Chapter 23 - Interest Rate Derivatives: Models of the Short Rate.

The models for pricing interest rate options that we have presented so far make the assumption that the probability distribution of an interest rate, a bond price, or some other variable at a future point in time is lognormal. They are widely used for valuing instruments such as caps, European bond options, and European swap options. However they have limitations. They do not provide a description of how interest rates evolve through time. Consequently, they cannot be used for valuing interest rate derivatives such as American-style swap options, callable bonds, and structured notes. This chapter and the next discuss alternative approaches for overcoming these limitations. These involve building what is knows as a term structure model. This is a model describing the evolution of all zero-coupon interest rates (Note that when a term structure model is used we do not need to make the convexity, timing and quanto adjustments discussed in the previous chapter. This chapter focuses on term structure models constructed by specifying the behavior of the short-term interest rate, r.
23-1 Equilibrium Models
Equilibrium models usually start with assumptions about economic variables and derive a process for the short rate 
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. They then explore what the process for 
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 implies about bond prices and option prices.

The short rate, r, at time t is the rate that applies to an infinitesimally short period of time at time t. It is sometimes referred to as the instantaneous short rate. Bond prices, option prices, and other derivative prices depend only on the process followed by r in a risk-neutral world. The process for r in the real world is irrelevant. The risk-neutral world we consider here will be the traditional risk-neutral world where, in a very short time period between 
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that we present will be processes in this risk-neutral world.

From equation (21.19), the value at time 
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of an interest rate derivative that provides a payoff of 
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Where 
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 is the average value of 
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 in the time interval between 
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denotes expected value in the traditional risk-neutral world.

As usual we define 
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as the price at time 
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 of a zero-coupon bond that pays off $1 at time T. From equation (23.1),
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If 
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 is the continuously compounded interest rate at time 
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for a term (or tenor) of 
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So that 
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This equation enable the term structure of interest rates at any given time to be obtained from the value of 
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 at that time and the risk-neutral process for 
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. It shows that once we have fully defined the process for 
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, we have fully defined everything about the initial zero curve and its evolution through time.

23-2 Equilibrium Models

In a one-factor equilibrium model, the process for 
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involves only one source of uncertainty. Usually the risk-neutral process for the short rate is described by an Ito process of the form
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The instantaneous drift, m, and instantaneous standard deviation, s, are assumed to be functions of r, but are independent of time. The assumption of a single factor is not as restrictive as it might appear. A one factor model implies that all rates move in the same direction over any short time interval, but not that they all move by the same amount. The shape of the zero curve can therefore change with the passage of time.
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Rendleman and Bartter model
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Vasicek model
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Cox, Ingersoll and Ross model

23-3 The Rendleman and Bartter Model

In the Rendleman and Bartter model, the risk neutral process for r is:
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Where 
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and 
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are constants. This means that 
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 follows geometric Brownian motion. The process for  
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 is of the same type as that assumed for a stock price in Chapter 12.

Mean reversion 

The assumption that the short-term interest rate behaves like a stock price is a natural starting point but it is less than ideal. One important difference between interest rates and stock prices is that interest rates appear to be pulled back to some long-run average level over time. This phenomenon is known as mean reversion. When  
[image: image41.wmf]r

 is high, mean reversion tends to cause it to have a positive drift. The Rendleman and Bartter model does not incorporate mean reversion.

There are compelling economic arguments in favor of mean reversion. When rates are high, the economy tends to slow down and there is low demand for funds from borrowers. As a result, rates decline. When rates are low, there tends to be a high demands for funds on the part of borrowers and rates tend to rise.

23-4 The Vasicek Model

In Vasicek’s model, the risk neutral process for 
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 is:
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Where 
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 are constants. This model incorporates mean reversion. The short rate is pulled to a level  
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 at rate 
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.  Superimposed upon this “pull” is a normally distributed stochastic term 
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23-5 The Cox, Ingersoll, and Ross Model
In Vasicek’s model the short-term interest rate, 
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, can become negative, Cox, Ingersoll, and Ross have proposed an alternative model where rates are always nonnegative. The risk-neutral process for 
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 in their model is
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This has the same mean-reverting drift as the Vasicek model, but the standard deviation of the change in the short rate in a short period of time is proportional to 
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. This means that, as the short-term interest rate increases, its standard deviation increases.

23-6 Two-Factor Equilibrium Models
A number of researchers have investigated the properties of two-factor equilibrium models. For example, Brennan and Schwartz have developed a model where the process for the short rate reverts to a long rate, which in turn follows a stochastic process. The long rate is chosen as the yield on a perpetual bond that pays $1 per year.

23.7 No-Arbitrage Models

The disadvantage of the equilibrium models presented in the preceding few sections is that they do not automatically fit today’s term structure. By choosing the parameters judiciously, they can be made to provide an approximate fit to many of the term structures that are encountered in practice. But the fit is not usually an exact one and, in some cases, there are significant errors. 

A no-arbitrage model is a model designed to be exactly consistent with today’s term structure of interest rates. The essential difference between an equilibrium and a no-arbitrage model is therefore as follows. In an equilibrium model, today’s term structure of interest rates is an output. In a no-arbitrage model, today’s term structure of interest rates in an input.

In an equilibrium model, the drift of the short rate (i.e. the coefficient of 
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) is not usually a function of time. In a no-arbitrage model, this drift is, in general, dependent on time. This is because the shape of the initial zero curve governs the average path taken by the short rate in the future in a no-arbitrage model. If the zero curve is steeply upward sloping for maturities between 
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 has a positive drift between these times: if it is steeply downward sloping for these maturities, 
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has a negative drift between these times.

It turns out that some equilibrium models can be converted to no-arbitrage models by including a function of time in the drift of the short rate.

23-8 The Ho-Lee Model

Ho and Lee proposed the first no-arbitrage model of the term structure in a paper in 1986. They presented the model in the form of a binomial tree of bond prices with two parameters: the short rate standard deviation and the market price of risk of the short rate. It has since been shown that the continuous-time limit of the model is:
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, the instantaneous standard deviation of the short rate, is constant and 
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 is a function of time chosen to ensure that the model fits the initial term structure. The variable 
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. This is independent of the level of 
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The variable 
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 can be calculated analytically. It is:
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Where the 
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 is the instantaneous forward rate for a maturity 
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 as seen at time zero and the subscript 
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 denotes a partial derivative with respect to 
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. As an approximation 
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. This means that the average direction that the short rate will be moving in the future is approximately equal to the slope of the instantaneous forward curve. The Ho-Lee model is illustrated in Figure 23.3. The slope of the forward curve defines the average direction that the short rate is moving at any given time. Superimposed on this slope is the normally distributed random outcome.
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23.-9 The Hull-White Model
In a paper published in 1990, Hull and White explored extensions of the Vasicek model that provide an exact fit to the initial term structure. One version of the extended Vasicek model that they consider is:
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Where 
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are constants. This is known as the Hull-White model. It can be characterized as the Ho-Lee model with mean reversion at rate 
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. Alternatively, it can be characterized as the Vasicek model with a time-dependent reversion level. At time 
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. The Ho-Lee model is a particular case of the Hull-White model with 
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The model has the same amount of analytic tractability as Ho-Lee. The function 
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 can be calculated from the initial term structure:


[image: image83.wmf])

1

(

2

)

,

0

(

)

,

0

(

)

(

2

2

at

t

e

a

t

aF

t

F

t

-

-

+

+

=

s

q


The last term in this equation is usually fairly small. If we ignore it, the equation implies that the drift of the process for 
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at time 
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. This shows that, on average, 
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 follows the slope of the initial instantaneous forward rate curve. When it deviates from that curve, it reverts back to it at rate 
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Bond prices at time 
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 in the Hull-White model are given by:
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Where
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And
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Theses equations define the price of a zero-coupon bond at a future time 
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 in terms of the short rate at time 
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 and the prices of bonds today. The latter can be calculated from today’s term structure.
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