Manipulating Joint Distributions

Obtaining Marginal Density from Joint Density (continuous
case)

fw (w) :/ / / fwxy,z(w,z,y,z) de dy dz
fW,Y(w,y):/ / fwxyz(w,z,y,z2)drdz

O
fxvz(x,y,2) =/ fwxyz(w,z,y,z)dw
— 00

Conditional Densities

fwxyz(w,z,y,z)
fxvz(x,y,z)

fwixyz(wlz,y,z) =

fVV,X,Y,Z(wa r,Y, Z)
fW,Y(wa y)

fX,Z|W,Y(CE>Z|w>y) —

fwxyz(w,z,y,z)

fw (w)

fX,Y,Z|W(fCay>Z\w) —

Joint density as Product

fwxy,z(w,x,y,z)
= fw(w)fxw(lw)fyiwxWlw,z) fzwxy(zlw,z,y)
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Modified Sleepwalker Chain :

Eliminafe slate 6 (bolt the deor).

This chain has 5 states (rooms) and
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to read (& L L o o).
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Fifty Realizations of Sleepwal ker Chain, Starting in Room4
Fifty Realizations of Mddified Sl eepwal ker Chain, Starting in Room 4
Commenls

For Linite state Markov chains , many
infuitively obvious.

proper’ﬂes are

For “he original sleepwalker chain:
vou will eventuelly exit the house
( enter the absor)o]fj skte),

All rooms (inside) will be visited
only Finitely many Times (perhaps
zero times). (4)

For the Vnod’hc'oe,ef Sleepwalker chain
(bo\‘h}\j e door +o The eulside) .

S'rqr‘i’iﬂj From any room) you are
3uara,n+e€d ‘0 (evevﬁraqlly) return.

All rooms will be vistted infi nh‘dy
often.

For infinite state Markev chains , ‘Hﬂ?vgs are.
not so clear.

For a house with infinrely many rooms,
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Higher Order Transition Probabilifies
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The. S)eepwalker Trarsition Pmbgbﬂib&
Matri X

P1

[,1] [,2] (,3]1 [,4] [,5] [,6]
[1,] 0.50 0.16667 0.16667 0.00 0.00 0.16667
[2,] 0.50 0.50000 0.00000 0.00 0.00 0.00000
[3,] 0.25 0.00000 0.50000 0.25 0.00 0.00000
(4,1 0.00 0.00000 0.25000 0.50 0.25 0.00000
[5,1 0.00 0.00000 0.00000 0.50 0.50 0.00000
[6,] 0.00 0.00000 0.00000 0.00 0.00 1.00000

¢ — ¢ o S v
’lz} 7} " l 23
P2 <- P1 %x% P1
P2
[,1] [,2] [,3] [,41 [,5] [,6]

[1,] 0.3750 0.166667 0.166667 0.041667 0.0000 0.250000
[2,] 0.5000 0.333333 0.083333 0.000000 0.0000 0.083333
[3,] 0.2500 0.041667 0.354167 0.250000 0.0625 0.041667
[4,]1 0.0625 0.000000 0.250000 0.437500 0.2500 0.000000
[5,1 0.0000 0.000000 0.125000 0.500000 0.3750 0.000000
[6,]1 0.0000 0.000000 0.000000 0.000000 0.0000 1.000000

(P2 = Pij = B 0%=9)

P4 <- P2 %x% P2
P4

[,1] [,2] [,3] [,4] [,5] [,6]
[1,] 0.26823 0.1250000 0.14583 0.075521 0.0208333 0.3645833
[2,] 0.37500 0.1979167 0.14062 0.041667 0.0052083 0.2395833
[3,] 0.21875 0.0703125 0.24089 0.239583 0.1080729 0.1223958
[4,] 0.11328 0.0208333 0.23958 0.381510 0.2187500 0.0260417
[5,1 0.06250 0.0052083 0.21615 0.437500 0.2734375 0.0052083
[6,1 0.00000 0.0000000 0.00000 0.000000 0.0000000 1.0000000

(4)

=Fig

=P (X4=¢)



[,1]
0.038470
0.041623
0.065251
0.082787
0.088878
0.000000

[,1]
.0012253
.0013179
.0020996
.0026787
.0028812
.0000000

O O O O O O

[,2]
0.013874
0.015055
0.023415
0.029626
0.031776
0.000000

L
————

P/La

L,
0.00043931
0.00047252
0.00075276
0.00096039
0.00103300
0.00000000

[,3]
0.043501
0.046831
0.074426
0.094877
0.102022
0.000000

(32)

LI 4

2]

P4

O O O O O O

(,4]

.055191
.069252
.094877
.121257
.130502
.000000

[,3]
0.0013997
0.0015055
0.0023984
0.0030599
0.0032913
0.0000000

(12.8)

0.0017858
0.0019208
0.0030599
0.0039039
0.0041991
0.0000000

[,8]
0.029626
0.031776
0.051011
0.0652561
0.070246
0.000000

[,6]
0.81934
0.80546
0.69102
0.60620
0.57658
1.00000

(X32_ 3)

[,4]

O O O O O O

.00096039
.00103300
.00164565
.00209955
.00225829
.00000000

[,5] [,6]
0.99419
0.99375
0.99004
0.98730
0.98634

1.00000

32
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= P (XIZS /cl)



PLf ()(‘:: 5,X%X,=5, Xg= L{-) X‘-f::B):

P1[4,5]1*P1[5,5]%P1[5,4]*P1[4,3] == f"—tS’ ’PSS"PS'L{_ 1017!3

(4)
R4 = P
o

P1(5,4]*P1[4,3]*P1[3,1]+P1[1,6] ‘PS_ ()(( = ‘-{) X2._ 3) XB-— |) )(L} -6)

0.0052083
s (%, =6)
P (X4
0.0052083
__——””*—_——f T~

t4) () (2) (1)
P4[5,3]*P4[3,2]*P2[2,1]*P1[1,3] = ,fgs f?)z— fOZ( /PI 3

0.0012665

= PS.(X«-}: 3, Xg =2, X, =, X{(:3)



Communication

Let « and 5 be states.

Definition:

i — j means p{™

i > 0 for some n > 0.

i — 7 is read as ‘‘j is accessible from <".

1l ifi=j

0O ifiFj

Since n = O is allowed in the definition of “—" and
pg)) =1 >0, it is always true that 7 — s.

Note: P° =T and pg.)) — {

However, i — ¢ does not imply that, starting from 7, it
is possible to return to 7 at a later time.

Definition:
t«<>jJ means ¢—j and j — 1.

1+ 3 is read as "“i and j communicate”.

Communication is an equivalence relation:

o i1 (reflexive).
o If i< j, then j — 1. (symmetric)
o Ifi<jand j «— k, theni— k. (transitive)

Therefore, the state space S is divided (partitioned) into
disjoint equivalence classes:

S=UCa

where i <« 7 if and only if ¢ and j belong to the same
class C,.



The states in a class C, communicate with each other,
but not with any states outside C,.

The classes C,, are called the communication classes.

If the state space S consists of a single communication
class (that is, all states communicate), then the Markov
chain is said to be irreducible.

. /\
125\;/

Arrows indicdte pa:: ‘tive 'r‘rczns-nL jon
Iol’Obab//ﬂI?éS

—he communicalion classes are :

1%, {25, {3‘-/—5'6} {7}

Example:




Period

For 1€ 5,
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