Jaime Frade
ECO5282-Dr. Garriga
Homework #2

1. A economy consists of two infintely lived consumers named ¢ = 1,2. There is one nonstorable consumption
good. Consumer i consumers ¢’ at time t. Consumer i ranks consumptions streams by > 70 0 Bu(cl) where
B € (0,1) and u(c) is strictly increasing, concave, and twice continiously differentiable. Comsumer 1 is endowed
with a stream of the consumption good y! = 1,0,0,1,0,0,1,.... Consumer 2 is endowed with a stream of the
consumption good y} = 0,1,1,0,1,1,0,.... Assume that markets are complete with time-0 trading.

(a) Define a competitive equilibrium.
Definition An allocation for agent i is defined as state contingent function ¢! = {ci(s')}°, for i = 1,2

Definition A allocation is said to be a feasible allocation if it satisfies

2 2
doalsh) = uilsy) (1)
i=1 i=1

Definition A competitive equilibrium is a feasible allocation, {c'}7_; = {{ci(s")}£2,}2_, and a price sys-
tem, {p?(s')}22,, such that the allocation solves each household problem.

(b) Compute a competitive equilibrum.
For a given household 7 solves

U(c) = {m(ax EOZﬁt u(ch)
cl'(st

U = wax 35 8 n(slso) ulch(s1) )

{Cz }t 0 st

subject to Z Z P (s Z Z p(s)yi(ss), and cf(s),c2(s') >0 (3)

t=0 st t=0 gt
First Order Conditions:

B m(s's0) u'(ci(s")) = ' pP(s")

at t = 0, we have the following:

uw!(ch(sY
it = )

solving for pJ(s’) = 1, we have the following:

1= )

Subsititing into (4), obtain an system of price equations for the Arrow securities

Ps1) = B (st sg) A

u'(ch(s%))
For the problem above for i = 1,2, there is no aggregate risk or uncertainity (hence ¢; = ¢f), thus
u'(ci(s")) u'(ci(s"))
B m(s'1s0) — 17 gyy = PE(sT) = B m(s'|s0) — 55
u'(ch(s0)) u'(c5(s°))



In equilibrium, from M RS&T =M RS&T obtains

/

(ci(s!
(cy(s%))  u'(c3(s"))
to

find the feasible allocation for each agent for a competitive

( )) ul(ct(st)) (6)

u
u

Subsituting into the buget constraints (16)

equilibrium.
w’(ch(st - ,
S5 8 a(stiso) DD ) i) =0
t=0 st v
u'(ch(s) t (st t i
ZZﬁ |s0) Ct( ) = yi(s)] =0
t=0 gt
w'(ch(s") | | -
Because : # 0, then obtain the following to solve for c,

cgzﬁtz (5']s0) = ZZH (s°1s0) wi(st)
t=0

t=0 gt

Since the states are deterministics, the sum of probabilities in all states, (s’ has one element), 7(st|sg) =
1Vs', and using a geometric series for for 3

t

b)) SIS gt so) eh() — wi(sn)] = 0

7
v t=0 gt

co = ZZ B 7(s's0) yi(s) (7)

t=0 st

Solve each consumption for each agent, i = 1,2, where comsumer 1 is endowed with a stream of the
consumption good y} = 1,0,0,1,0,0,1,.... Consumer 2 is endowed with a stream of the consumption
good y} =0,1,1,0,1,1,0,....

agent 1 agent 2
Cl:(l—ﬁ)zgio Byl 02:(1—5)2520 By
¢t =1-B)p" + 8+ 6+ ] ==+ +8+ 5+ ]
ch=(1-p) 37,8 ¢ =(1-8) 58" - ¥
using sum of a geometric series, can obtain:
L_-p 1 2 _(1=8) (=P _ p1+p)
1-p8) 1+8+3 Q-8 Q-p) 1+6+5
et = % and = M (8)
1+8+p8 1+8+p8
2
subject to: Zci —wy=1=c+=1 (9)
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(c) Suppose that one of the consumers markets a derivative asset that promises to pay .05 units of consumption
each period. What would the price of the asset be?

From Cochrane, (pg.52 led.), using to what he refers to as the happy-meal theorem (3.1):
p(x) = pe(s)z(s) (10)

where z(s) denotes an asset’s payoff in state of nature s, pc is the price of a contingent claim and (s) is
used to denote which state s the claim pays off. From (10), obtain

1))

u'(e

t t+ t
= —_— 11
p ; /6 ’U,,<Ct) 7T(S |80) Tt41 ( )
!/
In the setup of problem # 1: uu(lc(t;rl))) =1, and 7(s'|sg) = 1. Obtain:
t

p= Z B x4 (12)

Since a derivative asset that promises to pay .05 units of consumption each period,

05
pi(s) = ; B (.05) = 1-3



2. Consider an economy with a single consumer. There is one good in the economy, which arrives in the form
of an exogenous endowement obeying, yi+1 = A1 Yys, where y; is the endowment at time ¢ and {Ay41} is
pun l—pn
1—poa  p2
T = [mo,1 — mo]. The value of \; is given by A = 0.98 in state 1 and A\ = 1.03 in state 2. Assume that
the history of ys and As, up to ¢ is observed at time ¢. The consumer has endowment process {y;} and has

1_
, here 8 € (0,1) and v > 1.
—

governed by a two-state Markov chain with transition matrix, P = , and intial distribution

C

preferences over consumption streams that are ordered by Ey > ;2 ﬁt

(a) Define a competitive equilibrium.

Definition A allocation is said to be a feasible allocation if it satisfies

2 2
S (s = 3 ise) (13)
=1 =1

Since one agent — c;(s") = y;(s¢) (14)

Definition A competitive equilibrium is a feasible allocation, {c'}?_; = {{ci(s!)}%%,}2, and a price
system, {p?(s')}22,, such that the allocation solves each household problem.

For a given household 7 solves

U(cd) = {m(af EOZﬂt u(ch)
Ct S

U(c) = max ZZﬂt s'[s0) u(ci(s")) (15)

{cf (s }t 0 st

subject to ZZ pi (s Z Z p(s)yi(ss), and cf(s),c(s') >0 (16)

t=0 gt t=0 st

(b) From (14), consumption = endowment, since only one agent obtain the following:
Ct = Yt (17)

In (17), y is defined as yiy1 = A1 yt, where Mgy is defined as a two state Markov Chain. Using the
properites of Markov process,

t
yerr = [ Miwo (18)

Substituting (17) into the first order conditions of the household problem, into (5), will obtain an equation
that will solve the price system for any asset that will lead to competitive equilibrium.

0(st) = 3t 7(stls ,(Ci( t)) rom
O(st) = Bt (st]s U/(yt) usin
pi(s') =B m(s'| O)u’(yo) g (17) (20)



Suppose p11 = .8,p29 = .85, 19 = .5, 6 = .96, and 7 = 2. Suppose economy starts off with A\g = .98 and
yo = 1.

Also, P = 1 31}1722 1;2]2)11 } = [ '185 '825 ] and intial distribution 7\ = [m,1 — 7] = [0.5,.5]. The
value of )\; is given by A; = 0.98 in state 1 and Xy = 1.03 in state 2.

(c) T will use the given conditions in the setup of the problem, stated above, and using the properties of a
Markov chain, (that is, as time — oo, the probability of each state occuring will converge to a stationary
distrubition) to solve for the average growth rate of consumption.

Goal: Find a stationary distribution such that,

Zai =1 and a = aP, where a = [a,1 — @] (21)
Using P, setup a system of equations to solve for «.
a:aP—>[a,1—a]:[a,1—a][ pu 1=pu
1—p2  p2
From top equation, (Eql) From bottom equation, (Eq2)
a=ap+ (1 —a)(l—p2) and (1—a)=a(l—pi1)+ (1 —a)pa
a=apn+1—a—ppo+apy (1-a)+ (1 —a)p2=a(l-pn)
a+a—apir —ap=1—p» (1—a)(1—=prp)=a(l-pn)
(1-a)  (1-pu)
a(2—pi1 —pa)=1—
( P11 — P22) Dp22 o (1 ")
_ 1 —pa I (1—pn) (I —=p1r+1—p2)
a=—— 2 L 2=V
(2 = p11 — p22) a  (1—p22) (1 —pa2)

Solving in both equations for « obtain equalvalent realtions, which is suppose to happen since it is a
stationary distribution.

1 —p22 1 —po

From Eql: o« = ———— From Eq2: 0« = ———— (22)
2 —p11 —p2 2 —p11 —p2
Therefore subsituting the values for p;; = .8 and pyp = .85 in (22) will obtain:
. 1— D22 . 1—-.85 o 3
@ 2—p11—p22 o 2—.80— .85 _§
3 4
a—[a,l—a]—[7,7] (23)

By properties of Markov process, as time — oo, the probability of the each state occuring will converge to
the corresponding probabilities in the stationary distribution. Hence:

P\ = \;) = a where i=1,2 (24)

Therefore will obtain

_ 3 — 4
P(At:Al):§ and P()\t:>\2):§ (25)
Using (25), able to compute the average growth rate of consumption, before having observed Ag.
EN = POy =XM)AM 4+ POy = Xa)\o
3 4
=(=)(.98 =] (1.03
(2)com+ (7) aom
= 1.0086 (26)



In order to compute the time-0 prices for the for each of the three bonds promising to pay one unit of
time-j = 0,1, 2.

Assume that given intial state, A\g = .98 = A\;. Thus, has corresponding values, p;; = .8, and 1 — py; = .2
on first branch of tree.

state 1
Ao = .98
price = 0.6394

state 1

state 2
Ay = 1.03

state 1 price = 0.1447

state 1
A = .98

Ao = 98 price = 0.027

Yo =

state 2
A2 = 1.03
1 —poo=.15 price = 0.1392

J=0 J=1 J=2

=

From (20), using the following given information, u(c) = 1 ,
-

where v =2, § = .96, and yy = 1.
Also known from (18), y; = Hle NiYo — Y= Hle i

From the given conditions, will obtain

0(st)y — Btr(stls u'(ye)
pt(s ) - ﬁ ( | 0) ul(yO)
2
ty t,_ (ot Yo
P = (90wl () @

I will use (27), to compute the price at each time ¢t =0, 1,2



t=1

2
e pU(sllso) = (.96) (.8) <;8> = .7997
2
e pY(sl|so) = (.96) (.2) <123) =.1810

t=2 2
o p9(s%]s0) = (.96)2 (.8)(.8) ((-98)(.98)) — 6394

2
e pU(@s0) = (.96)2 (2)(.15) ((105(98)) _ oo

2
e p9(s%s0) = (.96)% (.8)(.2) (M) = .1447

1 2
e pY(s2]50) = (.96)2 (85)(.15) (m(mg)) _ 1302

From Cochrane, (pg.52 led.), using to what he refers to as the happy-meal theorem (3.1):
plx) = pe(s)x(s) (28)

where z(s) denotes an asset’s payoff in state of nature s, pc is the price of a contingent claim and (s)
is used to denote which state s the claim pays off. In problems (d)-(f), the bond promises to pay one
unit, x(s) = 1. From (28), able to compute the price of the bond promising to pay one unit of time-j
comsumption for j =0,1,2.

(d) Compute the time-0 prices of three risk-free discount bonds, in particular, those promising to pay one unit
of time-j consumption for j = 0, 1,2, respectively.

t=0

e p(x)=1
t=1

e p(x)=.7997 4 .1810 = .9807
t=2

o p(x) = .6394 4 .027 + .1447 + .1392 = .9508

(e) Compute the time-0 prices of three bonds, in particular, those promising to pay one unit of time-j contingent
consumption on \; = Ay for j =0, 1,2, respectively.

t=0

e p(z) =1 from A\g= X\
t=1

e p(x) =.7997
t=2

e p(r) = .6394 + .027 = .666



(f) Compute the time-0 prices of three bonds, in particular, those promising to pay one unit of time-j contingent
consumption on A\; = Ag for j =0, 1, 2, respectively.

t=20

e p(x) =0 from \g=\;
t=1

o p(z) = .1810
t=2

e p(x) =.1447 + .1392 = .2839
(g) Compare the prices that you computed in parts (d)-(f).

From above, can see that at each time ¢, the sum of each price in answers (e) and (f), is equal to the price
of the risk free discount bond, (d).

At each time, t = 0,1,2 (e)+(f)=(d).



3. An economy consists of two consumers, named ¢ = 1,2. The economy exists in discrete time for periods
t > 0. There is one good in the economy, which is not storable and arrives in the form of an endowment
stream owned by each consumer. The endowments to consumers i = 1,2, are y} = s; and y? = 1, where
s¢ is a random variable governed by a two-state Markov chain with values s; =571 =0 or s; =53 = 1. The
Markov chain has time-invariant transition probabilities denoted by 7(s¢+1 = §'|s¢ = s) = m(s'|s), and the
probability distribution over the intial state is mo(s). The aggregate endowment at t is Y (s;) = y} + y?.

Let ¢* denote the stochastic process of consumption for agent i. Household i orders consumption streams
according to

ZZﬁt (5']s0) In[cy(s")] (29)

t=0 st

where 7 (s')is the probability of the history

st = (50,581,...,5¢)

(a) Give a formula for 7(st)

From properities of conditional expectation, can obtain

7(s") = m(st|ss_1)m(s¢_1|5¢-2) - - - m(50) (30)

(b) Let 6 € (0,1) be a Pareto weight on household 1. Consider the social planner problem

max {GZZﬁt (s']s0) In[c} (s) ZZﬁt (s'|s0) In[c?(s t)]} (31)

t t
cs)cs =0 o =0 ot

subject to ¢} (s') 4 Z(s') = Y (s) (32)

Solve the Pareto problem, taking 6 as a parameter

To be consistent with the lecture notes, make the following subsitution, M=0and \? = (1 -90).
Thus, A € (0,1) and 37, X =1

Using the above subsitution, (31) can be rewitten as:

max A Z Z Bt r(st|so) Infcf (s)] + A2 Z Z Bt (st|sg) In[c?(sh)] (33)

1 t
{c; (sY) t=0 st t=0 st

for agent 1 for agent 2

subject to ¢} (s') 4 Z(s') = Y (s) (34)
ci(s') 2 0



Solving using Legrange Multipliers, will obtain

00 oo 2
L= > > Npo'a(s'Iso)u(c'(s) =Y (Z(Ci(st) - Y(St)> (35)
i=1 t=0 gt =0 i=1
First Order Conditions (35)
[ci(s)] - N B m(s'|s0) /(¢! (s') — 7, =0
For two different consumers, ¢ and j, obtain
u'(ci(st)) N
W) &
, . , 1
From setup of problem, u(ck(st)) = In(ci(s)) — /(cl(s?)) = FTEOR for each agent ¢ = 1,2 Subsitute
ci(s
this into (36), obtain
cl(st) B )\7]
ci(st) A
c?(st) _)\72_ 1-0
cl(sty A 0
c2(sty 1-6
== 37
cl(st) 0 (37)

Similiar to Homework 1, subsitute (37) into the budget constraints (34).
Obtains the optimal sequence of c?(s’) to each agent which will solve the optimal Pareto problem.
1ot 20t 1—0\ 1, . ¢
G (s')+ci(s') = l—i-T ¢ (s") =Y(s") (38)

In a symmetric allocation, \* = M all agents recieve the same allocation. Solve for each agents
consumption allocation, will obtain

ci(sh) = MY (sh) = Y (s) (39)
c2(sh = N2 Y(s)) = (1 - 0)Y(s)

(c) Define the competitive equilibrium with history-dependent Arrow-Debreu securities traded once and
for all at time 0. Becareful to define all of the objects that compose a competitive equilibrium.

Definition A allocation {{c%st}fio}?ilis said to be a feasible allocation if it satisfies

D (s =Y (s), vt (40)

i=1

Definition A competitive equilibrium is a feasible allocation, {{ci(s?)}3°,}2,

and a price system, {p?(s!)}22,, such that the allocation solves each household problem.
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(d) Compute the competitive equilibrium price system.

(e)

(f)

(g)

(i.e., Find the prices of all of the Arrow-Debreu securities)
As in the previous problems #1 — 2, if we would like to determine the price of the asset at any time
t, need a pricing equation, from (5).

pg(st) = B'7(ss0) from (5)

subsitute in (39)

pi(sh) = B'a(s'lso) (41)

Let Y (s') = g(s")Y (sp), from setup of problem. Then, (41), can be rewitten using this subsitution.

B m(s']0)
g(s")
Tell the relationship between the solutions (indexed by ) of the Parteo problem and the competitive

equilibrium allocation.

pi(sh) = (42)

By the First and Second Welfare theorem, the prices obtained in the competitive equilibrium market
are the same as the prices obtained in the soical planner’s problem.

From the First Welfare Theorem, a (competitive) equilibrium allocation is Pareto efficient.

In the Pareto problem, the social planner is to find a set of parteo efficient allocation that maximizes
each household utility. Even though each agent may or may not have a different weight, (designated
by the social planner), this price is independent of each agent’s weight.

Briefly tell how you can compute the competitive equilibrium price system before you have figured out
the competitive equilibrium allocation.

The competitive equilibrium price system can be solved using (42). Note that the price system is
independent of each individual’s consumptions. The price is computed from the growth rate of the
aggregate endowment. Thus, determine the growth rate and we can solve the price system, even
though a feasible allocation has been not defined.

Define a recursive competitive equilibrium with trading every period in one-period Arrow securities
only. Describe all of the objects of which such an equilibrium is composed. (Please denominate the
prices of one-period time-t + 1 state contingent Arrow securities in units of time-¢t consumption.)

A recursive competitive equilibrium is an intial distribution of assets, ag(sg), given the feasible
allocations {c'(a, s), aéa, s',si11)} and price system > o1 Qi(se41]s)

The allocation solves each household problem,

max Y (el () 7(s") (13)
t=0
. (st it it
subject to ci(s') + ZQt Jaj (s se) < wi(sh) + a(s’)

—aj (s se) < ApL (8"

where Aj;(s) =Y Y Qu(s7[st) yi(s7|st)

T2>t 57 |st
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(h) (i) Tell how to compute the prices of one-period Arrow securities. How many prices are there? (i.e.,
how many numbers do you have to compute?)

(ii) Compute all of these prices in the special case that § = .95, and 7(s;|s;) = P, ;,

where P = [ 2 3 ]

Answer(i) Note: The sequential market structure attains the same consumption allocation as the
the competitive equilibrium with Arrow-Debreu structure.

In this economy, a sequential equilibrium is an allocation {c'}_; = {{c}(s¢), b}, (se41)}i20 s
and a price system {Q(s¢+1]s¢)}72, such that the allocation solves each household problem, and

—max 33 4 (sl so)ulci(s") (44)

t=0 gt

subject to  ¢'(s') + Z Q(st41|86)bi 11 (50401) = yi(s¢) + bi(s¢) Vs (45)

St+1
Solving using Legrange Multipliers, will obtain

L= ZZ Bt m(s'|so)u Z’Yt <Ct (s) + Z Q(st41|50)bi 1 (51401) — (yi(s0) +b§(5t))> (46)

t=0 st gt+1

First Order Conditions (44)

[ci(sD)] : Bra(st|so)u'(ci(se)) =7, =0 = 7 =B n(s[s0)u (ci(s"))
[biﬂ] : Ve Q(St41]8t) — Vi1 =0 = Q(si11lst) = Ltl

Therefore, using subsituting the above equations, will obtain how to compute one-period Arrow secu-
rities:

Vo1 B (s s0)u/ (ch(se41))

el = = s

QUocals) = (st o) ()
—  Ba(stt]s (1+s1)
= Br(st t)(1+st+1) (48)

How many prices are there? There are 4" one-period arrow securities.
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Answer (ii) Compute all of these prices in the special case that 8 = .95, and 7 (sj|s;) = P, j,

where P = { 2 3]

In order to compute the compute the equilibrium prices of the security, using the given conditions
above and subsituting in (48), will obtain:

Qlsils1) — (.95)(.8)1182.76
Qsals) = (.95)(.2)112—.095
Qs1]sa) = (.95)(.3)11;:.57
Q(salsn) = (.95)(.7)%:.665

(i) Within the one-period Arrow economy, a new asset is produced. One of the households decides to
market a one-period-ahead riskless claim to one unit of consumption (a one-period real bill). Compute
the equilibrium prices of this security when s = 0 and when s* = 1. Justify your formula for these
prices in terms of first principles.

[at s = 0]

P = .76+ .095 = .855 (49)
[at sy = 1]

P = .57+ .665=1.235 (50)

(j) Within the one-period Arrow securities equilibrium, a new is introduced. One of the households
decides to market a two-period-ahead riskless claim to one unit of consumption (a two-period real
bill). Compute the equilibrium prices of this security when s* = 0 and when s = 1.

In order to compute prices of this security in a market with a two-period-ahead riskless claim, need a
formula to price an asset j-step ahead.

Qj(stralst) = > Qulsiralst)Qj—1(seyslsein) (51)
St41
From (51), in j, let j = 2, thus obtain:
Qa(seralse) = Y Qulsestlse)Qu(sealsii) (52)
St41

From (52), need to calculate Qs = Q?

0y =2 — [ 76 0% > [ 6318 .1354
2T WL | 5T 665 8123 4964

[at St = 0]

P = Q*1,1)+Q*1,2) =.7671 (53)
[at s; = 1]

P = Q%*2,1)+Q*2,2) = 1.309 (54)

13



(k) Within the one-period Arrow securities equilibrium, a new is introduced. One of the households
decides at time ¢ to market a five-period-ahead claims to consumption at ¢ + 5 contingent on the value
of s¢15. Compute the equilibrium prices of this security when s' = 0 and s' = 1, s'*® = 0 and s'*° = 1.
From (51), in j, let j = 5, thus obtain:

Qs(seysls) = Y Qulsia1ls)Qu(sers]sit) (55)

St41
From (55), need to calculate Q5 = Q3

cg:Qh:-m'W55: 4740 15
5= %1 57 665 8996 .3740

Q5(st45 = 0]sy = 0) A740
Qs5(s145 =1]sy =0) = .15

Qs(st45 =0[s; =1) = .8996
Qs(st45 =1]s¢ =0) = .3240
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