV) O<u<oo, 0<VY
= (o)w)x(ojl) which (s the infinite
strip pictured below.

v
l
—>
U

@ Find the ‘nverse Transformation.

Solve for X, in U=-—lc>3(l—-><)) (1)

v= Y.
—x (2)

(1) gives X = ——e_u = h.(U,V.).
Then (2) 3'\V€S y
v = V(=X) =Ve =h,(U,V),

The solution is u\n{%ue - Thus g = (3032)
s a =1 and “smooth” transformation From

d orto & )



@ Find Yhe Jacobian of the inverse
‘fransgormq‘ﬁoh h.: (h‘bhl) .

0y | o X 9y [ with
[ s(u.,‘(/)/ ;“ 2‘* x=1-2 "
9xX_ - ve
AV S%/L ¢
’ ——u_ _ —-—
= |€ v_e /=(e"“)(€"%)~(0)(-vé
O e

= €~2LL -0 = Q.—z% — J
| @ The jofrﬂ' POM (S now 3iven b)/
FU v (W,v) = ﬁx Y( h,(u,v)) hz(u)v)) ] 3‘]

) )

= 6 (1mx=lxo)_pgu -]
dEVET g (ue B

= 6(1= (=) —veg™*) 72"

= g(e*_yvegt) e 2

6(1-v) e 3% for O<u<oe 0<V<I,

(%)

[l



Commenls ;

The marﬂinq(s for U and V are .

co
fow = f £ wwav
U —oo YV )

|
= § s (1-v) e 3% dy
0

w

-3
= ee‘%y(l-vw(v = 6e
O

= 3953% for O<uw <o

which is an pranen'h'ql ?ooH—" w fh B= -3’: ,

) co g
£ m:f £ (wyv)du
\%4 oo U,V

.
2

0o
< 60w [T = l-v- L

= 2(1-v) for o<v=</|
which is a Beta »po”' with o(:l)/BSZ.

Ngte that §  (w,v) = f wWE vy Ffor ol
UAY; v V —

J
(&)V (”/"’Ud’ I'S) fgk —00 < U< qy;d —Oo-<V<OO):



6(1-v)e % I (w,v)

(0,00) X (0,1)

= (371 w)(20mI, ).

~(OJ00)
Thus U and V are TnJePengﬂ+ f‘\/?S,

We can see Wfs b\/ iY)SPQC."HOﬂ ((,Lsfnj \H')Q
followirg  lemma) Jirec’ﬂy from (%)

L - —_
emme I Lf “Cx;r (2,4) = CPI2(Y)

) for —oo<x<oo and —90<Y< 9,

+hen X and Y are ina(e,oehd’grﬂ’ rvs with

marjim\ densities Foumcg by //noer}TziVB”

P (x) and Z(‘g_{).

" Going back To 6¥):

'F (\1)\/) =6 (‘“V)Q——gu'fér O<u<oo)O<V<l
)Y = C‘P("‘)Z(V) for all w,V
where C =6, p(bc)se"B“I (u.))

(0,2°)
and 2(V)= (/-—V)I(O ,)(v),
Thus Uand V are ,ma)?gena@n_f




If you dont like indicaYor functions,
modiﬁl The |emma. @ follows.

[Lemma . Tf +the Suppor'\' of £ XY
J
is a_ Carlesian Proa?ud‘ set,
ard on-this suppor ¥
fy oo =cp 2y
Then X and Y are indepem@mf.

x4)

A wore precise and detailed Worcomji |

Lemma.® Tt cpx)F(Y) for
| ‘FXY(%)g') = (4) € AXB
’ O otherwise

Yhen X and Y are fmc@apendayﬁ'

d £ = apw) for x€A,
QY‘ ‘FX | (opo.w.)
and £ () =b 2P for yeb®,

where a,b are normalizing constaxils.



EXamPle :
) Suppose X)Y 'id /\/(O)l).

Define (R>@> = (Oo(ar coord ingtes of (X,Y).

Define I =RZ%
Find the joint polf of (S,8).

e ——

XY iid N(o,I1) :Cmplies o Q:g"%z
= Y= £ .
Foy BP=RORR = S &

(loy 'lhdqoencﬂ@n@)
— (x*+ cat?-)/z

= L e for — o< X<

~—Oo<g_<.oo o



We know “that (%54) may be obtained Frqm
the POlar coordindies (r,©) by

X = r cosO
3: rsin© .

Thus we have
g = e e = 3,(X;Y)

@ = tan (L) = g (XY)
and Yhe inverse transformaTon
X=NS cos® = h,(S)@)
Y=NS'Sin® = h,(S,0) .
The transformation g= (3,,99_) is [~
ard smosth from A to B where
A =R*-{ (Y :x20,y=0%  and
B = {(5)9) s >o)-77—<@<7r} .

Nate : j (S o({sCanTinuauS on ‘the Y‘ay
/ {(x)g_): ;(,$OJ (é::O}' CanSfS"'l‘hj OF ‘Hna loo[n‘fs

where © = 7T, @_{EL_,%



This does not cause any problems becquse
this ray lhas probabilﬂy Zero ¢ |

PLIXY) €vay § =O.

The. Jacobian of the nverse ‘i'raV\S‘Formacﬁoh

oX oYy | :
T=|55 52 with %=45 cos© |
X Yy Yy=14s sin®
O J90 |
—_ COS@ S\Y\é _ _L( 2 .2 >
AT 2= = 5 (€030 +sin"0

| ~45 51N y5 wsd

qpu—
— ———

2
The JoAt {_Ddf

‘FSJ@(SJG) = E()Y(h‘(s)e), h,(5,6)) | T

| e"(xl‘ﬁl]/l |
27 2
X=\s"cos®d

‘3\='\f§ Sih ©

f

q—
——




~S/2.

T :,L';T € for s>0,-T<& <M
) %/——\/
(s,0) € B
— (1 —S~2
“({z < (s)) .(_L
(2 I(o)oo) ) (zwl(..mﬂ(@))

pdf of proner\‘\’ia\ loalF of
with R=2. Oniform (=T, T0)

Thus S and @ are inafeloendeyd' with the

" disTributions Sive,n above .

e ——

Note : We have discovered That

S = X+ Y . exponetial (ﬁ=2) which is
Tthe same as G/Kz

The ‘fechnizu’e we used S 3ey\grqll>/ useul

To find the distn. of U = function of (X,Y),
‘ntroduce ancther convenient rardlam variable

/ Vo= *Func‘h'ol/\ of (X)Y) 5 Then chf ‘e Jofn‘l‘
,pohc of (U) V) and ’m*l'ejf’a‘f'e over V.,



Distributions of Sums and Reitios

" If Xand Y have éoin‘f ,oJF ./;)Y 04),
Then
() Z=X%X*Y has th
’C 2) = § ( x,Z2-2)dx |

@ 2= Y/X has pd)c
| ﬂCZ (2) = iw\th (x,22)dx .
When X,Y are inoQaPewdenT
7C>< Y(%,z-—x) = ’€< (%) ﬁY(z—-x)J

J

Z2X) =
@,\r("’ ) {< me(zx),

Tn tis case (D is known as a
“ convoluTion 'nn’rejrad 2 oar as the

" ponvol il ion of two donsities”’.



I FOrlia,” o PPFOQC)’\ for Y/ XJ

' Define the Transformation
U = X (:3,0@%)
V = Y/X = 39.(X)Y)

w i nverse transformation

X=U ( = h,(U,V) )
Y::UV = hL(U)V) .

The mapping (X,Y) > (U,V) is [-]

Lrom O ={(x,t6t): x#0%
onto B =9 (wVv): w#O}

The Jacobian dF e inverse ‘fmmforma‘ﬁon

'S
,g_\_/?é %%71 O w
so that
WCU)V (uyv) = 7Cx)Y (w, uv) 1wl for w0 and

)

- 0D

o0 o0
;v(v) = ij{j)v(u)‘v)dw -—j | f()\{(u)uv)o/t‘l



DrocyF

" First prm%;/eg o Formule ﬁi;mao/l
/QOSS 1ble.

N———

74

Formul @, aﬂymad/\ XY

(X, (Uﬁ\h
g = } promy ofher choices
Vv = ><+Y

et XOWﬁJ CQSMS\b/ 1CU\/

In*éﬁrmb@ oul e o g2

(V) .

s

//H”[Sf F/“‘//)C /'/O/Qf/)

End _F (z) where Z =X+Y,

fa=4Te
A
\ \L\

$7Z <2y =i><+Y$z§° ) H\%

N ST

WE>< (%) J; (%3



st prirc! (o5 N/X [ Assume
| _ff/ / ( £ 1050 {:or)cgo\
P E=PiZ==
= p{ XS zr = jg «&(x)qg((@(ﬂ?@i‘z
A

Y=< zX
= -%»90

7 h

S X




Caulion ?
when applying
(2) = -
f,@ jwﬁx)\{ (x,2-x)dx

you musT~Hink ;arzlcu“)/ about where
+he '\v\‘fejrav\al s Posiﬁve‘ and where it

IS ZE€ro. |
EXavY\:o\@ Suppose X5 Y MC()QPGWM' with
£ 0= xe 3% for x>0
fty) =,8€“/8‘3 for y>o0
Thern Z=X+Y has d’ensi‘f}/

)

wcz(%)-:j E( (%)vCY(z-—-x) dx
OO v YT~

'FOI' Z>0 (-]CZ(QBT:O Fgr Z<,Q.>'



Example : T¢ XY iid with
common densﬂy flx)= 696(I~9<)) O<)(<')

find e donsity of Z=x+Y.
7‘;(2) = J:oof?(x) {(/Z;{)d’%

A\
pos'sﬁ\/€ Pas]‘ﬁ\/e/ for
for 0<X<| 0<2-%< |
which means
x<~Z QY\d
x > Z— |
n(1,2) |

max(0,2-1) (I—-z+x) dx



