Financial Engineering 2005, HW 5

Problem: (Baxter and Rennie p 73 Ex 3.9). Prove:

Eofexp(0(ers — W.))| ] = exp(50°1).

Solution. .
First, recall that W, = W, +~t and 92 = exp(—yWr —7*T/2). We also
have the rule
Eol X Fy] = ¢ Epl G X0 F),

where ¢ = Ep[%2|F].
Proposition 1 For all s, ¢, = exp(—yW, — 7*s/2).

Proof of proposition.

d
B[SpVF] = Brlexp(—Wr —7T/2)|F

= eXp(—’sz/Q)E[P[GXp(—'Y(WT — W) exp(—yW;)| F]

= exp(—y°T/2) exp(—yWs) Eplexp(—y(Wr — W) | F]
= exp(—y°T/2) exp(—W) exp(v*(T — s))
= exp(—/W;) exp(—y7s/2).

Now, let LHS = Eglexp(0(Wyys — W,))|F.]. Then

LHS = ('EplCysexp(@(Wins — Wy + 1)) | F
exp(YWs) exp(7?s/2)
Eplexp(—yW,ys) exp(—72(t + 5)/2) exp(0W,, ) exp(—O0W,) exp(0yt) | F]
= exp(0yt) exp((y — O)W.) exp(—~"t/2) Bplexp((0 — 7)Wess) | F]
= exp(0t) exp(—7°t/2) Eplexp((0 — 7)(Wirs — W,)|F]
= exp(0t) exp(—7*t/2) exp((0 — 7)*t/2)
= exp(0*t/2).



