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Covariance. and Correlation

Suppose K,Y are rv’s with
EX =u, , VarX =02 <o0
EY = - )
Y=pmy, VarY = g2 <o
» ,

—> CO\/(X)Y = =
) = E(Xou ) (Y-py) (defn.)
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Er‘op@r"'ies of Covariance

Cov (X, X) = Var(X)

Cov (X,Y) = Cov(Y X)

CO\/(a)X) = (2 is o consianl)
Cov (aX,Y) = 3 Cov(X,Y)

Cov ( X+Y,Z) = Cov(X,2Z)+ Cov(Y,Z)
By combininj These proper‘ﬁes we 82"'

CO\/(ZaiX,L“FC)ZbéYé—{-o()
ZZa b Cov (X, Y5)

3
ang 1Ts Specfa) casé. (TQKQ' 2’11 :':{g
var(z ’L+C) C’L::dl)

= 3 Al Var(X) + 22 3,3 @viX)
e i% ¢

Z,'<a



PTO'PerT)'es ca‘F COrre‘a’hor\

- = Ay = |
Proof : Cauf)")’ ~Schwatz ineéuo,l ty
mplies [E sT| s ESH™E Tl>:/2j
Now fake S= X-pt, , T=Y—iy -
Py = 1 Y =ax+b
for some Cons‘t'an’l's ajb.
Py = + | (mph'zs a>0 inte above.

/OXY = —| [MP”?—S a<o.

Definition - I¥ Pxv =0, we Socy X and Y
are uncerrelated

(If #0, Yhen correlated., )

Fact: If X and Y are ivxolqaenoqavﬂ 5

+hen +\n¢>/ are un cerre,la:f‘eal .
(But the converse is false ! )




Counter eXam\?\Q-

Suppose, X and Z are inoezpend)eyﬂ’

and Z = {"" with prob /2
-1 with prob l/z .

Define ¥ =Z X .
Then EY z(EZ)(EX) =0.-EX=0
(by indegendence-)

cov (%Y ) = E XY - EXEY)

O
= E X(ZX) = F zXx*

=(EZ)(EXH by indzpendencz,
=0« EX*=0.
Thus Pyy = O) bul X and Y are clearly

hol indeperdbnt since Y = X with

probab'\ﬁ“‘/ one..
Formal Proof ¢ Choose 4>0 such “that

p = P(IX]< 2) satisties O<P<(-




Since IXI=1Y] with probability one,
P(I1xl<a,lvl=a) =0,
BuT
P(Ixl<2) P(IY(=a)
=P(IKl<a) P(IXl=za)
= p(l—p) >0,
Thus X ad Y are not }ndaperme,

-

L ———

Many ather similar examples Can be
constructed. For example , if
XoNO, ) and Y =1X]
“then COV(XJ\()::OJ but Kand Y are
not in c/epena/eni

Comment™ & P, measures ‘the strengi)
(and direction) of the [inear relationship
between X and Y. Oy, Tells Hhe
axtent Jo which the joint disth. fol Jows
o. stra :'31'# line with nonzero Slope.,




Example © (Refurn to Leaf/ Bug Siﬁtaﬂon)

X = Area of Leaf  Y=# of bugs on leat.
X v Gammov(cx)ﬂ)j Y| X ~ Poisson (6 X)

———

Find CO\/(XJY) CMJJOXY .
Cov( X,Y) = EXY - EXEY
e rom
\ F oxf before )
EXY =7
Useful General Facts ®
(a) E(gx)+h(Y) | x)=g0x)+E(h(Y)[X)
() E (900 [X) = gX)E(RYI]X)
Using (b) we have
— = — X
E(xY) = E E(XY[X) = E[X =[]
=g[ox%] = 6(Ex?) o X
= e[ Var X +(EXP | = O[a«f™+B)"]
Cov (X,Y) = O[«p*+«*B*] - 6 «*B*
= 6oB” .
Py = Cv(XY) O p

AVarsVar Y AV B (Gp+om=p)
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_ <—éL-+l)~I/Z

Find E|[(v-x)Sinx] .

E (\(-GX) Sin X
= E E[(Y-ex)SinX | X]

= E[(Sinx) E(Y-@><]><)]
E(CYIX)-6X using (a)

- X -6X =0
:E[(S;YWQ"O] =EO =0
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SECTION 4.5 Covariance and Correlation 167

We close this section by introducing a very important bivariate distribution in
which the correlation coefficient arises naturally as a parameter.

DEFINITION 4.5.3: Let —o0o < pux < 00,—00 < puy <00, 0< 0x, 0 < gy, and
—1<p< 1 be five real numbers. The bivariate normal pdf with means x and Wy,
variances o’ 5 and Uy, and correlation p is the bivariate pdf given by

f(z,y) = (271’0’}(0‘)/\/1 — p2)_1

con (-t ((50) - (522) (22) (52))

for —o0o < x < 00 and —oc0 < Yy < 00.

Although the formula for the bivariate normal pdf looks formidable, this bi-
variate distribution is one of the most frequently used. (In fact, the derivation of the
formula need not be formidable at all. See Exercise 4.42.)

The many nice properties of this distribution include these:
The marginal distribution of X is n(ux, o%).

The marginal distribution of Y is n(uy, 0%).

The correlation between X and Y is pxy = p.

For any constants a and b, the distribution of a X + bY is
n(apx + buy, a? O’X + b%0?2 v +2abpoxoy).

o TR

We will leave the verification of properties (a), (b), and (d) as exercises (Exercise
4.41). Assuming (a) and (b) are true, we will prove (c). We have by definition

oxoy
_ EX = )Y = py)
OxOy

_E<X~—ux) (Y;YM,>
/ / (m_ﬂx><y;:w\)f($,y)dxdy,




Other doroh%rﬁ es ;|
(YIx=x) o~ N +Po(EL), oS (™) )
‘\“”—\/’\x/ N~

: . constont
lineal rvz\cj* eSS on Variance.

(ot
av\vO}vmj x)

TC (XY) ~ RW. Normed ; then

() defined by U=axX+bY +e
’ Ve Xt Y+ £

s Riv. Nomad.
(so lanj as ad-—bc Z0),



Figure 4.2 Two bivariate normal distributions. (a) o, = o5, and p;, = 0.
(b) oy = 0 and p,, = .75.

The following summarizes these concepts.

Contours of constant density for the p-dimensional normal distribution are
ellipsoids defined by x such that ik

x—-pw3E'x—p =< @7
These ellipsoids are centered at m and have axes =c\/\e;, where
e, = Nej, [ =1,2, ..., D.




{janak/ FacT:
If *F(?()g) 'S QPOI)C and

fix, 4) o< Q(a L b(ah cxyt dx +€g) *

)
for all X)g)

Yhen F(%ja) s a_ bivariate normal
,de 5 it can be FZ-@CPFQSSQJ n~The
S“'anoqar‘& ‘Fgrm for a bivqu'q-fe— norma’
P?(JC W.'% M Ay Ty Oy P
given in Ferms of a b ¢ d,e.

Nofe : @<,0(ax"+b%"+cxy+c{)x+@g)

'S propor‘ffonal ‘o a Pohc (can be nofmalizal)
£ i+ has a finite im@m). This hagpens
Ff a<o,b<o, ct<UYab.



Bivariate Normal obtained from hierarchical model

Fact: If X ~ N(u, &) and Y|X ~ N(a+ 8X,)\), then (X,Y) has
a bivariate normal distribution for any values of u, «, 38, £ > 0,
and A > 0.

Proof: fX,Y(ﬂ%y) — fX(ﬂU)fYyX(y|9U)
1 (z — p)? 1 (y — a— Bx)?
o \V2TE &P <_ 2¢ ) | 2T =P (_ 2\ )

ex (= - p)? (y—a- Bx)? expand the squares
> &P 2& 2\ and collect terms

o exp (quadratic function of z and y) .

This is a pdf (by construction) and has the form required in
the “Handy Fact”. QED.

Special case in detail:

If X ~N(0,1) and Y|X ~ N(BX,1 —?) for -1 < 8 < 1, then
(X,Y) has a bivariate normal distribution with ux = 0, uy = 0,
0§(=1, 032/21, and p = B.

Proof: fxy(z,y) = fx(z)fyx(y|z)

_ 1 A 1 _(y—ﬁm)Q)
B \/ﬂexp ( 2 ) V27(1 — 2) =P ( 2(1 - B2)
Lo {1 (4 Em B

:zm/1—/32 152
. 1 _ x? — 2By + yQ)} ED
 ory/1— B2 exp{ ( 2(1 - B?) a



Manipulating Joint Distributions

Obtaining Marginal Density from Joint Density (continuous
case)

fw (w) :/ / / fwxy,z(w,z,y,z) de dy dz
fW,Y(w,y):/ / fwxyz(w,z,y,2)drdz

O
fxvz(x,y,z2) =/ fwxyz(w,z,y,z)dw
— 00

Conditional Densities

fwxyz(w,z,y,z)
fxvz(x,y,z)

fwixyz(wlz,y,z) =

fVV,X,Y,Z(wa r,Y, Z)
fW,Y(wa y)

fX,Z|W,Y(CE>Z|w>y) —

fwxyz(w,z,y,z)

fw (w)

fX,Y,Z|W(fCay>Z\w) —

Joint density as Product

fwxyv,z(w,x,y,2)
= fw(w)fxw(lw)fyiwxWlw,z) fzwxy(zlw,z,y)



