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1. Consider and economy with a representative consumer with preferences
described by Ey >0, 3" u(c;) where u(c;) = In(c; + ) where v > 0 and
¢; denotes consumption of the fruit in period t. The sole source of
the single good is an everlasting tree that produces d; units of the
consumption good in period t. The dividend process d; is Markov,
with prob{d;;1 < d'|d; = d} = F(d', d). Assume the conditional density
f(d',d) of F exists. There are competitive markets in the title of trees
and in state-contingent claims. Let p, be the price at ¢ of a title to all
future dividends from the tree.

(a) Prove that the equilibrium price p; satisfies

= (d, + E t g L)
o= () j=1 s (de + 7

Consumer optimizes the following household problem.

max Fj Z B u(e)

t=0

Budget constraint:
A = Ri(Av+y — 1)

where ¢, y;, A;, Ry indicate the consumption of an agent at time
t, the agent’s labor income, the amount of a single asset valued
in units of consumption good, and the real gross rate of return on
the asset between time t and t+1. The Euler equation gives the
following condition.

Ul(@t) = EtﬁRtUI(CtH)

The above equation does not spell out complete general equilib-
rium setups. Lucas’s asset pricing model does use general equilib-
rium reasoning.

Lucas model assumptions:



The labor income is zero.

The durable good in the economy is only a set of trees.
Representative agent assumption.

The fruit is nonstorable.

Recall ¢; = d; in a general equilibrium.

d
Letting R, = Pri1 + Qe , the Euler equation will be :
ygs
Et6UI(/Ct+1) (pt—H +dt+1> 1
u (Ct) 2
u'(cryn)

Py = EtﬁmQ)H-l + dit1)

Using the equilibrium condition ¢; = d;.

dy
pe = Eifp u((d+)1) (Pey1 + diy1)

Since u(c¢) = In(er + ),

(d¢ + 1)
= Ffg—-—" d
3 (dis + )(pt—i-l + diy1)
The price at time t+1 is as follows:
diyq +
P41 = Et+15—( as 7)

+d
(dt+2 +’Y> (Pt+2 t+2)

By plugging p;+1 back into py,

(d¢ +7) (diy1+7)

= F d d

Dt e (s +7) (drea + 7)( t+2 + dito) + dia
(dy + ) (di + ) o (di+7) )
= F — " dyq + —d + e 7
t <5 (dt+1 T 7) t+1 ﬁ (dt+2 ) t+2 B (dt+2 n 7)pt+2
Recursively,
E E J d + 1 E S L T
DPt+1 = L 3 dt-i—] t4j 3 ( dt+j n 7)ptﬂ



 (di )

Since lim;_, E;3’ mptﬂ = 0, we obtain the final pricing
J

formula.
dt + /Y

d .
dt—i—j t+)

Pir1 = By Z ﬁj

(b) Find a formula for the risk-free one-period interest rate Ry;. Prove
that in the special case in which {d;} is independently and iden-
tically distributed, Ry; is given by Rj,;' = Bk (d; + 7), where k is
a constant. Give a formula for k.

We now suppose that there are markets in one- and two-period
perfectly safe loans, which bear gross rates of return Ry; and Ry;.
At the beginning of time t, the returns R;; and Ry are known
with certainty and are risk free from the viewpoint of the agents.
That is, at time t, Ry,* is the price of a perfectly sure claim to one
unit of consumption at time (t+1), and Ry;' is the price of a per-
fectly sure claim to one unit of consumption at time (t+2). The
representative agent solves the following optimization problem:

ct,L1t41,Lat41

max  E Z Bru(c)
=0

subject to the budget constraint:
Cy + Loy + Loy < dy + Lyg 1 Ryp 1 + Lop oRay o

where Lj; is the amount lent for j periods at time t.

Using the Lagrange Multiplier method,
L= EoZﬁ u(cy)+ i(di4+Lag—1 Riy—1+Loy—oRoy_9—c;—Liy—Loy))

By taking differentiations with respect to {¢;, L1y, Lo }-
c o BB (u(e) —N) =0
Ly EoBY(BNs1Rie — M) =0
Lo o EoB'(B*AiraRar — M) =0
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Using the Markov property Ey = E;.

Ct . >\t = U/(Ct)
Ly + M\ = Ey(B 1 Ri)
Loy + N = Et(ﬁz)\tHRQt)

Combining the first-order conditions gives:

A (ein) -

Assuming the risk-free interest rates,

= ()

R; — (52 U/(Ct+2))

u'(c)

Since u(ct) = In(er + ),

_ ct +
R}'=FE
Y t<ﬁct+1+7>

_ c+y
thl — Et (62 t >
Ciy2 + 7Y

Recall ¢; = d; in a general equilibrium.
_ dy +y
1 ! ﬁdt—i—l +

o di + )
diya + 7

Ry = E, (ﬁ

By letting ki, = E ( ), the pricing formula can be ex-

dyr + 7y

R;tl = ﬁk’lt(dt + ’}/)

pressed as:



(c) Find a formula for the risk-free two-period interest rate Ry;. Prove
that in the special case in which {d;} is independently and iden-
tically distributed, Ry, is given by Ry = 3%k (d; + ), where k is
the same constant you found in part (b).

By letting ko = E} ( ), the pricing formula can be ex-

diro +7y
pressed as:

Ry = kg (dy + )

Let me show that ky; and ko are identical. Since d; are identically
distributed and follow the markov chain,

1
by = B[ ——
. ! (dt+2+7>

2. Consider the following version of the Lucas’s tree economy. There are
two kinds of trees. The first kind is ugly and gives no direct utility
to consumers, but yields a stream of fruit {dy;}, where dj; denotes a
positive random process obeying a first-order Markov process. The
second tree is beautiful and yields utility on itself. This tree also yields
a stream of the same kind of fruit ds;, where it happens that dyy = dy; =
(%) d; V' t, so that the physical yields of the two kinds of trees are equal.
There is one of each tree for each N individuals in the economy. Trees
last forever, but the fruit is not storable. Trees are the only source of
fruit.

Each of the N individuals in the economy has preferences described by

EOZﬁtu(ct,sgt) (1)

t=0
where u(cy, so¢) = Incy + v 1In(sy;) where v > 0, ¢; denotes consumption
of the fruit in period ¢ and s2t is the stock of beautiful trees owned at
the beginning of the period t. The owner of a tree of either kind i at
the start of the period receives the fruit d;; produced by the tree during
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that period.

Let p;; be the price of a tree of type i (where i = 1,2) during period
t. Let R; be the gross rate of returns of tree ¢ during that period held
from period t to ¢t + 1.

(a) Write down the consumer optimization problem in sequential and
recursive form.

Consumer optimization in a recursive form

The Bellman’s equation is given by

U(dt; S1t, 32t) = max (hl(ct) + 7111(527&) + Etﬁv(dt, S1t+1, 52t+1))

{ct,s1641,52t4+1}
where ¢; + presir1 + pusarr < (dy + pre)si + (do + par)Sae
Consumer optimization in a sequential form

The sequential form is given by

max  FEy Z B (In(cy) + v 1In(sa))
{ct,51¢+1,52t41} P
where ¢; + p1isies1 + parSorer < (dir + pie)Sie + (dat + par) Sor.

(b) Define a rational expectations equilibrium.

Definition The following is called the market clear condition

I I
Sg=>d )
i=1 i=1

I I
7 _ 7
Z Sit = Z s10=1
i=1 i=1
I I
i _ P
E :521: E S90 =1
i=1 i=1



where s, and s}, are each agent’s number of trees at initial time.

Definition A sequential household problem is defined by each
agent’s utility optimization problem:

max Ly Z B (In(c;) + v 1In(sz))

{ct,51¢4+1,52¢41} o

where ¢; + p1rsies1 + parSorer < (dir + p1e)Sie + (dat + par) Sor.

Definition A rational competitive equilibrium is an allocation,
{{eiotion, ({8t shi}i2o}izy, and a price system, {pus, pat}iZo,
such that the allocation solves each household problem and satis-
fies the market clear condition.

(c) Find the pricing functions mapping the state of the economy at ¢
unto py; and py (give precise formulas). [Hint: You should be able
to directly derive py; from the example seen in class, then since
pricing function have to be linear you can guess a pricing function
pot = kd, and solve for k parameter using Euler equation of the
second stock.]

I am going to use the sequential form to find a solution. Using
the Lagrange Multiplier,

L = EoY B ((In(c)+vIn(sa))

t=0
+ M((die + pre)sie + (dot + pat)Sar — ¢ — D1eSie41 — DatSaet1))

By taking differentiations with respect to {c¢;, S1¢41, S241}-

1
Ct Eoﬁt(c— — /\t) = 0

t

S1t41 - Eoﬁt(ﬁ)\t—&-l(dlt-&-l + P1er1) — Aep1e) =0
Soty1 - Ey5 (6)\t+1(d2t+1 + paty1) — Aepar + 0 i ) =0

S2¢4+1



Using the Markov property Ey = E;.

1
Ct . c— = )\t
f
| Ao
Si+1 ¢ pu = \ (dyt+1 + Pres1)
t
A
Sor41 ¢ par = BB AR (dot11 + paty1) + 5 i
At 32t+1/\t

Combining the first-order conditions, we can obtain the pricing
formula.

c
Pt = Etﬂ—t(dltﬂ + Pre41)

Ct+1
c c
P = Etﬁ—t (dot41 + pary1) + 5 i
Ct+1 Sot4+1
Recall ¢; = d; in a general equilibrium.
dy
P = Etﬁd—(dltﬂ + Pre41)
t41
d ~vd
Por = Etﬁd—t (dat+1 + par1) + B !
t+1 32t+1

Let us assume the linear form of the first tree’s pricing function.

D1t = kiedy

Next apply the above linear form to the Euler equation.
dy
kiedy = Etﬁd—(dltﬂ + Kiep1disa)
t+1

d
ki = EiBkuq + ES 1

di41

Recursively we obtain kq;.

NN
ki =FE Yy ==
; i+



Since we are given dy; = %dt.

1 =
. J
ki = 5B 8
7j=1
_B
2(1-5)
Let us assume the linear form of the second tree’s pricing function.
Par = kaedy

Next apply the above linear form to the Euler equation.

d
kod, = Etﬁ—(dztﬂ + kopp1dir) + 0 15

dy i1 Sot41

ko = EtﬁkthﬂLEtﬁ( 20 i )

dt+1 Sot+1

Recursively we obtain ky;.

— Zﬁj (d2t+] )

dt+ j Sot+1

Since we are given dy; = %dt and sg;+1 = 1 in equilibrium.

ko = EtZﬁj (%+7>

B B
P = (2(1—ﬁ)>dt
Dot = ( %—FV) %) d,
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(d) Prove that if v > 0, then Ryy > Ry V' t

The returns Ry, Ry are defined as:

Pit+1 + digta
Ry = pli41 T B4l
Pt

Dot+1 + dort1
R%:u

Y%
From the derived pricing equations,

1 1

5 (%) diy1 + §dt+1
L/ B
(125) @

1 1
(5 + 7) (%) dyyr + §dt+1

Ry =

Ry =
1 g
(277) (755)

By rearranging the equations,

1 1 — Bdip
Ry — Ryy=(1—
b= (1= g ) S0
If v > 0, then
Ry > Ry
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