Jaime Frade
ECO5282-Dr. Garriga
Homework #3

1. Consider and economy with a representative consumer with preferences described by Ey» ;2 Bt u(cy) where
u(et) = In(eg +) where v > 0 and ¢; denotes consumption of the fruit in period ¢. The sole source of the single
good is an everlasting tree that produces d; units of the consumption good in period t. The dividend process d;
is Markov, with prob{d;+1 < d'|d, = d} = F(d',d). Assume the conditional density f(d’,d) of F exists. There
are competitive markets in the title of trees and in state-contingent claims. Let p; be the price at ¢ of a title to
all future dividends from the tree.

(a) Prove that the equilibrium prices p; satisfies

_ o ot diyj
pe = (dy +7);ﬂ E; <di+j +7> (1)

For a given household, the comsumer solves

[e.e]
max E Z Brulcy) (2)
t=0
Subject to the following budget constraint
At+1 = Rt(At + Yt — Ct) (3)
From (3),
¢ = consumption of an agent at time ¢
1y — agent’s labor income
A; = amount of a single asset valued in the units of the

consumption good held at start of time ¢
(Note: Ay is given)

R; = real gross rate of return on asset between time ¢ and ¢ + 1

By using the Legrange multipliers, combining the first order conditions in (2) we obtain the Euler equa-
tion that is necessary condition of optimality for ¢t =0,1,.. ..

u'(ct) = B Reu'(ce11) (4)

However (4) does not applicable to models with complete general equilibrium. In the Lucas’s asset-pricing
model, general equilibrium is used. This model assumes that the labor income is zero, y; = 0, V £. It also
assumes that the only durable good in the economy is a set of trees, (which equal the number of people in
economy). The tree also yields fruit (dividends) in the amount of d; to its owner ar the beginning of time
t. This fruit is also nonstorable. Each consumer starts a t = 0 with, one tree and initial dividend of good,
(fruit).

Let p = price of a tree at time ¢
P41+ diy1
Rt _ + + (5)
2

Using (5) subsitute into (4), will obtain the following:

_ u'(ci1) ((per1+ diga
Rty ( Pt > )




In this economy, equilibrium must exist because all consumers are identical, the utility function is strictly
increasing, and there is only one place for goods, period’s dividends. Therefore obtain:

Ct = dt (7)
Substituting (7) into (6) and solve for p;, will obtain the following:

e = Ef uu(,c(lg)l) (Pe41 + diy1) (8)

Given u(c;) = In(¢; + ) where v > 0, and using (7) and differentiating to plug into (8) will obtain:

(de +7)
=Ff— +d 9
bt 3 (dir1 +7) pt;rrl t41 9)
Using recursions on (9) for the value p;11, will obtain:
(de +7) (diy1+7)
= E dp1 + +d
pt N ) | B (drvs +7) (Pt+2 + diy2)
=Pt+1
(de +7) ( (di+1+7) < (div2 +7) >>]
= FE | di1 + 8 | deg2 + B ——5 (di43 +
Dt t [5 (s ) \ 241 B (drea ) 42 B (dies + ) (di+3 + pr+3)
(di +7) 2 (di+7) 5 (de+7) }
= FE ————diy1 + B/ dip2 + ° ———di3 + - -
Dt t [5 (dpey + 7)1 B (dira + 7)1+ B (dpea + ) 13
From above equation, can see a pattern forming, obtain
o
; ditj : o di
= (d+7)E e )]—l—hmE[J< ;
bt (di +) tjz_:o [/3 <dt+j Yy Pieel t| B g+ Pt+j
As j — oo lim — 0, will prove result for pricing equation.
P = (dt'i"Y)Etiﬁj (dtﬂ> (10)
diyj +7

J=0



(b) Modify the Lucas Model to a market that consist of one- and two period perfectly safe loans, which bear
gross rates of return Ri; and Roy. thl is the price of a perfectly sure claim to one unit of consumption at
time (¢ +1). Ry, is the price of a perfectly sure claim to one unit of consumption at time (¢ + 2).

The agent needs to solve the following maximum

max  Ep Z B u(cy) (11)
t=0

ct,Lit11,Lat41
Subject to the following budget constraint, where L;; is the amount lent for j period at time ¢.
ct + Ly + Loy < dy + Ryp—1L14-1 + Ror—2Lot—2 (12)

Solving (11), using Legrange Multiplier, where {)\;} is a sequence of random Legrange Multipliers. Will
obtain the following:

L =E Z B [uler) + M(dy + Lig—1R1—1 + Log—2Roy—2 — ¢; — L1y — Layg))] (13)
=0

First Order Conditions (11) with respect to {c;, L1s, Lot }. Also Ey = Ey since the Markov property.

[ce] - EoB (v (ct) — M) =0 = At = (er)
(L] : EoB"(BA11R1 — M) =0 = A= E(BA1Rat)
[Lat] : EoB'(8°Ar2Ro — M) =0 = A = E(8M42R)
Combining the first order conditions above will obtain the following Euler Equations:
u'(crv1)
B | f————— =1 14
et (14)
E |2 p 1y (15)
Given that both assets are riskless, rewrite (14) and (15) as:
/
. w'(ci1)
m = B[] o)
!/
Rl — g |532Y (ct+2) 17
= B | (17)

(i) Find a formula for the risk-free one-period interest rate Ry;.

From (16), using given u(c;) = In(ct 4+ ) and (7) in equilibrium, will obtain a formula for th risk-free
one-period interest rate Ri;.

(18)

R = E [ﬂw]

diy1+y

(ii) Prove that in the special case in which {d;} is independently and identically distributed, Ry; is given
by Rl_t1 = Bk (d; + ), where k is a constant.

If assume that {d;} is i.i.d, then (18) can be rewritten:
R = B ]
diy1+7

1
R = (d+ E[} = Let k= FE;——
1t ( t ’Y)ﬁ t dort + tdt+1+’}’

Ry = (di+7)8k (19)



(iii) Give a formula for k.
From (19), and assumption that {d;} is i.i.d, obtain a formula for k, which is not a function of time:
k= F, {1 ] (20)
dit1+7
(c) (i) Find a formula for the risk-free two-period interest rate Ro;.
From (17), using given u(c;) = In(c; +y) and (7) in equilibrium, will obtain a formula for th risk-free

one-period interest rate Rog.

(dy +7)] (21)

R—l - E 2
2 ' [ﬂ dir2 +7y

(ii) Prove that in the special case in which {d;} is independently and identically distributed, Rg; is given
by R2_t1 = 3%k (d; + 7), where k is the same constant you found in part (b).

If assume that {d;} is i.i.d, then (18) can be rewritten:

1
Ryl = (d+)E []
2 (4 +7)8" B diyo + 7y
1
R = dy + ’E |:] = let = F;—-——
2 (di +7)6" By dir2 + 7 J Ydio +7
Ry' = (d+7)53j (22)

e Prove that j from (22) is same k from (20). From {d;} is i.i.d and given that the dividend process d;
is Markov, with prob{d;;1 < d'|dy = d} = F(d',d).

1
g1
/ ! l:dt+2 +’Y}



2. Consider the following version of the Lucas’s tree economy. There are two kinds of trees. The first kind is
ugly and gives no direct utility to consumers, but yields a stream of fruit {d;}, where dj; denotes a positive
random process obeying a first-order Markov process. The second tree is beautiful and yields utilty on itself.
This tree also yields a stream of the same kind of fruit do;, where it happens that do; = dis = (%) dy V' t, so that
the physical yields of the two kinds of trees are equal. There is one of each tree for each N individuals in the
economy. Trees last forever, but the fruit is not storable. Trees are the only source of fruit.

Each of the N individuals in the economy has preferences described by
oo
By B ulcr, sar) (23)
t=0

where u(c, s2t) = Incp + y1In(sg:) where v > 0, ¢; denotes consumption of the fruit in period ¢ and s2t is the
stock of beautiful trees owned at the beginning of the period ¢. The owner of a tree of either kind 7 at the start
of the period receives the fruit d;; produced by the tree during that period.

Let p;; be the price of a tree of type i (where i = 1,2) during period ¢. Let R;; be the gross rate of returns of
tree ¢ during that period held from period ¢ to ¢t + 1.

(a) Write down the consumer optimization problem in sequential and recursive form.

Consumer optimization problem in sequential form

o
max Ey Z ﬁt (ln(Ct) + ’YIH(SQt)) (24)
{ct,81t4+1,52t4+1} =0
subject to ¢ + p1sie+1 + parsaer1 < (die + pie)sie + (dat + pat)sar. (25)

Consumer optimization problem in recursive form

The Bellman’s equation is given by

v(dy, s1t, S2t) = max (In(er) + v 1In(sat) + Er Bo(dy, S1e41, S2t4+1)) (26)
{ct,s1¢41,82¢+1}
subject to c¢; + piSir1 + parsa+1 < (die + pie)sie + (doe + par)sor. (27)
(b) Define a rational expectations equilibrium.

Defintion: A rational expectations equilibrium is an allocation {{ci}%,}_,, {{s%;,s5}20}_,, and a
price system, {pi¢, p2t }72, such it solves each household problem and satisfies the market clear condition.

Defintion: For the market clearing condition to exist,

I I ; I I I I
Zi:l ¢ = Zi:l t s Zi:l 1y = Zz‘:l s1o =1, Zz‘:l Sh = Zi:l sy =1,

where si, and s, are each agent’s number of trees at initial time.

The household problem is defined sequentially by each agent’s utility optimization problem:

o0
max  Eo Y _ B (In(c;) + vIn(sz)) (28)
{ct,S1t41,52¢+1} —o
subject to ¢; + p1Sir1 + parsa+1 < (die + pie)sie + (dor + par)sar (29)



(c) Find the pricing functions mapping the state of the ecomony at ¢ unto p1; and py; (give precise formulas).
[Hint: You should be able to directly derive py; from the example seen in class, then since pricing function
have to be linear you can guess a pricing function po; = kd; and solve for k parameter using Euler equation
of the second stock.]

From (28), using Legrange multipilers with the given budget constraints, (29), we obtain the following:

L= By’S 8 ((n(e) + In(sa)
t=0

+ Ne((dige + p1e)sie + (das + pat)Sae — ¢t — P1eS14+1 — P2tS2u+1)) (30)
First Order Conditions (30) with respect to {ct, S1¢4+1, S2t+1}. Also using Ey = E} since the Markov prop-
erty.
L1 1
[ct] : EofB'(——XMN)=0 = — =X\
Ct Ct
A
[s1441] = Eo 8" (BAes1(digs1 + pre+1) — Aep1e) = 0 =  pu= Etﬁ;;l(dlﬂrl + P1e+1)
t
[s2¢41] Ey ' <ﬁ)\t+1(d2t+1 + p2t+1) — Aep2r + 58; 1) =0
t+
A
= P2t = Etﬁil(dmﬂ +pors1) + 8 1
At S2t+1

Combining the first order conditions above will obtain the following pricing formula:

c
pr = EiB——(dis1 + pres1) (31)
Ct+1
C C
po = FyB— (dori1 + poes1) + f—t (32)
Ct+1 S2t+1

In this economy, for general equilibrium to exist:

Ct = dt (33)
From (33), substitute into the pricing formulas in (31) and (32), obtain:
d
pie = Ef dit(dh%l + P1e41) (34)
t+1
d d
pr = Eif8 dit (doty1 + paty1) + B T (35)
t+1 S2t+1
For py¢, if assuming a the pricing function have to be of linear form obtain:
pit = kudy (36)
From (36), substitute this into (??) to obtain:
dy
kudy = Eif3 r(d1t+1 + k1it1dis1)
t+1
d
ki = BB kup +E 8= (37)
NS~ dt+1
ﬂ
= apply recursions on kqz11
oo
g
ki = E Zﬁjﬂ (38)
o di+j

6



From do; = dyi; = (%) d; V t, rewrite (38) to obtain:

o= GBS
=1

_Bs

2(1-7)

For poy, if assuming a the pricing function have to be of linear form obtain:

pat = kardy
From (40), substitute this into (??) to obtain:

d
kordy = E 8 7(d2t+1 + koty1deyr) + 0 i
+ S2t+1

d
kot = Eif ko1 +E B <2t+1 + fy)
~—~— diy1  Sot41

= apply recursions on ko;41

d2t+] )
ko = B, S -
. tzﬂ (G4 2

dt+]

From the problem, do; = %dt and s9;41 = 1 in equilibrium, rewrite (42) to obtain:

kot = EtZﬁj <2+’Y>
7j=1
1 B
- (3+)155
Subsititing (39) and (43) into (34) and (34), will obtain the pricing functions:

m = (aaom)

1
P2 = (<2+’)’> 1f[3> dy

(43)

(44)

(45)



(d) Prove that if v > 0, then Ry > Ro V ¢

From (5), derive the following definitions for Rj; and Ry;.

D1t+1 + dit41

Ry =
P1t
D2at+1 + datt1
Ry = ———7—"——
b2t

(46)

(47)

Substiting (44) and (45) the pricing functions, into (46) and (46) can rewrite equation for Ry; and Rg; as:

1-0
1 B
2(1—5>@
<; + ’Y> (1_66> diy1 + %dt+1
Ry = 1 3
(3+2) (+55) @
2 1-3

Analyzing difference in the returns, Ry; and Roy;, is:

1 1
B <IB> di+1 + B di+1
Ry =

Riy— Ry = -
! ! Lﬁ v+ L | d

From (50), if let v > 0, = Ry — Ry > 0. Able to obtain:

Riy > Ry

(48)

(50)



