Chapter 6

Principles of Data Reduction

6.1 By the Factorization Theorem, |X| is sufficient because the pdf of X is
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6.2 By the Factorization Theorem, T'(X) = min;(X;/4) is sufficient because the joint pdf is
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Notice, we use the fact that ¢ > 0, and the fact that all x;s > 46 if and only if min;(z; /i) > 6.
6.3 Let x(1) = min; x;. Then the joint pdf is
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Thus, by the Factorization Theorem, (X(l), Do Xi) is a sufficient statistic for (u, ).
6.4 The joint pdf is
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By the Factorization Theorem, (Z;-L:l ti(X;),. .., Z;l:l t (Xj)) is a sufficient statistic for 6.
6.5 The sample density is given by
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B (219)11(1%[1)[(““?2—(9—1))I<maxa;i§9+1).

Thus (min X, /i, max X;/4) is sufficient for 6.
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6.6 The joint pdf is given by

a—1
1 n n
f($1,...,$n|04,ﬁ a 16_m7/ﬂ = ( ) x; e_Etrl/ﬂ,
i) ['(a) g Zl;[l

By the Factorization Theorem, (T, X;,> ., X;) is sufficient for (c, 8).

6.7 Let x(1) = ming{z1,..., 20}, T(p) = max{z1,..., 20}, yay = mingd{yi,...,yn} and yu,) =
max;{yi,...,yn}. Then the joint pdf is
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By the Factorization Theorem, (X(l), Xy, Yy, Y(")) is sufficient for (61, 02,03,04).
6.9 Use Theorem 6.2.13.
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This is constant as a function of 6 if and only if 4 = Z ; therefore X is a minimal sufficient
statistic for 6.

b. Note, for X ~ location exponential(d), the range depends on the parameter. Now
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To make the ratio independent of 6 we need the ratio of indicator functions independent
of 6. This will be the case if and only if min{xy,...,z,} = min{y1,...,yn}. So T(X) =

min{ Xy,..., X, } is a minimal sufficient statistic.
c.
fxl0) e~ Si(@i=f) [T, (14 e~ @02
B n (s — 2 -3 1‘,76
f(y16) 1, (1+ e (:-0) e~Zi(y;=0)

n (s — 2
= efzi(yz‘fzi) Hi:l (1 +e (y: 9))
H?:l (1 + e*(mi—e))

This is constant as a function of 6 if and only if x and y have the same order statistics.
Therefore, the order statistics are minimal sufficient for 6.

d. This is a difficult problem. The order statistics are a minimal sufficient statistic.
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e. Fix sample points x and y. Define A(0) = {i : z; < 0}, B(0) = {i : y; < 0}, a(f) = the

number of elements in A(#) and b(f) = the number of elements in B(#). Then the function
f(x10)/f(y|0) depends on 8 only through the function

Z|$i—9|—2|yi—9\
Z (0 —xi) + Z (z; —0) — Z (0 —yi) — Z (yi —0)
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= (a(0) — [n —a(0)] — b(0) + [n — b(6)])¢
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Consider an interval of s that does not contain any z;s or y;s. The second term is constant
on such an interval. The first term will be constant, on the interval if and only if a(8) = b(6).
This will be true for all such intervals if and only if the order statistics for x are the same
as the order statistics for y. Therefore, the order statistics are a minimal sufficient statistic.

6.10 To prove T'(X) = (X(1), X(n)) is not complete, we want to find g[T'(X)] such that E g[T'(X)] = 0
for all 6, but g[T'(X)] # 0 . A natural candidate is R = X(,,) — X(1), the range of X, because by
Example 6.2.17 its distribution does not depend on 6. From Example 6.2.17, R ~ beta(n—1,2).
Thus ER = (n — 1)/(n + 1) does not depend on 6, and E(R — ER) = 0 for all 6. Thus
9 Xy, Xy] = Xy — Xy —(n—1)/(n+1) = R—ER is a nonzero function whose expected
value is always 0. So, (X 1), X (n)) is not complete. This problem can be generalized to show
that if a function of a sufficient statistic is ancillary, then the sufficient statistic is not complete,
because the expectation of that function does not depend on #. That provides the opportunity
to construct an unbiased, nonzero estimator of zero.

6.11 a. These are all location families. Let Z(y),...,Z(,) be the order statistics from a random
sample of size n from the standard pdf f(z]0). Then (Z() +6,..., Z¢,) + 6) has the same
joint distribution as (X(y),..., X)), and (Y(1),...,Y¥(n—1)) has the same joint distribution
as (Z(n) + 60— (Z(l) +6),.. .,Z(n) + 60— (Z(n,1) +0)) = (Z(n) — Z(l), R Z(n) — Z(n,l)).

The last vector depends only on (Z1, ..., Z,) whose distribution does not depend on 6. So,
(Yay, ..., Y(—1)) is ancillary.

b. For a), Basu’s lemma shows that (Y7,...,Y,_1) is independent of the complete sufficient
statistic. For ¢), d), and e) the order statistics are sufficient, so (Y7,...,Y,,—1) is not inde-

pendent of the sufficient statistic. For b), X () is sufficient. Define Y;, = X(q). Then the joint
pdf of (Y1,...,Y,) is

n—1
— o=y, —0) ,—(n—1)y, Yi 0< Yn—1 < Yp—2<---<UY
f(ylv'-'vyn) n:e € He ) O<yn<OO
Thus, Y,, = X(y) is independent of (Y1,...,Y, 1).
6.12 a. Use Theorem 6.2.13 and write
fl@,n0)  f(z|0,N=n)P(N =n)
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The last ratio does not depend on 6. The other terms are constant as a function of 8 if and
only if n = n’ and = y. So (X, N) is minimal sufficient for §. Because P(N = n) = p,
does not depend on 6, N is ancillary for 6. The point is that although N is independent of
#, the minimal sufficient statistic contains /N in this case. A minimal sufficient statistic may
contain an ancillary statistic.

E(i) E(E(ﬁ’N)) _ E(;[E(X|N)) - E<]1VN9> ~ B = 0.
Var(?\([) Var (E <§‘N)> +E<Var <§‘N)> — Var(6) +E<]$2Var (X | N))
_ 0+E(NGJ(V129)> _ 0(19)E<i]>.

We used the fact that X|N ~ binomial(N, 6).

Let Y7 = log X; and Y5 = log X5. Then Y; and Y5 are iid and, by Theorem 2.1.5, the pdf of
each is

1
fyla) = aexp {ay — eV} = 1/—& { /o ey/(l/a)} —o0 <y < oo.

We see that the family of distributions of Y; is a scale family with scale parameter 1/a. Thus,
by Theorem 3.5.6, we can write Y; = éZi, where Z; and Zs are a random sample from f(z|1).

Then

logXy Y1 /)2, _Z

logXo Yo (L/a)Z, Zo
Because the distribution of Z;/Zs does not depend on a, (log X1)/(log X2) is an ancillary
statistic.

Because X1, ..., X, is from a location family, by Theorem 3.5.6, we can write X; = Z;+pu, where

Zi,...,Zy is arandom sample from the standard pdf, f(z), and p is the location parameter. Let

M (X) denote the median calculated from X7, ..., X,. Then M(X) = M(Z)+pand X = Z+p.

Thus, M(X) — X = (M(Z) +p) — (Z 4+ p) = M(Z) — Z. Because M (X) — X is a function of

only Zy,...,Z,, the distribution of M(X) — X does not depend on y; that is, M(X) — X is an

ancillary statistic.

a. The parameter space consists only of the points (6, ) on the graph of the function v = a6?.
This quadratic graph is a line and does not contain a two-dimensional open set.

b. Use the same factorization as in Example 6.2.9 to show (X, S?) is sufficient. E(S?) = af?
and E(X?) = VarX + (EX)? = a#?/n + 0% = (a + n)6? /n. Therefore,

2
E( n XQ—S>:< n )<“+"92)—1a92=0, for all 6.
a+n a a+n n a

Thus g(X, S?) = a_’ianz — 22 has zero expectatlon so (X, S5?) not complete.

The population pmf is f(x|6) = 0(1 —0)71 = [Loelos1=0)2 an exponential family with ¢(z) =
x. Thus, ), X; is a complete, sufficient statistic by Theorems 6.2.10 and 6.2.25. Y. X; —n
negative binomial(n, ).

The distribution of Y =}, X, is Poisson(n\). Now

Zg n)\v —nA

If the expectation exists, this is an analytic function which cannot be identically zero.
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To check if the family of distributions of X is complete, we check if E, g(X) = 0 for all p,
implies that g(X) = 0. For Distribution 1,

E,g(X) =) g()P(X = x) = pg(0) + 3pg(1) + (1 — 4p)g(2).

=0

Note that if g(0) = —3¢(1) and ¢(2) = 0, then the expectation is zero for all p, but g(x) need
not be identically zero. Hence the family is not complete. For Distribution 2 calculate

E, 9(X) = g(0)p + g()p* + g(2)(1 — p— p°) = [9(1) — 9(2)]p* + [9(0) — g(2)]p + 9(2).

This is a polynomial of degree 2 in p. To make it zero for all p each coefficient must be zero.
Thus, g(0) = g(1) = g(2) = 0, so the family of distributions is complete.

The pdfs in b), ¢), and e) are exponential families, so they have complete sufficient statistics
from Theorem 6.2.25. For a), Y = max{X,} is sufficient and
2n o,
f(y):ﬁ?f Lo0<y<#d

For a function g(y),

2n 2ng?n—1

0
Eg(Y) = / 9(y) g y*" 1 dy = 0 for all  implies g(@)eT =0 for all
0

by taking derivatives. This can only be zero if g(f) = 0 for all 6, so Y = max{X;} is complete.
For d), the order statistics are minimal sufficient. This is a location family. Thus, by Example
6.2.18 the range R = X(,) — X(1) is ancillary, and its expectation does not depend on 6. So
this sufficient statistic is not complete.

a. X is sufficient because it is the data. To check completeness, calculate
0 0
Eg(X) = 59(=1) + (1 = 0)9(0) + S9(1).

If g(—1) = g(1) and g(0) = 0, then Eg(X) = 0 for all 8, but g(z) need not be identically 0.
So the family is not complete.

b. |X| is sufficient by Theorem 6.2.6, because f(x|f) depends on x only through the value of
|z|. The distribution of |X| is Bernoulli, because P(|X| =0) =1—6 and P(|X| =1) = 6.
By Example 6.2.22, a binomial family (Bernoulli is a special case) is complete.

c. Yes, f(z|0) = (1 —60)(0/(2(1 — 0)I*| = (1 — §)el*Nosl0/CO=] " the form of an exponential

family.

The sample density is [, 027" = 0"([], z:)"~", so [[, X; is sufficient for 6, not >°, X;.

b. Because [[; f(z:|0) = gne@—1loeiz) oo (T], X;) is complete and sufficient by Theorem
6.2.25. Because [[, X; is a one-to-one function of log ([[; X;), [[; X;i is also a complete
sufficient statistic.

Use Theorem 6.2.13. The ratio

®

f(x|0) _ e_nl(fﬂ(n)/?»zu))(e)
f(Y|9) e_nl(y(n)/2»y(1))(9)

is constant (in fact, one) if and only if z(;) = yu) and ¢,y = Ym). So (X, Xn)) is a
minimal sufficient statistic for 8. From Exercise 6.10, we know that if a function of the sufficient
statistics is ancillary, then the sufficient statistic is not complete. The uniform(, 20) family is
a scale family, with standard pdf f(z) ~ uniform(1,2). So if Z1,...,Z, is a random sample
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from a uniform(1,2) population, then X; = 67;,...,X,, = 67, is a random sample from a
uniform(&,?@) population, and X(l) = 0Z(1) and X(n) = QZ(n) So X(l)/X(n) = Z(l)/Z(n)7 a
statistic whose distribution does not depend on 6. Thus, as in Exercise 6.10, (X (1), X(y,)) is not
complete.

If \=0, EA(X) = h(0). f A =1,
Eh(X) = e 'h(0 i (—.

Let A(0) = 0 and 3702, hfyﬂ) =0, so Eh(X) = 0 but h(z) # 0. (For example, take h(0) = 0,
h(1) =1, h(2) = =2, h(z) =0 for x > 3 .)

Using the fact that (n — 1)s2 = Y, 27 — nz?, for any (u,0?) the ratio in Example 6.2.14 can
be written as

7]0(}("”’02) = exp [:2 (le —Z%) - % (Zx? —ZZI?)] .

f(ylp, o?)

a. Do part b) first showing that _, X2 is a minimal sufficient statistic. Because (3, X;, >, X?)
is not a function of }_; X2, by Definition 6.2.11 (3=, X;,>_; X?) is not minimal.

b. Substituting 02 = p in the above expression yields

x|y, 1 2 2
;< I M; = exp lei—Zyil exp l_Qﬂ (sz —Z%)] :

(¥, p

This is constant as a function of p if and only if >, 27 = Y, y?. Thus, Y, X? is a minimal
sufficient statistic.

c. Substituting 02 = p? in the first expression yields

W_exp[ <sz zy)—;(z—zyﬂ

This is constant as a function of y if and only if >, 2; = > y; and Y, 27 = >, y2. Thus,
(3, X;, >, X?) is a minimal sufficient statistic.

d. The first expression for the ratio is constant a function of y and o? if and only if >, z; =
Sy and 3o 22 =3, y2 Thus, (32, X;, >, X?) is a minimal sufficient statistic.

a. This pdf can be written as

AP\ A Al
o= (5)(5) er (G)or (5-22)
This is an exponential family with ¢;(x) = z and ta(x) = 1/z. By Theorem 6.2.25, the
statistic (>, X;,>,(1/X;)) is a complete sufficient statistic. (X,T") given in the problem

is a one-to-one function of (>, X;,>";(1/X;)). Thus, (X,T) is also a complete sufficient
statistic.

b. This can be accomplished using the methods from Section 4.3 by a straightforward but
messy two-variable transformation U = (X7 + X3)/2 and V = 2)\/T = A\[(1/X1) + (1/X2) —
(2/[X1 + X3])]. This is a two-to-one transformation.
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6.29 Let f; = logistic(e,5;), § =0,1,..., k. From Theorem 6.6.5, the statistic

[T, fi(:) I, fk(l"i)) <H?_1 fi(z@)) ITi-, fk(%)))
H?:l fo(xi) T H?:1 fo(xi) H?:l fO(w(i)) Y H;L:l f0(m(l’)>

is minimal sufficient for the family {fo, f1,...,fx}. As T is a 1 — 1 function of the order
statistics, the order statistics are also minimal sufficient for the family {fo, f1,..., fx}. If F is
a nonparametric family, f; € F, so part (b) of Theorem 6.6.5 can now be directly applied to
show that the order statistics are minimal sufficient for F.

T(x) = (

6.30 a. From Exercise 6.9b, we have that X/, is a minimal sufficient statistic. To check completeness
compute fy, (y), where Y = X (). From Theorem 5.4.4 we have

n—1
Fruly) = Sx(y) (= ()" = 070 [0 = e @7,y g

Now, write E,, g(Y1) = f:o g(y)ne="W=1) dy. If this is zero for all , then f:o g(y)e™™ dy =0
for all v (because ne™* > 0 for all u and does not depend on y). Moreover,

0= % MOO g(y)e ™ dy} = —g(pe ™"

for all u. This implies g(p) = 0 for all p, so X (1 is complete.

b. Basu’s Theorem says that if X(;) is a complete sufficient statistic for u, then X ;) is inde-
pendent of any ancillary statistic. Therefore, we need to show only that S? has distribution
independent of y; that is, S is ancillary. Recognize that f(x|u) is a location family. So we

can write X; = Z; + p, where Zy, ..., Z, is a random sample from f(z|0). Then
1 - = 1 _
5% = X;—X)? = Z; -(Z . Zi — 7).
S - XY = S (Zik ) - (A ) = = (- 2)
Because S? is a function of only Zi,..., Z,, the distribution of S? does not depend on ;

that is, S? is ancillary. Therefore, by Basu’s theorem, S is independent of X(4).

6.31 a. (i) By Exercise 3.28 this is a one-dimensional exponential family with ¢(z) = 2. By Theorem
6.2.25, >, X; is a complete sufficient statistic. X is a one-to-one function of > X,
so X is also a complete sufficient statistic. From Theorem 5.3.1 we know that (n —
1)5%/02 ~ x2_, = gamma((n — 1)/2,2). S? = [0%/(n — 1)][(n — 1)S?/0?], a simple scale
transformation, has a gamma((n —1)/2,202%/(n— 1)) distribution, which does not depend
on u; that is, S2 is ancillary. By Basu’s Theorem, X and S? are independent.

(ii) The independence of X and S? is determined by the joint distribution of (X, S?) for each
value of (u,0?). By part (i), for each value of (i, 02), X and S? are independent.

b.(i) i is a location parameter. By Exercise 6.14, M — X is ancillary. As in part (a) X is a
complete sufficient statistic. By Basu’s Theorem, X and M — X are independent. Because
they are independent, by Theorem 4.5.6 Var M = Var(M — X+ X) = Var(M — X )+ Var X.

(ii) If S? is a sample variance calculated from a normal sample of size N, (N — 1)S2/o? ~
X% _1- Hence, (N — 1)*Var $?/(0%)? = 2(N — 1) and Var S? = 2(¢?)?/(N — 1). Both M
and M — X are asymptotically normal, so, My,...,My and M; — X1,..., My — Xn
are each approximately normal samples if n is reasonable large. Thus, using the above
expression we get the two given expressions where in the straightforward case o? refers
to Var M, and in the swindle case o2 refers to Var(M — X).

() on] e () v,

Divide both sides by E (Yk) to obtain the desired equality.

E(X*)=E (;(Y)k =E
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(ii) If ais fixed, T = )", X; is a complete sufficient statistic for 3 by Theorem 6.2.25. Because
0 is a scale parameter, if Z1, ..., Z, is a random sample from a gamma(«, 1) distribution,
then X(;)/T has the same distribution as (8Z;y)/ (8>_; Zi) = Zwu)/ (3_; Zi), and this
distribution does not depend on 3. Thus, X(;)/T is ancillary, and by Basu’s Theorem, it
is independent of T. We have

_p(fe - X | 1) indep. X part () E(X»)
E(X(i)IT)—E< T T‘T) —TE(T T TE( = =T

Note, this expression is correct for each fixed value of (a,3), regardless whether « is
“known” or not.

6.32 In the Formal Likelihood Principle, take F1 = Es = E. Then the conclusion is Ev(E, z1) =
Ev(E, xz9) if L(0|x1)/L(0|x2) = c. Thus evidence is equal whenever the likelihood functions are
equal, and this follows from Formal Sufficiency and Conditionality.

6.33 a. For all sample points except (2,x3) (but including (1,x7)), T(4,%;) = (4,%;). Hence,

9(T (G, x;)|0)h(G,%5) = 9((5,%;)10)1 = f*((4,%;)[6)-

For (2,x3%) we also have

TR = gL = FOOC = CoAN)
= CQLOK) = SL0) = LROGD) = F(2x)

By the Factorization Theorem, T'(J, X ) is sufficient.
b. Equations 6.3.4 and 6.3.5 follow immediately from the two Principles. Combining them we
have Ev(E1,x7) = Ev(Es, x3), the conclusion of the Formal Likelihood Principle.

c. To prove the Conditionality Principle. Let one experiment be the E* experiment and the
other E;. Then

LOIGx3)) = 1 (Gx0)16) = 3 F506,18) = L (Bly).

Letting (j,%;) and x; play the roles of xi and x5 in the Formal Likelihood Principle we
can conclude Ev(E*, (j,%;)) = Ev(E},x;), the Conditionality Principle. Now consider the
Formal Sufficiency Principle. If T'(X) is sufficient and T'(x) = T'(y), then L(0|x) = CL(8]y),
where C' = h(x)/h(y) and h is the function from the Factorization Theorem. Hence, by the
Formal Likelihood Principle, Ev(FE,x) = Ev(E,y), the Formal Sufficiency Principle.

6.35 Let 1 = success and 0 = failure. The four sample points are {0, 10,110, 111}. From the likelihood
principle, inference about p is only through L(p|x). The values of the likelihood are 1, p, p?,
and p3, and the sample size does not directly influence the inference.

6.37 a. For one observation (X,Y’) we have

1(0) = <§92 log f(X, Y|9)> - E( 2913/) _ 2531/

But, Y ~ exponential(f), and EY = 6. Hence, I(0) = 2/6% for a sample of size one, and
I1(0) = 2n/6? for a sample of size n.

b.(i) The cdf of T is
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where Fby, 2, is an F' random variable with 2n degrees of freedom in the numerator and
denominator. This follows since 2Y;/0 and 2X;0 are all independent exponential(1), or
x3. Differentiating (in t) and simplifying gives the density of T as

fr(t) = ?Ei@? <t2 faz’)n (t2i292)n’

and the second derivative (in 6) of the log density is

thE26°0* -0 2n (. 2
(92(t2 _|_92)2 - 62 (t2/92 + 1)2 ’

2n

and the information in 7" is

1 2
-2k <T2/92+1>

The expected value is

2n

2
2n 1
= = 1-2B| ———
92 92 <F22n,2n + 1)

. 1\ T /°° 1wl @) TMTn+2) 4l
. Otwl(+w> T2 T2nt2)  20n+1)

F22n,2n +1 B F(n)Z
Substituting this above gives the information in 7" as

n
2n+1

)

2n n+1
—1-2—- | =16
[z [ 2(2n+1)} ©)
which is not the answer reported by Joshi and Nabar.
Let W =3, X;and V =}, Y;. In each pair, X; and ¥; are independent, so W and V are
independent. X; ~ exponential(1/6); hence, W ~ gamma(n, 1/60). ¥; ~ exponential(8);
hence, V' ~ gamma(n, ). Use this joint distribution of (W, V') to derive the joint pdf of
(T,U) as

_ 2 2n—1 ufﬁ Uft
f(t,ulf) = [I‘(n)]ztu exp ( ) , u>0, t>0.
is

Now, the information in (T, U)

0? 20T 2V 2nf  2n

The pdf of the sample is f(x,y) = exp [0 (>, z:) — (O, v:) /0] . Hence, (W, V) defined
as in part (ii) is sufficient. (T,U) is a one-to-one function of (W, V'), hence (T, U) is also
sufficient. But, EU? = EWV = (n/6)(nf) = n? does not depend on 6. So E(U? —n?) =0
for all 8, and (T, U) is not complete.

6.39 a. The transformation from Celsius to Fahrenheit is y = 92/5 + 32. Hence,

g(T* (y) —32) ((5)(y) + (:5)(212) — 32)

((5)(92/5 +32) + (5)(212) = 32) = (Bla+50 = T(x).

O] oto| ot

b. T(z) = (.5)z + 50 # (.5)z + 106 = T*(x). Thus, we do not have equivariance.
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6.40 a.

6.41 a.

6.43 a.

Solutions Manual for Statistical Inference

Because X,..., X, is from a location scale family, by Theorem 3.5.6, we can write X; =
oZ; + p, where Z1, ..., Z, is a random sample from the standard pdf f(z). Then
Ti(X,, ..., X5) _ Ty (0 Z1+ty ..., 0Zp+10) _ oT\(Z,,...,Zy) _ TW(Zy,....Zy)
TQ(X17...,Xn) T2(021+/1,,...70'Zn+u) UTQ(Zl,...,Zn) T2(217...,Zn).

Because T /T is a function of only Zi,...,Z,, the distribution of T} /T> does not depend
on u or o; that is, T1/T5 is an ancillary statistic.

- R(xy,...,2n) = x(n) — (7). Because a > 0, max{az; + b,...,azx, + b} = ax,) + b and
min{azi+b, ..., ax,+b} = ax)+b. Thus, R(ax1+0b, ..., ax,+b) = (ax)+b)—(ax)+b) =
a(xmy — (1)) = aR(x1,...,2y,). For the sample variance we have

1
S%(ax1 +b,...,ax, +b) = — > ((az; +b) = (az + b))
1
= aQn — Z(a:l —7)? = a®S%*(xy,...,xp).

Thus, S(axy +b,...,ax, +b) = aS(x1,...,x,). Therefore, R and S both satisfy the above
condition, and R/S is ancillary by a).

Measurement equivariance requires that the estimate of p based on y be the same as the
estimate of p based on x; that is, T*(z1 + a,...,z, +a) —a =T*(y) — a = T(x).

. The formal structures for the problem involving X and the problem involving Y are the same.

They both concern a random sample of size n from a normal population and estimation of
the mean of the population. Thus, formal invariance requires that T'(x) = T%*(x) for all x.
Combining this with part (a), the Equivariance Principle requires that T'(z1 +a, ..., x,+a)—
a=T*(z1+4a,...,zn+a)—a=T(z1,...,2,),1e., T(x1+a,...,xn+a) =T(x1,...,2,)+a.

Wz 4a,..zp+a) = > (@i +a)/n =0, x) /n+a=W(r,...,z,) + a, so W(x)

is equivariant. The distribution of (Xi,...,X,) is the same as the distribution of (Z; +
0,...,Z,+0), where Z1,...,Z, are a random sample from f(z — 0) and E Z; = 0. Thus,
EoW =E> ,(Z; +0)/n =0, for all §.

For a location-scale family, if X ~ f(x|6,0?), then Y = g, .(X) ~ f(y|c + a,c?a?). So
for estimating 02, g, .(0?) = c?0%. An estimator of o2 is invariant with respect to G if

W(cxy + ay...,cx, +a) = 2W(xq,...,2,). An estimator of the form kS? is invariant
because
k/’ n n 2
2 _ , _ ,
kES*(cxy+a,...,cxp+a) = — l:zl <(C$Z +a) ;(Cwl + a)/n)
= K zn:((c:p-—ka)—(c:f—ka))Q
n—1 pat ’
= 2 F i(x —1)? = AkS*(x Tn)
n_li:1 4 yereydbin).

To show invariance with respect to Go , use the above argument with ¢ = 1. To show
invariance with respect to Gs, use the above argument with a = 0. ( G2 and Gs are both
subgroups of G;. So invariance with respect to G; implies invariance with respect to G, and
Gs.)

The transformations in G leave the scale parameter unchanged. Thus, g,(c?) = o2. An
estimator of o2 is invariant with respect to this group if

Wz +a,...,20+a) =W(g.(x)) = Ga(W(x)) = W(x1,...,25).
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An estimator of the given form is invariant if, for all @ and (z1, ..., z,),

W(x1 +a,...,2, +a) :¢<x—;—a) s2 :¢(§) 2 =W (x1,...,Tn).

In particular, for a sample point with s = 1 and & = 0, this implies we must have ¢(a) = ¢(0),
for all a; that is, ¢ must be constant. On the other hand, if ¢ is constant, then the estimators
are invariant by part a). So we have invariance if and only if ¢ is constant. Invariance
with respect to G; also requires ¢ to be constant because Gs is a subgroup of G;. Finally,
an estimator of o2 is invariant with respect to Gz if W(cz1,...,cx,) = W (x1,..., 7).
Estimators of the given form are invariant because

W(cxy,y ... cxn) = ¢ (%) 325 =2 (%) 2 =W (xy,. .., xp).



