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Abstract: This supplementary material includes the proof of Theorem 2.1. Our main tools are central limit
theorem and multinomial distribution theories.

1 Proofs of Theorem 2.1

P r o o f. Define Zica = nica/n − πica and Zicb = nicb/n − πicb. These are mean 0 random variables
with variances πica(1 − πica)/n and πicb(1 − πicb)/n respectively. We shall write pao , p

b
o, p

a
e and pbe in

terms of Zica and Zicb.
Taking into account the fact that

∑2
c=1 nica = n, we can write

1− pao =
n

N(n− 1)

2∑
c=1

N∑
i=1

{
−Z2

ica + (1− 2πica)Zica +πica(1−πica)
}

= Aa +Ba +Ca, (1)

where

Aa =
1

(n− 1)N

2∑
c=1

N∑
i=1

[−nZ2
ica + πica(1− πica)] = Op(

1

n
√
N

),

Ba =
n

N(n− 1)

2∑
c=1

N∑
i=1

Zica(1− 2πica),

Ca =
1

N

2∑
c=1

N∑
i=1

πica(1− πica).

Similar decomposition holds for 1− pbo.
Since the subjects are independent, by central limit theorem (with Lyapunov Condition), there exists a

positive σ2
1a, such that √

nNBa → N(0, σ2
1a),

where

σ2
1a = lim

N→∞

1

N

N∑
i=1

{
2∑
c=1

πica(1− πica)(1− 2πica)2 −
∑
c6=c′

πicaπic′a(1− 2πica)(1− 2πic′a)}.
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Thus we have
Ua =

√
nN(1− pao − Ca)→ N(0, σ2

1a).

Similarly
Ub =

√
nN(1− pbo − Cb)→ N(0, σ2

1b),

where

σ2
1b = lim

N→∞

1

N

N∑
i=1

{
2∑
c=1

πicb(1− πicb)(1− 2πicb)
2 −

∑
c6=c′

πicbπic′b(1− 2πicb)(1− 2πic′b)}.

For 1− pae , we have

1− pae = 1−
2∑
c=1

[
1

N

N∑
i=1

(Zica + πica)]2

= 1−
2∑
c=1

[Z̄2
ca + 2π̄caZ̄ca + π̄2

ca]

=

2∑
c=1

[−Z̄2
ca − 2π̄caZ̄ca + π̄ca(1− π̄ca)],

where Z̄ca = 1/N
∑N
i=1 Zica and π̄ca = 1/N

∑N
i=1 πica for c = 1, 2. Note that

Z̄2
ca = Op(

1

nN
)

and √
nNZ̄ca → N(0, σ2

πa),

where σ2
πa = limN→∞

1
N

∑N
i=1 πica(1− πica).

So asymptotically we have

Va =
√
nN [1− pae −

2∑
c=1

π̄ca(1− π̄ca)]→ N(0, σ2
2a),

where

σ2
2a = lim

N→∞

1

N

N∑
i=1

{
2∑
c=1

4π̄2
caπica(1− πica)−

∑
c 6=c′

4π̄caπ̄c′aπicaπic′a.

Similarly,

Vb =
√
nN [1− pbe −

2∑
c=1

π̄cb(1− π̄cb)]→ N(0, σ2
2b),

where

σ2
2b = lim

N→∞

1

N

N∑
i=1

{
2∑
c=1

4π̄2
cbπicb(1− πicb)−

∑
c 6=c′

4π̄cbπ̄c′bπicbπic′b.

Recall

C∗a =

2∑
c=1

π̄ca(1− π̄ca) and C∗b =

2∑
c=1

π̄cb(1− π̄cb). (2)

c© 0 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.biometrical-journal.com



Biometrical Journal 0 (0) 0 3

Note that

√
nN{1− pao

1− pae
− Ca
C∗a
} =

C∗a
1− pae

√
nN

C∗2a
[C∗a(1− pao)− Ca(1− pae)]

=
C∗aUa − CaVa

C∗2a
{1 +Op(

1√
nN

)}

and

√
nN{1− pbo

1− pbe
− Cb
C∗b
} =

C∗b
1− pbe

√
nN

C∗2b
[C∗b (1− pbo)− Cb(1− pbe)]

=
C∗bUb − CbVb

C∗2b
{1 +Op(

1√
nN

)}

We need to get the asymptotic distribution of

√
nN{1− pao

1− pae
− Ca
C∗a
− [

1− pbo
1− pbo

− Cb
C∗b

]} = [
C∗aUa − CaVa

C∗2a
−C

∗
bUb − CbVb
C∗2b

]+Op{(nN)−1/2}. (3)

Recall that

Ua =
√
nN

1

N

N∑
i=1

2∑
c=1

Zica(1− 2πica) +Op(
1√
n

)

and

Va =
√
nN

1

N

N∑
i=1

2∑
c=1

(−2π̄caZica) +Op(
1√
nN

)

Therefore, we have

V ar(C∗aUa − CaVa) = C∗2a V ar(Ua) + C2
aV ar(Va)− 2C∗aCaCov(Ua, Va)

= 4C∗2a
1

N

N∑
i=1

πi1a(1− πi1a)(1− 2πi1a)2

+ 4C2
a(1− 2π̄1a)2

1

N

N∑
i=1

πi1a(1− πi1a)

− 8CaC
∗
a(1− 2π̄1a)

1

N

N∑
i=1

πi1a(1− πi1a)(1− 2πi1a) +O(
1

n
).

By the same token,

V ar(C∗bUb − CbVb) = C∗2b V ar(Ub) + C2
bV ar(Vb)− 2C∗bCbCov(Ub, Vb)

= 4C∗2b
1

N

N∑
i=1

πi1b(1− πi1b)(1− 2πi1b)
2

+ 4C2
b (1− 2π̄1b)

2 1

N

N∑
i=1

πi1b(1− πi1b)

− 8CbC
∗
b (1− 2π̄1b)

1

N

N∑
i=1

πi1b(1− πi1b)(1− 2πi1b) +O(
1

n
).
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We make use of the fact that Zi2a = −Zi1a, Zi2b = −Zi1b,

E(Zi1aZi1b) = E(Zi2aZi2b) =
1

n
(θi11θi22 − θi12θi21),

E(Zi2aZi1b) = E(Zi1aZi2b) = − 1

n
(θi11θi22 − θi12θi21),

and obtain

Cov(C∗aUa − CaVa, C∗bUb − CbVb)

= C∗aC
∗
b

1

N

N∑
i=1

4(1− 2πi1a)(1− 2πi1b)[θi11 − πi1aπi1b]

− C∗aCb4(1− 2π̄1b)
1

N

N∑
i=1

(1− 2πi1a)[θi11 − πi1aπi1b]

− CaC
∗
b 4(1− 2π̄1a)

1

N

N∑
i=1

(1− 2πi1b)[θi11 − πi1aπi1b]

+ CaCb4(1− 2π̄1a)(1− 2π̄1b)
1

N

N∑
i=1

[θi11 − πi1aπi1b] +O(
1

n
).

Combining above results, we have

V = V ar(
C∗aUa − CaVa

C∗2a
− C∗bUb − CbVb

C∗2b
)

=
1

C∗4a

{
4C∗2a

1

N

N∑
i=1

πi1a(1− πi1a)(1− 2πi1a)2 + 4C2
a(1− 2π̄1a)2

1

N

N∑
i=1

πi1a(1− πi1a)

− 8C∗aCa(1− 2π̄1a)
1

N

N∑
i=1

πi1a(1− πi1a)(1− 2πi1a)
}

+
1

C∗4b

{
4C∗2b

1

N

N∑
i=1

πi1b(1− πi1b)(1− 2πi1b)
2 + 4C2

b (1− 2π̄1b)
2 1

N

N∑
i=1

πi1b(1− πi1b)

− 8C∗bCb(1− 2π̄1b)
1

N

N∑
i=1

πi1b(1− πi1b)(1− 2πi1b)
}

− 1

C∗2a C
∗2
b

{
8C∗aC

∗
b

1

N

N∑
i=1

(1− 2πi1a)(1− 2πi1b)[θi11 − πi1aπi1b]

− 8C∗aCb(1− 2π̄1b)
1

N

N∑
i=1

(1− 2πi1a)[θi11 − πi1aπi1b]

− 8CaC
∗
b (1− 2π̄1a)

1

N

N∑
i=1

(1− 2πi1b)[θi11 − πi1aπi1b]

+ 8CaCb
1

N

N∑
i=1

(1− 2π̄1a)(1− 2π̄1b)[θi11 − πi1aπi1b]
}

+O(
1

n
)
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Therefore

Σ = lim
n→∞,N→∞

V. (4)

Combining (3) and (4), we complete the proof of Theorem 2.1.
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