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1. (Equilibrium with Exogenous Borrowing Constraints) Consider an economy with a continuum [0,1] of
consumers of symmetric types who live forever. Consumers have utility

> B'log(c})
t=0

Consumers of type 1 have an endowment steam of the single good in each period (w}, wi,wi,...) = (8,1,8,1,...)
while consumers of type 2 have (w3,w? w3,...) = (1,8,1,8,...). In addition there is one unit of trees that
produce d = 1 units of good at each period. Each consumer of type i owns 8} of such a trees in period ¢t = 0,

sb >0, 55 + 5% = 1. Trees do not grow or decay over time.

(a) Define an Arrow-Debreu equilibrium

Definition The following two equations are called the good and financial market clear conditions
1 2 __ .9 b _
G+ =w+w +d=wVt (1)

s%—i—sfSth (2)

Definition A household problem is defined by each agent’s utility optimization problem:
o0 .
maXZﬂtu(ci) (3)
t=0

Subject to the following budget constraint

¢+ qsiyy S wi+ (g +d)sp Vit (4)

Definition An Arrow-Debreu equilibrium is an allocation {{c’, s }$°,}?_, and a sequence of prices {g;}{2
such that the allocation solves each household problem and satisfies the market clear conditions.

Decide optimal consumptions

From symmetric allocation, we can find optimal consumptions:

wI+wb+d 84+1+1
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s;p+s; <1Vt (6)
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P =

— 5Vt (5)

c=cl=2

Compute the equilibrium prices

Using the Lagrange Multiplier,
L= maxz B (u(c)) + Me(wh + (g +d) st — ¢} — q8i11))
t=0

The following first-order conditions are obtained.
’U,/(Ct) + >\t =0

BA1(qe+1 +d) — Mge =0



Using the above equations, we have reached the Euler Equation.

U (ct) _ Q41 +d
5U'(Ct+1) qt

Since u'(c9) = u/(c’) and prices are independent of time,

u'(c9) q+d

Bu'(ch) q
q+d

1 —
B q
Finally the equilibrium prices are obtained using d = 1.

Find the initial asset holdings

From the budget constraint,
(q+d)s® — qs = % —w’

(q—l—d)sg—qsb:%—wb

At the initial time, the agent 1 is in good shock and the agent 2 is in bad shock,
50 = 57
53 =g
Next, the budget constraints can be written in a matrix form.

]2 )

This is a system of linear equations. Given conditions, d = 1, w9 = 8 and w® = 1, we can solve this linear
System.
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I have reached the initial asset holdings:
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(b) Suppose that consumers cannot borrow or lend. Define an equilibrium for this liquidity constraint economy.

The crucial feature of the liquidity model is that physical capital cannot be held in negative amounts, and
that there are no other securities that can be traded besides physical capital. Therefore, I want to add
nonnegativity of physical capital holdings to the Arrow-Debreu market.

Definition The following two equations are called the good and financial market clear conditions
G+ =w +w+d=wVt (11)

st4s? <1Vt (12)

Definition A household problem is defined by each agent’s utility optimization problem:

oo
max Z gt u(c}‘;) (13)
t=0
Subject to the following budget constraint
¢+ qsiyy < wi+ (g +d)s; Vi (14)
si >0

Definition An Arrow-Debreu equilibrium is an allocation {{c', s} }$2,}7_; and a sequence of prices {g:}{2
such that the allocation solves each household problem and satisfies the market clear conditions.

(c) Compute the stochastic discount factor for this economy and compare it with the complete markets solution

Before starting this question, I want to make it clear that the stochastic discount factor is the price
of pure discount bond so that it has a negative relationship with corresponding interest rate. We can
switch from one to the other using the following equation:




where m and r mean stochastic discount factor and interest rate respectively.

The case of complete market

The stochastic discount factor is determined by the Euler equation.

c_ ﬁu/(ctJrl)
u'(cr)

where the superscript ¢ indicates the complete market.

In the case of complete market, we can get a perfect risk sharing, meaning that consumptions are constant
across periods.

Ct = Ct4+1 = Ct42 = «oetvv

Hence, the stochastic discount factor in the complete market is derived as:

e _ B (cryn)

" u'(ct)

The case of liquidity constrained market

In the liquidity constrained market, the stochastic discount factor is determined by the agents with good
shock. b
m! — pu'(c?)
u/(c9)

where the superscript [ indicates the complete market.

In the liquidity constrained market, the consumption with good shock is greater than or equal to the
consumption with bad shock.
I >

Since the marginal utility is decreasing,

() <l ()

We have arrived at the stochastic discount factor in the liquidity constrained market.

i)

/' (c9)

= p

mb > me
The conclusion is that the stochastic discount factor is bigger in the liquidity constrained market than
in the complete market. More exactly, if the liquidity constraint does not bind, two stochastic discount
factors will be the same. Otherwise, they could be different. I would like to mention that the interest

rate is smaller in the liquidity constrained market than in the complete market because interest rate is
negatively related to the stochastic discount factor.

(d) Consider the function
FE(e9) =/ (¢9)(¢9 — 8) + fu/ (10 — ¢7)(9 — ) (15)

The case of 3 =0.9




Show that when 8 = 0.9, F¥(¢9) > 0 and that ¢, = 5 satisfies all of the equilibrium conditions for
the liquidity constraint economy for the right choice of 56.

FL(e) = 4/ (¢9)(¢9 —8) 4 Bu/(10 — ¢9)(9 — ¢9)

d—8 [(9—)

c9 + 10 — ¢9

5-8  (.9)(9-5)

) 10-5

= 0.12 (16)

I have proved that F*(c?) = .12 > 0 when ¢ = 5 and 3 = .9. Next let me show that those consumptions
are in equilibrium. To prove this, we need to find price system and securities holdings and check whether
or not they satisfy the budget constraint, the Euler equation, and the market clearing conditions.

From the budget constraints,

y_48-3 _4x09-3 0.6

= =— =0.316
ST 113 1+09 19
4-38 —-3x09+4 1.3
9 = = = — =0.684
R 1+0.9 1.9
From the pricing equations,
I} 0.9
=17 °371-09 (17)
Equilibrium solution
q 9
s* = 0.316
s9 = 0.684
& = I9=05

This equilibrium solution is calculated such that it satisfies all of the equilibrium conditions: the budget
constraint, the Euler equation, and the market clearing conditions.

The case of 3 =0.2

Show that when 3 = 0.2, the solution of F*(c9) = 0 and ¢9 € [5, 8] is such that

S 9 ifw%zS
t 10-¢? ifwj=1

is an equilibrium allocation for the right choice of 5.

Since u(c) = log(ct) and 8 = 0.2,

g _ 8 9 — 9
P =28 P02 (15)
Setting FL(c9) =0
FL(Cg) g —8 ﬁ(gicg) —



-8  (c¢9-9)
9 5(10 —¢9)
5(c? —8)(10 — ¢7) — c9(c? —9) =0

6(c?)? —99¢? 4400 = 0

By the quadratic formula, we solve for ¢9.

99+ ,/(99)% — 4(6)(400)
N 12

9
The following solutions have been obtained.
¢ =7.069 or 9.43 (19)

The choice of the first solution ¢/ = 7.069 gives us F*(c9) = 0 and ¢ € [5, §]

Like the previous case, we need to find price system and securities holdings and check whether or not
they satisfy the budget constraint, the FEuler equation, and the market clearing conditions. Since the
liquidity constraint binds in this case, the securities holdings are determined as:

=0
s9=1

From the Euler equation of agent with good shock,

pu() g
w'(c9)  q+d
pef) 4
w'(cP) q+d
g = 0.2¢9(q+d)
(0.2)cv
= ——— =0.9318
a cb —0.2¢9
Equilibrium solution
g = 0.9318
£ =0
9 =1
¢ = 2931
g = 7.069

This equilibrium solution is calculated such that it satisfies all of the equilibrium conditions: the budget
constraint, the liquidity constraint, and the market clearing conditions.



2. (Equilibrium with Endogenous Borrowing Constraints) Consider the economy from the previous ques-
tion. However, we assume that consumers face borrowing constraints of the form

o oo
Zﬂi logciﬂ- > Zﬁi logw;‘;ﬂ- Vt,i
j=0 J=0

but otherwise the definition of equilibrium is the same as in part (a).

(a) Provide a motivation for this environment and explain the economic initution of the constraint.

At any point in time, households have an incentive to renege on their claims and walk away from the
credit market. If they choose to default, they are excluded from all further participation in intertemporal
trade. However, they still have claim on endowment from human capital as we consider the human capital
as inalienable. This model requires some central authority to keep track of who has gone bankrupt and
to assure that their physical capital is seized. If they decide to default, households consume like autarky
economy because they cannot lend nor borrow any more from financial markets. Therefore, the households
face the following rationality constraint:

1=8)> B u(d) > (1-p)> B "u(wh)

T=t T=t

This says that in every period, the value of continuing to participate in the economy is no less than the value
of dropping out. The credit agency will never lend so much to consumers that they will choose bankruptcy.

(b) Define an equilibrium for this debt constraint economy.

Definition The following equation is called the good and financial market clear condition
GHci=w+wt+d=wVt (20)

sp4s? <1Vt (21)

Definition A household problem is defined by each agent’s utility optimization problem:
o0 .
max Z B ul(ch) (22)
t=0
Subject to the following budget constraint and rationality constraint

D peci = pilwi+ shd) (23)
t=0

t=0

(1=5)> B8 ulch) > (1=0)> B u(wh) V
T=t T=1

Definition An eguilibrium in the debt constraint economy is an allocation {{c}, si ;}7,}?_; and a se-
quence of prices {p;}72, such that the allocation solves each household problem and satisfies the market
clear condition.



(c) Consider the function
FP(9) = u(c?) — u(8) + Flu(10 — ) — u(1)] (24)

The case of 3 =0.9

Show that when 8 = 0.9, FP(c9) > 0 and that ¢ = 5 satisfies all of the equilibrium conditions for
the debt constraint economy.

FP(e%) = u(c?) —u(8) + 3 (u(10 — ) — u(1))

u(5) — u(8) + (0.9)(u(10 — 5) — u(1))

log(5) — log(8) + (0.9)(log(5) — log(1))

— 0.9785 (25)

I have proved that F'”(¢9) = 0.9785 > 0 when ¢} = 5 and 3 = .9. Next let me show that those consump-
tions are in equilibrium. To prove this, we need to find price system and check whether or not they satisfy
the budget constraint, the Euler equation, and the market clearing conditions.

From the Euler equation of agent with good shock,

pu'()y g
u'(c9) q+d
_ q
b= q+d
¢ = (0.9)(¢+d)
(0.1)¢ = (0.9)
q = 9
Equilibrium solution
q
¢ =
=

This equilibrium allocation is calculated such that it satisfies all of the equilibrium conditions: the budget
constraint, the Euler equation, and the market clearing conditions.

The case of 3 =0.2

Show that when 3 = 0.2, the solution of FP(c?) =0 and ¢9 € [5, 8] is such that
PO if wi=8
TV 10— ifwi=1

is an equilibrium allocation for the right choice of 3j. If 3 = .2, the solution to FP(¢9) =0 and ¢? € [5, §]
is approximately 6.09076.

Since u(c) = log(ct) and 8 = 0.2,




Setting FP(c9) =0
-8 BO-)
FD(cg) = - + 10 — oo =0
log(¢?) —log(8) + (0.2)(log(10 — ¢7) —log(1)) = 0
log(¢9) — log(8) 4 (0.2) log(10 — ¢?) =0
log(c?)?(10 — ¢9) = log(8°)
(c)°(10 = ¢) = (8°)
(¢9)% —10(c?)® +8° =0

Let us see if ¢9 = 6.09076 is a solution to the above equation. Since (6.09076)° — 10(6.09076)° + 8> = 0,
¢9 = 6.09076 is the solution to F”(¢9) = 0.

Like the previous case, we need to find price system and check whether or not they satisfy the bud-
get constraint, the Euler equation, and the market clearing condition. From the Euler equation of agent
with good shock,

pu(d) g
u'(c9) q+d
Bed) 4
u(cb) q+d
¢ = 0.2¢%q+d)
g
q = cb((iz()).;cg = 0.452
Equilibrium solution
q = 0452
&’ = 3.90924
¢d = 6.09076

This equilibrium allocation is calculated such that it satisfies all of the equilibrium conditions: the budget
constraint, the debt rationality constraint, and the market clearing conditions.

(d) Compute the stochastic discount factor for this economy and compare it with the liquidity constraint
model. Do you think these two economies can predict the same pattern for asset price movements?

Let me start with the final conclusion. The stochastic discount factor in the debt constraint economy
is smaller than that in the liquidity constraint economy. Regarding interest rates, the interest rate in the
debt constraint economy is larger than that in the liquidity constraint economy because the interest rates
are negatively related to the stochastic discount factor.

The reason is that the liquidity constraint has less consumption smoothing and the debt constraint exhibits
a large degree of consumption smoothing as seen in the previous questions 1(d) and 2(c). The stochastic
discount factor is derived by the following equation:

_ (<)

()
As more consumption smoothing is obtained in the debt constraint economy, ¢® and ¢ are closer to
each other and so the stochastic discount factor gets closer to 3. However, in the liquidity constraint
economy,c® and ¢9 keep away from each other and so the stochastic discount factor can be much bigger
than §. Therefore,the stochastic discount factor in the debt constraint economy is smaller than that in
the liquidity constraint economy. The difference of stochastic discount factors leads to different asset prices.




(e) Unfortunately, the value of 3} that you calculated in the previous section when 3 = 0.2 is negative. Can
you think of another way to make the proposed steady state an equilibrium? Explain.

In these borrowing constraint economy, the consumer who first has good productivity has a permanent
advantage over the other. The easiest way to compensate for this advantage and arrive at the steady state
is to impose a transfer payment from one consumer type to the other. In the liquidity model, we need the
budget constraint for the consumer who first has high productivity in the first period.

I+ q<wI+splg+d) -7

In the debt constraint economy, we need to transfer enough income so that the present discounted value
of lifetime incomes are equal.

Zpt(w% +05d) — T = Zpt(w? +02d) + 7
=0 t=0

Alternatively, in the debt constraint economy, we could introduce uncertainty before the first period, giv-
ing both consumer types equal chances of having the high productivity first, and allowing them to write
contingent contracts against this initial uncertainty.

(f) Write down the endogenous borrowing constraint if the agent is allowed to save in a storage technology
with a return R > 0, following a default period.

If there is storage technology, we cannot use autarky economy any more. In this case, we need to know
optimal storage policy if we decide to default. Let me denote v*!" the optimal utility in the storage economy
when we decide to default.

v = max u(wy — 5¢) + Bu(wirr 4+ $tR — se11) + BPu(wiys + se41R — Sp40) + .o
oo
= max u(w; — st) + > _ Fu(wrsj + s 1R = s14j)
j=1

where s;y; means the amount of savings at time ¢+j.

This optimal problem can be solved using Cake Eating Problem. The first order condition can be ob-
tained taking differentiation with respect to sy ;.
— U (Wigj + serjo1R — se5) + BT R (wig 1 + 5045 R — sepji)
U (Wit + St4j-1R — sp45) = BRU (Wi ji1 + S145R — Se4j41)

From the Euler equation, the amount of savings can be determined and finally the optimal storage utility

v can be found. Once we find v*!", the rationality constraint will be as follows:

[oe)
o .
> Bulciyy) > o
=0
where

oo
v = max u(wy — s¢) + Z Bu(wisj + St4j—1R — st45)
j=1

(g) Bankruptcy law only precludes individuals from trading just for a finite number of periods. How would
you modify this constraint to accommodate this institutional feature.



Let the finite number of periods be T. During the T period, households consume like autarky economy and
after that they can access original debt constraint economy. In this case I want to calculate the maximum
utility that they will receive in case of default.

max
v =

M-

ﬂju(wiﬂ-) + prut
7=0

The utility after T period can be calculated as follows:
oo
W= Z 5T+]U(C§+T+j)
j=0

Subject to the following budget constraint and rationality constraint

o0 o

> priicry =Y pry (W + sd) (27)
o0 o0 ]

> B u(dpyy) Z BT u(why ;) ¥ j

j=0

Once we find v*“*, the endogenous borrowing constraint will be like:

oo

¥l ) aut
> Bulcyy) > E Bu(wy ;) +v
J=0

!



3. (Equilibrium with Endogenous Borrowing Constraints and Uncertainty) We want to take the model
one step further and include uncertainty along two dimensions. First, we assume that income shocks are
persistent, and evolve according to a symmetric Markov process with a probability distribution

H_ Tgg Tbg | | 1—7 T

R T 1—7

w'|w

Second we assume i.i.d. dividend shock where v is the probability of receiving a good dividend shock d9 = 3,
and 1 — v is the probability of receiving a bad dividend or aggregate shock, d® = 1. Since we now have a

aggregate uncertainty we can still solve for a symmetric equilibrium, but consumption across states of nature
will differ due to aggregate uncertainty.

(a) Write down the market equilibrium in the endogenous borrowing constraint economy. [Hint: You should
be very careful when writing the endogenous borrowing constraint, since it could depend on aggregate
uncertainty.|

Definition The following equation is called the good and financial market clear condition in the case of
aggregate uncertainty.

e+ =wd b tdi=w Vi (28)
s+ st <1Vt (29)

In the good dividend shock,
A9t =wI b d =

In the bad dividend shock,
=t db=w

where the first superscript means the status of endowment shock while the second superscript indicates
the status of dividend shock.

Definition A household problem is defined by each agent’s utility optimization problem:
[e.e]
max Ey Z B u(ch) (30)
t=0
Subject to the following budget constraint and rationality constraint

o e.9]
E0Y pici=Eo > piwi+ shdy) (31)
t=0 t=0

(1=B)E Y Flulciyy) > (1= B)E Y Fulwyy) Vi
=0

j=0
where I would like to mention that the dividend in this budget constraint is time-varying.

Definition An equilibrium in the debt constraint economy is an allocation {{c}, s{}°,}7_; and a sequence
of prices {p;}72, such that the allocation solves each household problem and satisfies the market clear
condition.

(b) Solve for the equilibrium allocations when the borrowing constraint binds, and calculate the stochastic
discount factor in the presence of aggregate shocks. Will the borrowing constraint always bind? [Hint:
You can use the social planner problem to solve for efficient allocations.]



In this case, since there is aggregate uncertainty, the borrowing constraint depends on the status of divi-
dend shock.

The case of good dividend shock

Ery Fulciy;) = u(c)+ Zﬂf (1 = myu(e?) + (m)yu(c) + (1= m)(1 = p)u(e®) + () (1 = 7)u(c”))
j=0
ﬂ((l — m)yu(c??) + (m)yu(e) + (1 — m) (1 = Nu(c?) + (1)1 — y)u(c™))

u(c?) + -

EeY Fuwiy) = u@)+) #((1-muw) +mu(w))
=0 j=1
Bl = mu(w?) + mu(w))

= u(w’) + 15

Therefore, we can obtain the rationality constraint as follows:

B = m)yu(et?) + (m)yu(e) + (1= m)(1 = ule) + (m)(1 = Pu()

u(c?) + -

F(c9,¢%) = (1= B)(u(c?) — u(w?))
HB(((L = m)yu(e?) + (m)yu(e) + (1= m) (1 = y)u(e®) + (1) (1 = p)u(c)) = (1 - m)u(w?) + 7u(w’)))

F(c9,¢%) = (1= B)(u(c?) — u(w?)) + B(1 = m) (vu(c?) + (1 = y)u(c”) — u(w?))
+B(m) (yu(e) + (1 = p)u(c”) — u(w’))

Since ¢ = o — 99 and ¢ = w — 9°
F(c99,¢9%) = (1 = B)(u(c?) — u(w?)) + B(1 — m)(yu(c?) + (1 — y)u(c?) — u(w?))

+B(m) (yu(@ — ¢#) + (1 = Yulw — ) — u(w"))

The case of bad dividend shock

Similarly we can calculate the rationality consraint with bad dividend shock.

By Bulcly) = ule”)+ Zﬂ] (1 = m)yu(e?) 4 (r)u(e) + (1= m)(L = Du() + (ML = ()
j=0
B~ ) + () 5 (1 )0 () + (11— ()

u(c9?) + -

B> Fulwly,) = u@®)+ 3 F((1— mulw?) + ruw?)
j=0 j=1
B(1 = m)u(w?) + wu(w?))

= u(wd)+ 15




Noting that the first term in the right hand side only is different from the previous equation, we can get
to the following equation:

G(e9,¢%) = (1= B)(u(e?) = u(w?)) + B(L = m)(yu(c?) + (1 = y)u(c) — u(w?))

+B(m) (yu(@ — ) + (1 = Yulw — ) = u(w"))

Is the borrowing constraint always binding?

In this question, the parameters are not given. I am going to see what will happen in the extreme
case. For this purpose, I would like to see how the parameters affect default decision.

As (3 is decreasing, the value of current consumption is getting more valuable than that of future con-
sumption. It means that as § is decreasing, the household is likely to choose to default. How about 7 As
~ is decreasing, the household will get less dividend so that he is more likely to choose to default. In the
case of m, as 7 is increasing, the household has less persistence in endowment shock. It means that if he
has good shock today, then he will get bad shock tomorrow. Hence, more likely, he is going to choose to
default today. To sum up, the following parameters are such that the household is less likely to default.

B=1
v=1
=0

If the household will default in this extreme case, he will want to default for any set of parameters.
Under the given parameters, F/(c99,¢%) and G(c99, c9%) are reduced to:

F(c99,¢9%) = u(c99) — u(w?)

G(c99,¢9%) = u(c%) — u(w?)

As a matter of fact, the second function has no meaning because when « = 1 the household receives only
good dividend. From the first solution,
Ad9=wI=9

From the good market clearing condition,

A= — 99 =3

The solution ¢99 = 9 and ¢* = 3 means that the household will choose to default in this extreme case.
Hence I draw a final conclusion that the borrowing constraint will bind for any set of parameters.

Solve for equilibrium allocations

Since the borrowing constraint is always binding, G(c99,¢c9®) = 0. It means that households get an imper-
fect risk sharing when the dividend is bad, while they get perfect risk sharing when the dividend is good.
Hence, we can decide the optimal consumptions as follows:

99 — b9

ro| €1

Now that we know ¢%9, we can calculate ¢ from the condition G(c%9, %) = 0. Finally, it gives the value
& from the equation ¢9® + ¢? = w.



Calculate the stochastic discount factor

The stochastic discount factor is determined by the marginal rates of substitutions of the household with
good endowment shock. But since dividend is stochastic, the stochastic discount factor will also be sto-
chastic. That is, the stochastic discount factor depends on the current status of dividend shock.

In the case of good dividend

Eyu(cii1)
u(ct)

Bl = myu(c??) + (m)yu(c) + (1 = m)(1 = Yu(c?) + (1) (1 = y)u(c™))

md =

In the case of bad dividend

b Bru(e)
u(cr)

Bl = mhyu(c??) + (m)yu(c) + (1 —bﬂ)(l — Yule?) + (m)(1 = Yu(c”))




