






















Bivariate Normal obtained from hierarchical model

Fact: If X ∼ N(µ, ξ) and Y |X ∼ N(α+βX, λ), then (X,Y ) has
a bivariate normal distribution for any values of µ, α, β, ξ > 0,
and λ > 0.

Proof: fX,Y (x, y) = fX(x)fY |X(y|x)
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This is a pdf (by construction) and has the form required in
the “Handy Fact”. QED.

Special case in detail:
If X ∼ N(0,1) and Y |X ∼ N(βX,1 − β2) for −1 < β < 1, then
(X,Y ) has a bivariate normal distribution with µX = 0, µY = 0,
σ2
X = 1, σ2

Y = 1, and ρ = β.
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QED



Manipulating Joint Distributions

Obtaining Marginal Density from Joint Density (continuous
case)

fW(w) =

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞

fW,X,Y,Z(w, x, y, z) dx dy dz

fW,Y (w, y) =

∫ ∞
−∞

∫ ∞
−∞

fW,X,Y,Z(w, x, y, z) dx dz

fX,Y,Z(x, y, z) =

∫ ∞
−∞

fW,X,Y,Z(w, x, y, z) dw

Conditional Densities

fW |X,Y,Z(w|x, y, z) =
fW,X,Y,Z(w, x, y, z)

fX,Y,Z(x, y, z)

fX,Z|W,Y (x, z|w, y) =
fW,X,Y,Z(w, x, y, z)

fW,Y (w, y)

fX,Y,Z|W(x, y, z|w) =
fW,X,Y,Z(w, x, y, z)

fW(w)

Joint density as Product

fW,X,Y,Z(w, x, y, z)
= fW(w)fX|W(x|w)fY |W,X(y|w, x)fZ|W,X,Y (z|w, x, y)


