Chapter 5

Stochastic Differential
Equations

We would like to introduce stochastic ODE’s without going first through the
machinery of stochastic integrals.

5.1 It6 Integrals and Ito Differential Equations

Let us start with a review of the invariance principle. Let {£, }nen be a sequence
of i.i.d. random variables such that E¢, = 0, E€2 = 1. Define X}V by

tn \/N ) Na =N ( )

and piecewise linear interpolation, then the invariance principle asserts that

xN 4w (5.2)

in distribution.
Alternatively, we can define {thx }_| by the recursion relation

XN = XN+ VAL, xV=o, (5.3)

where At = N~'. We can think of (5.3) as a forward Euler scheme for solving
the differential equation
dX, = dW, (5.4)

Obviously both (5.3) and (5.4) are a bit unusual. In (5.3), the multiplier in front
of &,41 is VAt instead of the usual At. In (5.4) we write dX; = dW; instead of
Xt = Wt. This is because Wt is not a standard stochastic process, but rather a
generalized stochastic process as in generalized functions. In fact one can define
W, as a Gaussian process with mean zero and covariance

K(s,t) =4(t —s).

41
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This is a very important process called the Gaussian white noise. But its
sample path are not the standard functions, but rather distributions, see [5].

We can now combine (5.4) with standard ordinary differential equation and
study

dX; = b(Xy, t)dt + dW;. (5.5)
One can think of this as the distributional limit of the forward Euler scheme
XN = XN+ Ath(Xy, ) + VA (5.6)

where as before {{"}52, is a sequence of i.i.d. random variables such that
E¢, =0, E€2 = 1. In fact if we denote by X}V the process obtained using (5.6)
and the piecewise linear interpolation, then

Theorem 5.1.1. There exists a stochastic process X; such that
E|X) - X;| < CVAt (5.7)
fort €10,1], where C is independent of At =1/N, and

EQ[X[QN,1]] —Eg[Xjo,y]| < CAt (5.8)

for any continuous functional g on C0,1], where C may depend on g but not
on At.

More generally, we can consider SDE’s of the type
dXt = b(Xt, W[O,t] y t)dt + U(Xt, W[O,t] ) t)th (59)

where B and sigma are functions of X; and ¢, and functional of Wy ;. Notice
that they are nonanticipative functional, i.e. the Wiener process up to time ¢
only enters the right hand-sidde of (5.9). (5.9) is defined it as the limit of the
forward Euler scheme

Xppy1 =X, + At b(Xn, ngn, tn) + VAt O'(Xn, ngn, tn)§n+1' (510)

where, for simplicity we have used the slightly abusive notation Xt]Z = X,. We
can also write this as

Xnt+1=Xn + A0( X, Win<n, tn) + 0(Xn, Win<n, tn) Whg1 — Wy).  (5.11)

where W; is the Wiener process and W,, = W, _.
A special case of (5.9) is stochastic integrals

dXy = f(Wy,t)dWy,  Xo =0, (5.12)

where f is continuous, whose solution can be expressed as

X, = /Ot FW,, 5)dWs. (5.13)
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The meaning of X; is define as the limit of

XnJrl - Xn + f(Wnytn)(WnJrl - Wn)v (514)
or in other words .
= Wy ) (Wyia — W), (5.15)
7=0

We can think of (5.15) as a “Riemann sum” in which the representative point
inside each subinterval is the left-most point. This definition of the stochastic
integral is called the Ito integral.

Ito integrals have several very special properties.

Theorem 5.1.2 (It6 isometry). It integrals satisfy
t
E/ f(Wy, 8)dW, =0,
0

E(/Otf(Ws,s)dWS)2 - /Ot Ef(W,, s)ds.
Proof. Let

Zf WJat Wit — Wj)7
7=0

then
n—ZE (Wi, 1) (W1 — W)

- ZEf(ijtj)E(WjH -W;)=0,
=0

where we use the fact that W; and W;;, — W; are independent. Similarly

El; = ZE (Wi i) f(W;, 1) (Wi — W) (Wjpa — Wj))
1,j=0

=Y EBfA(W), b))t — t))
3=0
where we use the fact that W;;1 — W; and W;;1 — W; are independent unless

1 = j. Taking the limit as At — 0, we obtain the equations in the theorem. [

Another important property of It6 integral is that X; = fo (Ws, 8)dW is
a martingale, i.e.
Ex, (Xt) = X,

where Ex_(X;) denotes the expectation of X; conditional on X,. However since
we will not discuss Martingale theory, we will not pursue this further.
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Theorem 5.1.3 (It6 formula). Let f be a smooth function, assume that X;
is the solution of the SDE (5.9), then g: = f(X¢,t) satisfies the SDE

df (Xe,t) = f(Xe,t)dt + f/(Xe, )dXy + 57 (X, 1)0” (X, t)dt

= f(Xe, t)dt + (f/(Xe, )0(Xey t) + 2 /(X4 )02 (X4, ) dt - (5.16)
+ f/(Xt, t)O'(Xt, t)th,

where f(x,t) = df/ot, f'(x,t) = df /0.

It6 formula is the analog of chain rule in ordinary differential calculus. How-
ever ordinary chain rule would give

df (Xy) = f( X, t)dt + f'( Xy, £)dXe.

Here because of the non-smooth nature of X;, we have the additional term that
depends on f”.

The proof of Itd formula can be outlined as follows. For simplicity we assume
that f does not depend explicitly on ¢t. We Taylor expand f(X,+1) — f(Xn)
using (5.10) and keeping terms up to O(At) using W11 — W, = O(V At):

f(Xn-i-l) - f(Xn)
f/(Xn)(XnJrl - Xn) + %f”(Xn)(XnJrl - Xn) +oee
f/(Xn)(Xn-‘rl - Xn) + %f”(Xn)(Atb(Xm tn)
+ (X tn) Wasr = Wa))? + O((A1)*?)
f/(Xn)(Xn-‘rl - Xn)
+ 57 (X0)o® (X t) W1 = Wa)? + O((A1)°/2).

The It6 formula follows in the limit as n — oo since

%fI/(Xn)UZ(Xnvtn)(Wn+l - Wy)? — %fI/(Xt)UQ(Xtat)dt
as implied by the following lemma which can be written formally as (dW;)? = dt.
Lemma 5.1.1. Let W; = Wy, with t; = j/N. Then

n

Z(WJ — Wj_1)2 —t  a.s.

j=1
asn,N — oo, n/N — t.

Proof. The limit of this sum can be estimated from
I~ nlgs,
TG =y
j=1 j=1
In this last expression n/N — t by assumption; the remainder is the rescaled

sum of the i.i.d random variables SJZ with mean equal to one which therefore
converges to 1 as n — oo by SLLN. O
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t
/ WdWs.
0

Using the definition of Ito6 integral, this integral is the limit of

Ezxample 5.1.1. We compute

S Wi (Wi = W5) = 5 (W = Wiga + Wy + Wiga) (Wi — W5)
5 j
= %Z(Wf—i—l - W_]2) - %Z(Wj-i-l - Wj)2'
j 3

Therefore ,
/0 WedW, = 1w — it. (5.17)

-2

This result can also be obtained via a straight forward application of It6 formula
which gives for f(z) = 3a?

1AW = WidW, + Ldt (5.18)
Integrating (5.18) we obtain (5.17).
Compared with the standard relation fot f(s)df(s) = F(f2(t) — f2(0)) for

smooth functions, we see the presence of the extra term —%t. It is forced to be

there by the relation E fg WedW, = 0.
We can express (5.17) as

t 1 [t
/ W,dW, — 5\/;m(vvt/\/%),
O .

where Hy(z) = 42 — 2 is the second order Hermite polynomial. In the same

fashion, we have
t s t
/(/ Wuqu)dWs - %/ (W2 — )W,
o “Jo 0

Using It formula, we have

t t
/ W2dW, = W} —/ Wds.
0 0

t t
/ sdWy = tW,; — / Wds,
0 0

/Ot (/O W dW,)dW, = % (%)3/2 Ha (W3 /V/20),

Hence, using

we obtain


Jaime
Pencil
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where H3(x) = 82° — 122 is the third order Hermite polynomial. As shown
below, we have for n > 2

t 31 th—1 1 " n/2
/ thl/ dWs, / W, = — <—> H, (W /V2t),

where H,(z) is the n-th order Hermite polynomial

Hy(z) = (—1)"e® <%)neﬁ.

Ezxample 5.1.2. We solve
dNt = OéNtdt + ﬂNtth (519)

Ito’s formula with f(z) = logx gives

1
dlog N; = F(aNtdt + BN dW;) — NZdt.
t

- Q2
v

Integrating we get
Ny = Ngexp (at — %5215 + ﬂWt) .

Note that if W; were smooth, we would have obtained
N; = Ny exp(at + SW).
For Ny =1 and a = 0, IV reduces to
Ny = exp (—%ﬁ% + ﬁWt)

Using Rodrigues’ formula,

2az—a? _ = Hﬂ(’z)a’n
e — E LA S
n!
n=0

this can be expressed as

N, — Z Wt/\/_ (2) .

But iteration of the equation for Ny shows that it can also be expressed as

tn—1
Nt_1+5Wt+ZB”/ thl---/ AW, .
0

n=2

We deduce that
t trn_1 1 ¢ n/2
/ dWy, / AWy, = — <§> H, (W, /V2t)
0 0

as asserted before.



5.2. NUMERICAL SOLUTIONS OF SDE’S 47

Ezxample 5.1.3. We solve
dX; = —yXidt + odW, (5.20)
This is the Ornstein-Uhlenbeck process. Using It6 formula we have
d(e" X)) = v Xydt + 'd X = o dW,
Therefore we get

t
X, =e "X, + a/ e 1t=s)qw,.
0

This is Duhammel principle applied to (5.20). Let

t
Q¢ = / e S aw,.
0
Q@ is a Gaussian process with mean and variance
EQ;=0
t
EQ? = / E(e 7=9))2(s
0
¢ 1
= 672'”/ 23 ds = —(1— 672'”)
0 2y

As t — oo, the variance goes to 1/2v. Thus as ¢ — co

2
d o
Xy — N[0, — 5.21
t ( 727) ( )

(5.20) is a special case of the so-called Langevin equations. More generally,
Langevin equation with potential function V() is given by

dX, = —VV(X,)dt + odW, (5.22)

5.2 Numerical Solutions of SDE’s

We will discuss accuracy and stability issues.

5.2.1 Accuracy

Let { X!} be the numerical solution of a SDE with time step size At, and {X;}
be the exact solution. There are two different notions of measuring the error
X; — XAt We say that { XA} converges to {X;} with strong order « if

max E|XA! — X,;| < C(At)® (5.23)
0<t<T
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holds with a constant C independent of At. We say that {X/A*} converges to
{X:} with weak order (3 if

At B
Jmax [By(X{) ~ By(X,)] < C(AN) (5.24)

holds with a constant C' independent of At but which may depend on the smooth
function g. It can be shown that o < 3, since

1
[Bg(X) — Bg(x)| < B(1X, — x| [ Iy, + 00X — x,)))9)
0
< ME|X; — X/,

where M = max|g’|.

Ezercise 5.2.1. Show that o = %, B =1 for the forward Euler scheme discussed
earlier.

In order to find numerical schemes that improve the order of accuracy, we
proceed as follows. Consider the SDE

From It6 formula, we have

df (Xy) = f/(X0)dXe + 27 (Xy)o” (Xy)dt
= (L1f)(Xp)dt + (Lo f)(Xe)dWy

where

Integrating, we get

t+At t+At
a0 = ) = [ ap)Xds+ [ (LapX)IV.  (5:20)
t t
Apply (5.26) with f(x) = b(x), and f(z) = o(x) respectively, and use the result
m t+At t+At
Xitar — X = / b(Xs)ds +/ o(X;)dWs,
t t
we get

Xipar = Xe + Ath(Xy) + 0( X)) Wigar —

t+ At t+At
/ / (L1b)(X;)drds —I—/ / (L2b)(X;)dW, ds (5.27)
t+At t+At
—|—/ / (Lla deW +/ / LQO’ dW dW
t t
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If we just keep the first two terms at the right hand side, we get Euler scheme.
Out of the four double integrals, the last one is the biggest. Approximate the
last integral by

t+At S
/ / (Loo) (X, )dW, dW,
t t

~ (Lyo)(Xy) /t o /t " awLaw, (5.28)

= 3(L20)(Xe) (Wisar — W) = At).

Since

E(W3, — At)* = EW}, — 2AtEW3, + (At)?
= 3(At)? — 2(At)? + (At)? = 2(At)?,
the term in (5.28) is of order At; we also have

E(W3, — At) = 0.

So the total error from the final term in (5.27) can be estimated as
1
E(total error)? ~ EO(AtQ) = O(At). (5.29)

This suggests that the error for the forward Euler scheme scales as O(v/ At).
This analysis also suggests an obvious extension of the forward Euler scheme
that promises to be more accurate.

Xt-l—At = Xt + b(Xt)At + U(Xt)(Wt+At — Wt)
+ 500" ) (X)) (Wigae — Wi)* — At).
This is the well-known Milstein scheme.

Despite the fact that Milstein’s scheme is formally more accurate, it also
uses the derivative of o. This is unpleasant for many applications.

5.2.2 Stability

5.3 Path Integral Representation

We have seen in Chapter 4 that the Wiener measure over [0, 7] can be formally
expressed as

T
duw = Z texp <—%/ h2(t)dt> Dh(-)
0
The solution of the SDE

dXt = b(Xt, t) + O'(Xt, t)th
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can be viewed as a map between the Wiener path Wy 7] and Xg 77:

[
Wio,r) — Xpo,17-

Consequently, ® induces another measures on C[0, T], which is nothing but the
distribution of Xg 77

We now ask the question how the measure duy change under the mapping
®? Let us first consider the case when ¢ = I. In this case, we claim the measure
dux can be formally expressed as

dux = Z texp (—%/O (h(t) — b(h(t),t))%t) Dh(-)

We proceed at the discrete level. The recurrence relation
Xnt1 = Xpn + (X, tn) At + W1 — Wi, Xo ==,
in principle allows to express X,, as a function of Wj,<,, and z, i.e.
Xn =@, (Win<n, ).

Therefore the expectation of any function F'(X,<n) can be expressed as
EF(Xn<n) = Zy' . F(®n<N (Ymen, ) exp (=11, oy (Yn<n)) Dyn<n
R

where Dy,<n =dy; ---dyn, Zn is a normalization factor, and ItnSN (Yn<n) is
the kernel defined in the last chapter

I

Yi-1)
Tt en (Ynsn) 22 t_; L Yo =1to =0
11—

In the expression above, we wish to integrate over
hy = @ (Ym<n, ),
instead of y,,. Since the recurrence relation for X,, implies that
Whi1 = Wy, = X1 — X — (X, tn) At

it follows that the kernel Iy, _ (yn<n) can be expressed in terms of h, <y simply
as

_ hi — hi—1 — b(hi_1,ti_1)At)?
ItngN(hnﬁN):%Z( 1t'—(t- 11 1) 4% ) Yo =1%o =0
i=1 v

On the other hand, the Jocobian of the transformation for y,,<xn to hn,<n is one

because the matrix
Oh,,

OYm
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is a lower triangular matrix (i.e. it has zero element above the diagonal) with
ones on the diagonal and hence has determinant one. Therefore we have

EF(X,<n) = Zy' /N F(hn<n)exp (=1t (hn<n)) Dhn<n
R
In the limit as At — 0, this expression formally gives

F[Xpomn) = /F[h[o,T]]duX [P0, 17]s

with the measure dux given before.

Quite remmarkably, we can give a rigorous meaning to these formal manip-
ulations. To see how, notice that the kernel I; _, (hn<n) can be expanded as
(using ti - ti,1 = At) h

N

; (hi = hiz1)* -
ItngN(hnﬁN):%Zsz_Zb(hz 1 tim1)(hi — hi—1) %Z hi—1,ti—1) At

i=1 i=1 =1

N N
:ItngN n<N Zb i— 17 h _hz 1 %Z z 1; At.

i=1
Therefore we can also express the expectation of EF(X,<n) as the ratio
EF(X,<n)=A/B.
Here
A=2y /RN F(hngn)e?" <) exp (=1, o (<)) Dhagy

=E (F( :SN)QQ(WsSN)) ;

and
B = ZR[I / eQhn<n) exp (_Itn<N (hngN)) Dhy<n
RN B

— Ee Q( n<N)

where W7 =z + W,, and

N
1§
b117 1_11_§ zl; At

Taking the limit as At — 0, we deduce that

n<N

Mz

i=1

E (e Wil Plwe T]])

EF(X,) = 5. ,
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where W* = x + W; is the shifted Wiener process and

T T
QWiom] = / bW, t)dW; — § / VAW, t)dt.
0 0

Quite remarkably, this expression simplify even more because one can show that
Ee?MWo.rl =1 and hence

EF(Xp ) =E (eQ[W[ﬁ,T]]F[W[ﬁ,Tﬂ)

This formula is known as the Girsanov formula. To see that Ec?MWiorl = 1, let

t t
Bt:/ b(Wf,s)dWs—%/ VA (W2, s)ds
0 0

so that
dB; = b(W,t)dW, — 16 (W, t)dt, By =0,
Therefore
dePt = ePrdBy + SeP 0P (WP, t)dt = ePrb(W, t)dW,
and we obtain .
ePr=1 +/ eBp(W2, s)dW,

0

The first It6 isometry then implies that
EeP' =1 Wt

and, in particular, Ee? = EefMWonl = 1.
The Girsanov formula asserts that dux and duy are absolutely continuous
with respect to each other with Radon-Nikodym derivative given by

1
dpx _ exp (/ (b(WZ,s)dX, — 2b* (WY, s)ds)> :
H 0

A special case of this representation is the Cameron-Martin formula, for the

transformation
X =Wi + ¢(t) (5.30)

where ¢ is a smooth function. This can be obtained from SDE with b(X,t) =
¢(t). In this case, we get

3’5—;{/ = exp (/01 (é(s)dWs -5 2(5)d5)> .

A slight generalization is the Girsanov formula. Consider two SDE’s:

dXt = b(Xt, t)dt + O'(Xt,t)th, XO =
dY; = (b(Yz, t) + c(Y, t))dt + o (Y, t)dWy, Yo =2
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(Note that the initial conditions are the same.) Then the distributions of X 7
and Y} 7} are absolutely continuous with respect to each other. Moreover the
Radon-Nikodym derivative is given by

d T T
dZ—;[X.] = exp (/O O(Xy, AW, — %/0 |¢(Xt,t)|2dt> ,

where ¢ is the solution of

o(z,t)p(x,t) = c(x, t).





