
Financial Engineering 2005, HW 5

Problem: (Baxter and Rennie p 73 Ex 3.9). Prove:

EQ[exp(θ(W̃t+s − W̃s))|Fs] = exp(
1

2
θ2t).

Solution.
First, recall that W̃t = Wt + γt and dQ

dP = exp(−γWT − γ2T/2). We also
have the rule

EQ[Xt|Fs] = ζ−1
s EP[ζtXt|Ft],

where ζt = EP[
dQ
dP |Ft].

Proposition 1 For all s, ζs = exp(−γWs − γ2s/2).

Proof of proposition.

EP[
dQ
dP

|Fs] = EP[exp(−γWT − γ2T/2)|Fs]

= exp(−γ2T/2)EP[exp(−γ(WT −Ws)) exp(−γWs)|Fs]

= exp(−γ2T/2) exp(−γWs)EP[exp(−γ(WT −Ws)|Fs]

= exp(−γ2T/2) exp(−γWs) exp(γ2(T − s))

= exp(−γWs) exp(−γ2s/2).

Now, let LHS = EQ[exp(θ(W̃t+s − W̃s))|Fs]. Then

LHS = ζ−1
s EP[ζt+s exp(θ(Wt+s −Ws + γt))|Fs]

= exp(γWs) exp(γ2s/2)

EP[exp(−γWt+s) exp(−γ2(t + s)/2) exp(θWt+s) exp(−θWs) exp(θγt)|Fs]

= exp(θγt) exp((γ − θ)Ws) exp(−γ2t/2)EP[exp((θ − γ)Wt+s)|Fs]

= exp(θγt) exp(−γ2t/2)EP[exp((θ − γ)(Wt+s −Ws)|Fs]

= exp(θγt) exp(−γ2t/2) exp((θ − γ)2t/2)

= exp(θ2t/2).
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