Jaime Frade
ECO5282-Dr. Garriga
Homework #4

1. (Equilibrium with Exogenous Borrowing Constraints) Consider an economy with a continuum [0,1] of
consumers of symmetric typed who live forever. Consumers have utility

> B'log(c})
t=0

Consumers of type 1 have an endowment steam of the single good in each period (wg, wi, w3, ...) = (8,1,8,1,...)
while consumers of type 2 have (w3, w?, w3,...) = (1,8,1,8,...). In addition there is one unit of trees that
produses d = 1 units of good at each period. Each consumer of type ¢ owns 56 of such a trees in period t = 0,

st >0, 5[1) + §3 = 1. Trees do not grow or decay over time.

(a) (i) Define an Arrow-Debreu equilibrium.

Definition An Arrow-Debreu equilibrium is an allocation {{c’, 5 +1}§io}?=1 and a sequence of prices
{qt,r+}52, such that the allocation solves each household problem. For a given household, the com-
sumer solves

[e.e]
max Y B u(c}) (1)
t=0
Subject to the following budget constraint
4 g5, — 5 <wi4dE Vi (2)
5>0
Goods and financial markets clear
1 2 __ .9 b _
Gt =wt+w+d=wVt (3)
5 +5>1Vt (4)
From the initial problem, a symmetric allocation implies the following:

. ~1 Ag_w9+wb+d_8+1+1

=c; = =5Vt 5
¢ =c; =c; > 5 (5)

(ii) Compute the equilibrium prices.

The Euler equation for a symmetric equilibrium is also satisfied. Since u'(c?) = u/(c?) and v/(c9) =
u/(c?) obtain the following:
u'(c?) q+d  u(I)

Fuld) " g (@) ©

1_q+d
g q
Then, using d = 1, the equilibrium prices satisfies:
B p
= d=
1=1 5= 13 (7)



(iii) Given the endowment, find the intial asset holdings 5} and 53 such that in equilibrium,
¢} =¢2Vt. [Hint: You have to becareful when writing down the consolidated budget constraint for
the individuals.]

When the financial markets clear, (14), then, the aggregate resource constraint as well as the consumer
budget constraint are satisfied. Compute the steady state trade associated to the optimal consumption
level:
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Solve for the optimal share distribution by solving a linear system of equations:

2 v w9
p+d —p 50| | 9
[ —p p+d][§6]_ b_ ¥ (®)

Consumers of type 1 will recieve the a good shock in the intial period, while consumers of type 2
recieve a bad shock.

Compute the intial asset holdings 5} and 5(2], using the following subsitutions for the equilibrium price
(7),d=1,wI =8, wb =1, and % =5 into (8), to obtain:

p+d —p [ 8] YW
= 2
sl Wb — =
—p p+d ]| 35 | 2
1 8 7
— - o -
1-p 1-p3 50 B [ _3 }
S T
1-3 1-38 |
Solving for 5} and 32 in the previous equation will obtain the following:
—- 1 5 —1
_2 -
SOl 1-5 1-p [ _3 ]
g S U
L 1-8 1-p
— 1 ﬁ
5(2) 1+8 140 [ _3 ]
I3 R O S B
L 1+38 1-3
] - 43 -3
56 L+
= (9)
i 5(1) | 4—-30
L 1+3
From (9), obtain the initial asset holdings for §2 = —— 5 and 5 = 4-36
’ S N e



(b) Suppose that consumers cannot borrow or lend. Define an equilibrium for this liquidity constraint economy.

Definition An Arrow-Debreu equilibrium is an allocation {{c, 5 }{°,}?_; and a sequence of prices
{qt,7¢}72 such that the allocation solves each household problem. For a given household, the comsumer

solves
0 .
max Z B u(ch) (10)
t=0
Subject to the following budget constraint
g5l — ) <wi+dsivt (11)
5> —A
Goods and financial markets clear
1 2 __ .9 b _
G+ =w+w+d = wVt (12)
(13)

5 +5 > 1Vt
c¢) Compute the stochastic discount factor for this economy and compare it with the complete markets solution
p y b %

Let M represent the stochastic discount factor and r the interest rate. The stochastic discount factor is
the price of pure discount bond. Using the following formula, can switch from either case,

1
1+7r

M:

(14)

The stochastic discount factor is determined by the Euler equation, where the superscript ¢ indicates the
complete market.
o /BU/(CH—I)

M€ = () (15)

Consumptions are constant across periods because there exists perfect risk sharing in the case of com-
plete market

Ct = Ct4+1 = Ct42 = ... (16)

In the complete market, the stochastic discount factor is obtained by using the constant consumption (16),
and subsititing into (15):

. Bu(e)
M=) ~

In the liquidity constrained market, [ will denote the liquidity constrained market , the stochastic discount
factor is determined by the agents who recieved the good shock.
pu' (<)

M= ) (18)

(17)



In this market, the consumption of the agent who recieved the good shock is greater than or equal to the
agent’s consumption with bad shock. (= ¢ > )

Using above, as well as the fact that the marginal utility is decreasing, (= u’ < 0), obtains

u'(e?) <l () (19)

The stochastic discount factor In this market is obtained by using the (19), and subsititing into (18) to
obtain the following relationship:

Bu' (c?)
M= > 20
u,(cg) - 6 ( )
From (17) and above (20), obtain

M > Me (21)

The stochastic discount factor is greater in the liquidity constrained market than in the complete market
due to the constraints. It would become the same if the liquidity constraint did not bind.



(d) Consider the function

(1)

FL(e9) =/ (¢9) (¢ — 8) + B/ (10 — ¢9)(9 — ) (22)

Show that when 3 = 0.9, F¥(¢9) > 0 and that ¢ = 5 satisifies all of the equilibrium conditions for the
liquidity constraint economy for the right choice of 5.

From the initial problem and above conditions, plug each of the following: u(c?) = log(cl),
¢ =5=c9=5,and 8 =.9 into (22) to obtain:

FE(e) Cgc; 8 . ﬂl(é)_—;g)
Fls) - 5 ; 8 (.91)(59_55)
FL(s) = 12>0 (23)

From the above calculations, (23), obtain F¥(c9) =.12 > 0 when ¢, =5 and 3 = .9

Using the above calculations, prove all of the equilibrium conditions for the liquidity constraint econ-
omy for the right choice of 3. To prove this, find price system and asset holdings and check whether
or not they satisfy the budget constraint, the Euler equation, and the market clearing conditions

From the budget constraints, (9), using the given value for § = .9, obtain each asset holding

A43-3 4x09-3 06
b
y 1+ 8 1+09 19
4-38 -3x09+4 1.3
g _ — =2 _0.684
y 1+ 8 1+0.9 1.9

From the pricing equation (7), using the given value for 5 = .9, obtain

B 09
S 1-44 1-09

q 9 (24)

From above, obtain the equilibrium solution from this ecomony.

qg =9

s = 0.316
s = 0.684
& = 9=05

(25)
Show that when 3 = 0.2, the solution of F(c9) =0 and ¢? € [5,8] is such that
PO e if wi =38
T 10—¢f if wi=1

is an equilibrium allocation for the right choice of 5. (Hint: You can find the solution of FL(c9) =0
by solving a quadratic equation)

From the initial problem and above conditions, plug each of the following: u(c’) = log(ci) and 8 = 0.2
into (22) to obtain:

cg—8+6(9—cg)

FL(CQ) - c9 10 — ¢9

(26)



To solve (26), using the given hint can solve F'*(c9) = 0 by applying quadratic formula.

cg—8+6(9—cg)

0 pr—
c9 10 — ¢9
d—-8  (0.2)(c¢?—9)
c9 N 10 — 9
(¢?=8)(10—¢) = 0.2¢9 7 —9)
—c®9 +18¢9 —80 = 0.2¢%9 —1.8¢7
1.2(¢)% —19.8¢ +80 = 0 (27)

Apply the quadratic formula to (27) to find solution(s) for for 9.

_19.841/(—19.8)% — 4(12)(80)
‘2= 2(1.2)

From above will obtain the following solutions:

9~ 943 (28)

C

¢y~ 7.069 (29)

Since must apply ¢f € [5, 8] from the intial problem setup, choose c5 ~ 7.069.

Using the above calculations, prove all of the equilibrium conditions for this economy for the right choice
of 5%. To prove this, find price system and asset holdings and check whether or not they satisfy the budget
constraint, the Euler equation, and the market clearing conditions

From the budget constraints, here the liquidity constraint binds thus, using the given value for g = .2,
obtain each asset holding

Using that u(c) = log(ct), and from the Euler equation, (6), and 8 = .2, the agent with good shock, obtain
the price system

pu'(h) g
u'(c9) q+d
pef) 4
w'(c) q+d
g = 0.2¢9(q+d)
g = m — 0.9318

From above, obtain the equilibrium solution from this ecomony.

g = 0.9318
s = 0
9 =1
& = 2931
9 = 7.069



2. (Equilibrium with Endogenous Borrowing Constraints) Consider the economy from the previous ques-

tion.

However, we assume that consumers face borrowinf constraints of the for

o0 oo
Zﬂi logciﬂ- > Zﬁi logwiﬂ- Vi, 1

j=0 7=0

but otherwise the definition of equilibrium is the same as in part (a).

(a.)

(b.)

(c.)

Provide a motivation for this environment and explain the economic initution of the constraint.

o) [e.e]

(1=8)) 8 u(d) > (1-8)> B tulwh) Vi (30)

T=t T=t1
~

(4) (B)

At no time should the borrower see defaulting as optimal choice. At any time each household may choose
to default on credit payments and walk away from the credit market. If the consumer chooses to default,
the punishment is an exclusion from all future activity in the credit market. At no time should the value
of choosing to default (see (B)) should not exceed the value of staying in the market (see (A)). . In other
words, the value of continuing to participate in the economy is no less than the value of walking away.
Lenders will never loan to the borrower so that the borrower will choose to default. They will never lend
so much to consumers that they will choose bankruptcy.

Define an equilibrium for this debt constaint economy.

Definition An equilibrium is an allocation {cf,c?}?°, and a sequence of prices {q:}$2, such that each
consumer i solves

maXZﬁtu(Ci) (31)
t=0
Subject to the following budget constraint
Zpt = Zpt(wi + shd) ¥ all periods (32)
t=0 t=0
Financial markets clear
a+cd=w+w+d=wVt (33)
Consider the function
FP(e%) = u(c?) —u(8) + Blu(10 — ) —u(1)] (34)

(i.) Show that when 8 = 0.9, FP(¢9) > 0 and that ¢ = 5 satisifies all of the equilibrium conditions for
the debt constraint economy for the right choice of 56.

From the initial problem and above conditions, plug each of the following: u(c?) = log(ci),
¢ =5=c9=5,and 8 =.9 into (34) to obtain:

FP(9) = u(c?) —u(8) + B (u(10 — ) — u(1))

FP(B) = u(5) —u(8) + (.9)(u(10 — 5) — u(1))

FP(5) = log(5) —log(8) + (.9)(log(5) — log(1))

FP(5) = 09785 (35)



From the above calculations, (23), obtain F'*(c9) = 0.9785 > 0 when ¢, = 5 and 8 = .9. To show
that those consumptions are in equilibrium find price system and check whether or not they satisfy
the budget constraint, the Euler equation, and the market clearing conditions.

JFrom the Euler equation of agent with good shock,

pu(d) _ a
u'(e9)  q+d
q
e
¢ = (0.9)(¢g+4d)
(0.1)¢ = (0.9)
g = 9



(ii.) Show that when 3 = 0.2, the solution of FP(c9) =0 and ¢f € [5,8] is such that
S 9 if wi =8
P71 10-¢9 ifuwi=1

is an equilibrium allocation for the right choice of 5). (Hint: If 3 = .2, the solution to FP(c?) = 0
and ¢4 € [5,8] is approximately ¢/ ~ 6.09076) From the initial problem and above conditions, plug

each of the following: u(c) = log(c}) and 3 = 0.2 into (34) to solve FP(c9) = 0:
FP(e9) = u(c?) — u(8) + Blu(10 — ¢7) — u(1)] (36)

After subsitutions, will use log properities and algebra to covert (36) into a higher order polynomial
in which Maple will find the solution(s).

= log(c?) —log(8) + (.2)(log(10 — ¢7) — log(1))
= log(c?) — log(8) + log(10 — ¢7)"

c9(10 — ¢9)0-2
0 = loglo <( 3 ) >

| - c9(10 — ¢9)0-2
N 8
8 = 9(10 —¢9)"2

8 = (c¢")’((10 - c9)7)
32768 = 10c%9 — %
(c9)% —10(c9)° +32768 = 0  Let ¢/ —x
2% —102° 432768 = 0 (37)
Using Maple, (see code below), obtain the following solution for FP(c¢9) = 0 in which ¢9 € [5, §].
> z:= x"6-10*x"5+32768;

6 5
z :=x - 10 x + 32768

> fsolve(z, x, 5..8);

6.090760678
Therefore, when 3 = .2, the solution to F'?(c9) =0 and ¢ € [5,8] is ¢ ~ 6.09076. Find price system
and check whether or not they satisfy the budget constraint, the Euler equation, and the market
clearing condition.

From the Euler equation of agent with good shock,

pu'()y g
u'(c9) q+d
Bt  _ _a
w'(cP) q+d
@ = 02¢9(q+d)
9
g cb((iQO);cg — 0.452

From above, obtain the equilibrium solution from this ecomony.

qg = 0.452
& = 3.90924
¢ = 6.09076



(d.) Compute the stochastic discount factor for this economy and compit it with the liquiidty constraint model.

Do you think these two economies can predict the same pattern for asset price movements?

Let me start with the final conclusion. The stochastic discount factor in the debt constraint economy is
smaller than that in the liquidity constraint economy. Regarding interest rates, the interest rate in the
debt constraint economy is larger than that in the liquidity constraint economy because the interest rates
are negatively related to the stochastic discount factor.

The reason is that the liquidity constraint has less consumption smoothing and the debt constraint exhibits
a large degree of consumption smoothing as seen in the previous questions 1(d) and 2(c). The stochastic
discount factor is derived by the following equation:
o Bu()
W (c9)
As more consumption smoothing is obtained in the debt constraint economy, ¢® and ¢? are closer to
each other and so the stochastic discount factor gets closer to 3. However, in the liquidity constraint
economy,c® and ¢9 keep away from each other and so the stochastic discount factor can be much bigger
than . Therefore,the stochastic discount factor in the debt constraint economy is smaller than that in
the liquidity constraint economy. The difference of stochastic discount factors leads to different asset prices.

Unfortunately, the value of 56 that you calculated in the previous section when 3 = 0.2 is negative. Can
you think of another way to make the proposed steady state an equilibrium? Explain.

From the setup of the problem, the borrowing constraint allow the first consumer who recieves the good
productivity to have a permanent advantage over the other. One way to arrive at the steady state of
equilibrium is to impose a transfer payment from one consumer type to the other. In the liquidity model,
assign a budget constraint for the consumer who first has high productivity in the first period.

I+qg<wI+silg+d) —T (38)

In the debt constraint economy, transfer enough income so that the present discounted value of lifetime
incomes are equal.

Zpt(wtl +03d) — 7 = Zpt(w? +02d) + 7 (39)
t=0 t=0

Also, another way to attain a steady state in the debt constraint economy, introduce uncertainty before
the first period, giving both consumer types equal chances of having the high productivity first. Then
allow each consumer to write contingent contracts against the initial uncertainty.

(f.) Write down the endogenous borrowing constraint if the agent is allowed to save in an storage technology

with a return R > 0, following a default period.

If there exists storage technology, there exists no self sufficient economy. Derive the optimal self-storage
policy in case the consumer chooses to default. Denote u* as the optimal utility in the storage economy
where choose to default, where s;1; means the amount of savings at time ¢ + j

u* = max u(w; — 8¢) + fu(wiyr + iR — si+1) + ﬂzu(ng + 541 R — sp40) + ...

o0
= max u(wy — s¢) + Z Blu(wigj + sp4j-1R — St45)
j=1

10



(g.)

This optimal problem can be solved as in, HW#1, the Cake Eating Problem. The first order condition
can be obtained taking differentiation with respect to s ;.

du® - .
dser; =B (wegj + (st45-1) R — st45) + T R/ (wigjpr + s R — sepjt1)
J
W (Wij + (st4j-1)R = s145) = BRU (werjir + (s145) R — Sej+1)

From the Euler equation, the amount of savings can be determined and from here the the optimal storage
utility, u*, can be obtained.

oo . .
> Bulcty;) =
§=0

Y Bulcly;) > maxu(wr —si) + Y Fu(wiy + (sirj-1)R = ser))
: =

Bankruptcy law only preclude individuals from trading just for a finite number of periods. How would
you modify this constraint to accomodate this institutional feature.

Let there be a finite number of periods, 1. During the T periods, households will consume as if there exists
a self-sufficient economy, u*“ and after that consumers can access the original debt constraint economy.
Therefore, in case consumers chose to default, calculate the maximum utility, «™%*, that is attainable.

ﬁju(wiﬂ-) + out

S
3
8
I

j=0

The utility after T period can be calculated as follows:

o
T
= E B “u(ciJrTﬂ)
j=0

Subject to the following budget constraint and rationality constraint

Y priicry = D prii(Wii + sid) (40)
; =
Z 5T+jU(CiT+j) 2 Z BTHU(wiTﬂ) v (41)
j=0 =0

From, u®, the endogenous borrowing constraint becomes:

T
> i) 2 L putut) ()
7=0

11



3. (Equilibrium with Endogenous Borrowing Constraints and Uncertainity) We want to take the model
one step furteher and include uncertiainty along two dimensions. First, we assume thar income shocks are
persistent, and evolve according to a symmetric Markov process with a probability distrubution

H: Tgg Tbg | _ 1—m s
Tgb  Tbb s 1—m

w'|w

Second we assume i.i.d. dividend shock where v is the probability of recieving a good dividend shock d, = 3,
and 1 — v is the probability of recieving a bad dividend or aggregrate shock, d, = 1. Since we now have a
aggregate uncertainity we can still solve for a symmetric equilibrium, but consumption across states of nature
will differ due to aggregrate uncertainity.

(a.) Write down the market equilibrium in the endogenous borrowing constraint economy. [Hint: You should
be very careful when writing the endogenous borrowing constraint, since it could depend on aggregate
uncertainity.|

From the setup of the problem, the dividend varies across time, d;. Also, since aggregate uncertainty, the
good and financial market clear condition is
d+d=wl+u’+d = v
st4s2 < 1Vt (44)
Let the first superscript means the status of endowment shock while the second superscript indicates the
status of dividend shock, then

Denote the good dividend shock, as = 99 + ¥ = w9 + WP +d9 =T
Denote the bad dividend shock, as = ¢®* + P =wI + WP +db =w

The household problem is defined by each agent’s utility optimization problem:
i .
max Eo » _ 3 u(c}) (45)
t=0

Subject to the following budget constraint and rationality constraint

Ey Zpt cf; = Ky Zpt (w,’5 + sédt) (46)
t=0 t=0
(L=B)E Y Fuldy;) = (1=0)E Y Fulwiy) Vvt (47)
j=0 Jj=0

Definition An equilibrium in the debt constraint economy is an allocation {{c{, s:}22,}2_; and a sequence
of prices {p;};2, such that the allocation solves each household problem and satisfies the market clearing
condition.

12



(b). (i.) Solve for the equilibrium allocations when the borrowing constraint binds.

Since there exists aggregate uncertainty, the borrowing constraint depend on the status of dividend
shock.

Case 1: For the good dividend shock,

E Y Fuldy;) =

7=0
C )+ Zﬂf (1= m)yu(e) + (w)val) + (1 - )1~ Fu(e®) + (1)1~ )u())

u(c99) + »3((1 — m)yu(et) + (m)yu(c™) + (i - ;)(1 —Pule?) + (m)(1 — 7)u(c”))

B Buwiy) = u@)+ 3 # (1 - mu) + mu(w))
j=0 j=1
B - mu(w?) + Tu(w?))

= wu(w’)+ 15

Using above, obtain the rationality constraint as follows:

w(eo9) 4 0= myule??) + (mpyu(e) + (1= 1)1 = Pule’) + (D)1 = ()

1-p
— m)u(w?) + Tu(wb
> o + L) et
F(c99,e%) = (1= 8)(w(c?) —u(w?)) + B(((1 - 7T)W(ng) + (m)yu(d)

+(1 = m) (L = u(e®) + (1)1 = u(c”)) = (1 = m)u(w?) + Tu(W")))

= (1= B)(u(e) — u(w)) + B(L — m)(yu(c®) + (1 = y)u(c”) — u(w’))
+A(m) (yu(e) + (1 = y)u(c”) —u(w?))

Since ® = w — 99 and ¢ = w — 9°

F(e99,¢%) = (1= B)(u(c?) — u(w?)) + B(1 — ) (yu(c?) + (1 = y)u(c”) -
u(W?)) + B(m) (yu(@ — ) + (1 = Yu(w — ) — u(w’)) (48)

Case 2: For the bad dividend shock, calculate the rationality constraint with similiar methods as
above:

E; Z ﬁju(ciﬂ) =
7=0

_ (et 4 Z Bru((1 — mhyu(e®®) + (wru(e) + (1 - m)(1 - y)u(e) + (1)1~ Du())

_ . gb 5((1 — myu(et?) + (m)yu() + (1 = m) (1 = Nu(e?) + (1)(1 = y)u(™))
u(c?’) +
-3

B Fulwiyy) = u@w)+> (1 -muw) + mu(w’))
j=0 Jj=1
B(1 = mu(w?) + mu(w’))
1-p

(49)



From (48), the difference between the good and bad dividend shock deals with the first term in fol-
lowing: See below.

F(e9,¢%) = (1 = B)(u(c?) — u(w?)) +6(1 — ) (yu(c?) + (1 = y)u(e”) — ...
(A)

From (A) above, obtain the following function:

G(e?,¢7) = (1= B)(u(e™) —u(w’)) + B(1 — ) (yu(c?) + (1 = y)u(c®) —u(w’))  (50)

+B(m) (yu(@ — ¢99) + (1 = ufw — ) — u(w”))
Since the borrowing constraint is always binding, (G(c%9,¢9%) = 0). Households get an imperfect risk
sharing when the recieve a bad dividend shock, yet attain perfect risk sharing when the dividend is

good. From this can obtain the optimal consumptions:

99 — b9 —

IR

(51)

Calculate 9, from the binding condition, G(c%, ¢%®) = 0 and using the given ¢99. Lastly, obtain the
A from the equation ¢ + ¢ = w.

14



(ii.) Will the borrowing constraint always bind?
As dicussed in class, look at the economy in the extreme cases to see the overall effects on each
household. However, the parameters are not given, yet seeing the economy from this angle will see
how the parameters affect default decision.

~: As the value for v |, each household will recieve less dividend so that more likely to choose to
default,

B: As the value for § |, the value of current consumption more the consumption in the future. As (8
decreases, the household is likely to choose to default

m: As the value for m T, households have less persist shock to their endowment. If obtain good shock
today, then the comsumer will get bad shock tomorrow. Therefore has a higher probability will
choose to default today.

Listed below are the following parameters are such that the household is less likely to default.

6 =1
v =1 (52)
™ = 0

Using the extreme cases enables to predict when any household will chose to default. Allowing the
parameters in the extreme case, (52), if the comsumer chooses to default = then will default V
set or parameters.

Under the given parameters from (52) , F(c%9, %) from (48) and G(c99, ¢%%) from (50) are reduced
to:

F(c9,¢) = u(e) - u(w) (53)
G(e9,¢”) = u(e) - u(w) (54)
From observation, allowing v = 1, (54) will disappear because each household only gets a dividend
shock.
From the first solution, =— ¢%9 = w9 =9

Applying good market clearing condition, will obtain ¢, (= ¢’ = @ —¢99 = 3) to give allocation
when the household will choose to default in the extreme case. From here, this illustrated that
the borrowing constraint will bind for any set of parameters.
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(iii.) Calculate the stochastic discount factor in the presence of aggregate shocks.

The stochastic discount factor is determined by the marginal rates of substitutions of the household
with good endowment shock, since this is the first consumption. However, the dividend is stochastic,
which forces the stochastic discount factor to be stochastic as well. The stochastic discount factor
depends on the current status of dividend shock in this economy.

Case 2: For the good dividend shock, M9Y:

Eyu(cii1)
u(ct)
B = m)yu(e) + (m)yu(c) + (1 —m)(1 = y)u(e®) + (7) (1 = y)u(™))

= . (55)

MY =

Case 1: For the bad dividend shock, M?:

Eyu(ciy1)
u(ct)
_ B = m)yu(e??) + (m)yule) + (1 = m)(1 = y)u(e?) + (m) (1 = y)u(™)) (56)

ugb

M =
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