Chapter 8

Hypothesis Testing

8.1

8.2

8.3

Let X = # of heads out of 1000. If the coin is fair, then X ~ binomial(1000,1/2). So

1000 T n—x
1 1 1
P(X >560) = < (fo> (2> (2) ~ .0000825,

=560

where a computer was used to do the calculation. For this binomial, E X = 1000p = 500 and
Var X = 1000p(1 — p) = 250. A normal approximation is also very good for this calculation.

X —500 S 959.5—-500
V250 T /250

Thus, if the coin is fair, the probability of observing 560 or more heads out of 1000 is very
small. We might tend to believe that the coin is not fair, and p > 1/2.

P{X > 560} = P{ } ~ P{Z > 3.763} ~ .0000839.

Let X ~ Poisson(\), and we observed X = 10. To assess if the accident rate has dropped, we
could calculate

10
P(X <10[A=15)=)_
=0

e 1150 152 15'0
g — e 1_,_154_?_‘_...4_170! ~ .11846.

This is a fairly large value, not overwhelming evidence that the accident rate has dropped. (A
normal approximation with continuity correction gives a value of .12264.)

The LRT statistic is
SupegeoL(myl, s 7ym)
supg L(0ly1, - - - Ym)

Ay) =

Let y = 3", y;, and note that the MLE in the numerator is min {y/m.fy} (see Exercise 7.12)
while the denominator has y/m as the MLE (see Example 7.2.7). Thus

{1 if y/m <6

(60)Y (1—60)™ Y .
(y/"(;)y(l_y(}m)m—y lf y/m > 007

AMy) =

and we reject Hy if
(60)”(1-60)" "
(y/m)*(1 —y/m)"™"

To show that this is equivalent to rejecting if y > b, we could show A(y) is decreasing in y so
that A(y) < ¢ occurs for y > b > m#by. It is easier to work with log A(y), and we have

<c.

log M(y) = v 1o f + (m — y) log (1 — 6) —y log () — (m — ) log <m‘y>

m m
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d 1 m
—logA(y) = logby—log(l—6y) — log (%) — y; + log (my) +(m—y)

b0 (")
= log (y/(;n 1-6o )

For y/m > 0y, 1 —y/m = (m —y)/m < 1 — 9, so each fraction above is less than 1, and the
log is less than 0. Thus % log A < 0 which shows that A is decreasing in y and A\(y) < ¢ if and
only if y > b.

8.4 For discrete random variables, L(6|x) = f(x]0) = P(X = x|f). So the numerator and denomi-
nator of A(x) are the supremum of this probability over the indicated sets.

8.5 a.

8.6 a.

The log-likelihood is

log L(#,v|x) = nlogf + nflogr — (0 + 1) log <H xl> ;v <z,

3

where (1) = min; z;. For any value of 6, this is an increasing function of v for v < z(7). So
both the restricted and unrestricted MLEs of v are & = x (7). To find the MLE of 0, set

% log L(0, z (1) [x) = % +nlogz(i) — log (1;[ Iz> =0,

and solve for 6 yielding
n n

é = = n ~ — =
log([T; zi/zyy) T
(9%/06%)log L(0,z(1)|x) = —n/6% < 0, for all 6. So 0 is a maximum.

Under Hy, the MLE of 6 is 0 = 1, and the MLE of v is still & = z(;). So the likelihood ratio
statistic is

2 /(1T 0)?

e () ()

Ax) =

(0/0T)log A(x) = (n/T) — 1. Hence, A(x) is increasing if T < n and decreasing if T' > n.
Thus, T' < ¢ is equivalent to T < ¢; or T' > c¢o, for appropriately chosen constants ¢; and cs.
We will not use the hint, although the problem can be solved that way. Instead, make
the following three transformations. First, let Y; = log X;, i« = 1,...,n. Next, make the
n-to-1 transformation that sets Z; = min; Y; and sets Zs,...,Z, equal to the remaining
Y;s, with their order unchanged. Finally, let Wy = Z; and W; = Z; — Z1, @1 = 2,...,n.
Then you find that the W;s are independent with Wy ~ fy, (w) = nve™™" w > logv,
and W; ~ exponential(1), i = 2,...,n. Now T' = Y , W, ~ gamma(n — 1,1), and, hence,
2T ~ gamma(n — 1,2) = X%(nfl)'

supe, L(0x,y)  supy [T, be=i/? H;n=1 %67.1”/9
SPaL1%.Y) g, [ e o7 s 57

Supy am% exp {* (Z?:l zi + ZT:I yj)/ 6}

P e oxp {— S0y @s/0} 7 exp { = Sy s/}

Ax,y) =




Second Edition 8-3

Differentiation will show that in the numerator 6y = (3, x; + >_;Yj)/(n+m), while in the

denominator 6 = z and i = . Therefore,

(z2r) el (o25%) (B sn))

(z2) o {- () nf (25) oo~ (25) Som)
(n +m)ntm i@)" (Z] yj>m

(S )
And the LRT is to reject Hy if A(x,y) <ec.

n+m ' n L m n4m
A= Bt m) X, Dl )@ m) gy
nhmm DT+ DY DTt DY nnmm

Therefore X\ is a function of T'. A is a unimodal function of T' which is maximized when
T=-12_,
m—+n —
are constants that satisfy a™(1 —a)™ = b"(1 — b)™
c. When Hy is true, », X; ~ gamma(n,0) and 3 _;Y; ~ gamma(m, ) and they are indepen-
dent. So by an extension of Exercise 4.19b, T ~ beta(n,m).
8.7 a.

)‘(X7 Y) =

Tl o) " (sizion
L(0, \x) :HX =0/ 19,00y (1) = (A) L ST CTO

which is increasing in ¢ if z(;) > 6 (regardless of A). So the MLE of 6 is 6 = x(1)- Then

Olog L T; t ] 5 Y
ai :_/\ - ;2 S0 = mh=}n-nb = A=z-aq)
Because
PlogL _n _,Yw—nb)  __ n  WE-ze) o
ON2 22 A3 @-z1)°  (@-zm)’ @—zm)”

T—T(1)

we have § = r(1) and A=7— x(1) as the unrestricted MLEs of # and A. Under the restriction
0 <0, the MLE of 0 (regardless of \) is

é— 0 if$(1)>0
0= xy if ) <0.

For z(;y > 0, substituting 6y = 0 and maximizing with respect to A\, as above, yields o = Z.

Therefore,
M) = supg, L(0,A | x) _ Sup{(Awe):ggo}L()\,H | x) _ 1L(7 . ifz1) <0
supg L(6,\ | x) L0, )| x) Lo if z(1) >0,
where

- ~ n n
o0 erert (3 (rmy (o sy
L\ 0| x) (1/;\> o—n(@—z(1))/(@—x(1)) T z T

So rejecting if A\(x) < c is equivalent to rejecting if x(;)/Z > ¢*, where ¢* is some constant.
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The LRT statistic is

supﬁ(l/ﬁ")e_xixi/ﬁ

M) = SUPBW('Y"/ﬁ")( Hi l‘i)v_le_z’i”z/ﬂ.

The numerator is maximized at Bo = . For fixed v, the denominator is maximized at
By = >,z /n. Thus

i*’nef’ﬂ

A(x) = — s = D P
) o B e e 7 sy /BN, 20

The denominator cannot be maximized in closed form. Numeric maximization could be used
to compute the statistic for observed data x.

—n

T

We will first find the MLEs of a and 6. We have
L | >
L(a,0]x) = e~ (#:=0)7/(2a0)
( ) 21;[1 2mal
= 1 1
log L = ——log(2 — —(x; — 0)%
og L(a,0 | x) ; 5 og(2mrab) 2@9(56Z 0)
Thus
dlog L 11 9 n 1 «— 5 set
Oa — < 24 2042 ;= 6) ) 2a ' 2002 ;(1‘ )
dogL < 1 1 5 1
00 ; [_29+2a92 (z; = 9) +a9(xi_9)}

B n R o nT—nl set
= Tt g 0

We have to solve these two equations simultaneously to get MLEs of a and 6, say a and 0.
Solve the first equation for a in terms of 6 to get

— 1 ¢ 02
a—nelz:;(xl 0)-.

Substitute this into the second equation to get

So we get 6 = z, and

the ratio of the usual MLEs of the mean and variance. (Verification that this is a maximum
is lengthy. We omit it.) For a = 1, we just solve the second equation, which gives a quadratic
in 6 that leads to the restricted MLE

; — 144/ 14+4(6% +22)

- 2

R
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Noting that af = 62, we obtain
Hn 1 (Ii_éR)2/(2éR)

)\(X) — L(éR | X) _ =1 \/ﬁ _ _
L(a,0 | x) I, me—(%—eﬁ/(zae)

(1/(27TéR))n/2 e_zi(ﬂf,i—éR)z/(QéR)
(1/(2m62))"/? e~ Silwi—2)*/(25%)
_ (&Z/éR)n/2 e(”/z)fzi(mféf?ﬁ/(?én)'

. In this case we have

n

1
log L(a, 0 | x) Z {—log (27mab?) — M(xl — 9)2} .

=1
Thus
algfL N :1 <_21a+2ai92(mi—9)2) B _272—'_2(1102;(%—9)2 oo,
- —Zm;a:l(a:i—e)“a;?:Axi—e) <o

Solving the first equation for a in terms of 6 yields

1 n
= 2
i=1
Substituting this into the second equation, we get

(x.—0
_E_}_ﬁ_ﬁ_nM_

o 0 Zz (mi_e)Q B

So again, 6 =z and
)

o
- nx2 Z T 32
in the unrestricted case. In the restrlcted case, set a = 1 in the second equation to obtain
Olog L noo1 0) + 1 &
o0~ g i
Multiply through by 6%/n to get
1 « 0 o
24 = -z
o =0 =)
=1 =1
Add +7Z inside the square and complete all sums to get the equation

—0?+ 6%+ (202 +0(z—0) =0.
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This is a quadratic in 8 with solution for the MLE
Or =7+ 5:+4(6r2+5:2)/2.

which yields the LRT statistic

B ) - p TN (fj)ne("/Q)_Ei(“’i_éR)z/(QéR).
L(a,0 | x) I, 21Aé2 e—(z,—0)?/(2a0”) O

T 1 —(e,—0r)%/(207)

A LBy | %) =1 fanf2,

The MLE of A under Hy is Ay = (1‘/)‘1, and the MLE of \; under H, is A\; = Y;~'. The
LRT statistic is bounded above by 1 and is given by

L )T
(ILY:) e

Rearrangement of this inequality yields ¥ > (HiY;)l/ " the arithmetic-geometric mean
inequality.

The pdf of X; is f(xs]A;) = (A\i/22)e /% z; > 0. The MLE of A under Hy is \g =
n/[>,(1/X;)], and the MLE of A; under H; is = X, Now, the argument proceeds as in
part (a).

8.10 Let Y = >, X;. The posterior distribution of Ay is gamma (y + «, 3/(5 +1)).

a.

8.11 a.

(B+1)"" (/“0 -
P\ <\ — tyte t(B+1)/8 4.
OS2 = pyrayare

POV > oly) = 1 — P\ < oly).

Because §/(8 + 1) is a scale parameter in the posterior distribution, (2(8 + 1)A/8)|y has

a gamma(y + «,2) distribution. If 2« is an integer, this is a X%y+2a distribution. So, for
a=5/2and =2,

2(8+1)A < 2(8+1)Xo
g B

PQSAMA=P(

@zpua%sww

From Exercise 7.23, the posterior distribution of o2 given S? is IG(v, ), where v = a+ (n —
1)/2 and 6 = [(n — 1)S?/2 +1/8]7L. Let Y = 2/(026). Then Y|S? ~ gamma(vy,2). (Note:
If 2 is an integer, this is a x3, distribution.) Let M denote the median of a gamma(y, 2)
distribution. Note that M depends on only o and n, not on S? or 3. Then we have P(Y >
2/4]5?) = P(0? < 1]5?) > 1/2 if and only if

M-2/p

2 2
M>>=(nm-1)8?+=, thatis, S%< 1
n—

g g

. From Example 7.2.11, the unrestricted MLEs are i = X and 6% = (n — 1)S?/n. Under Hy,

fi is still X, because this was the maximizing value of u, regardless of o2. Then because
L(%,0?|x) is a unimodal function of o2, the restricted MLE of o2 is 62, if 6% < 1, and is 1,
if #2 > 1. So the LRT statistic is

o [ if62 <1
(x) = (Y2 (@ =1/2 if 52 > 1.
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We have that, for 62 > 1,

(9(?2)log)\(x) = g (012 - 1) <.

So A(x) is decreasing in 62, and rejecting Hy for small values of \(x) is equivalent to rejecting
for large values of 62, that is, large values of S2. The LRT accepts Hy if and only if S? < k,
where k is a constant. We can pick the prior parameters so that the acceptance regions
match in this way. First, pick « large enough that M/(n—1) > k. Then, as [ varies between
0 and oo, (M —2/3)/(n — 1) varies between —co and M/(n — 1). So, for some choice of 3,
(M —2/8)/(n—1) =k and the acceptance regions match.

For Hy: u <0 vs. Hy: o > 0 the LRT is to reject Hy if Z > co/y/n (Example 8.3.3). For
a = .05 take ¢ = 1.645. The power function is

X_
Bor6as—— Y —p (7> 16a5- Y
a//n a/v/n o

Note that the power will equal .5 when p = 1.6450//n.

For Hy: p =0 vs. Ha: p# 0 the LRT is to reject Hy if |Z| > co/y/n (Example 8.2.2). For
a = .05 take ¢ = 1.96. The power function is

B(M)=P(

B(p) = P (~1.96 — Vnu/o < Z < 1.96 + Vnu/o) .

In this case, p = £1.960/+/n gives power of approximately .5.

The size of ¢ is a; = P(X; > .95|0 = 0) = .05. The size of ¢2 is ag = P(X;+ X5 > C|6 = 0).
If1<C <2, thisis

2-0)

1 1
CXQ:P(X1+X2>C|9:0):/ / ldzodry = 5
1-CJC—=x,

Setting this equal to a and solving for C gives C = 2 — v/2a, and for a = .05, we get
C=2-+1~168.

. For the first test we have the power function

0 if 0 < —.05
Br(6) = Py(X, > .95) = {9 +.05 if—.05<6<.95
1 if .95 < .

Using the distribution of Y = X7 + X5, given by

y— 20 if20 <y<20+1
fy(y|0){29+2y if 20+1 <y <20+2
0 otherwise,

we obtain the power function for the second test as

0 if0<(C/2) 1
B @ +2-0)22 i (C/2)—1<0<(C—1)/2
B0) = Po(Y > C) = 1 (c_20)2/2 if (C—1)/2<8<C)2
1 if C/2 < 0.

From the graph it is clear that ¢, is more powerful for 6 near 0, but ¢- is more powerful for
larger 6s. ¢o is not uniformly more powerful than ¢;.
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d. If either X; > 1 or X5 > 1, we should reject Hy, because if § = 0, P(X; < 1) = 1. Thus,
consider the rejection region given by

{(xl,ifg)Z 1+ T > C} U{(.’El,xz)i x> ].} U{((El,xg)Z To > 1}

The first set is the rejection region for ¢o. The test with this rejection region has the same
size as ¢o because the last two sets both have probability 0 if § = 0. But for 0 < § < C' — 1,
The power function of this test is strictly larger than (5(6). If C' — 1 < 0, this test and ¢o
have the same power.

The CLT tells us that Z = (3, X; —np)//np(1 — p) is approximately n(0,1). For a test that
rejects Hyg when ) . X; > ¢, we need to find ¢ and n to satisfy

c—n(.49) c—n(.51)
P|Z> ————=—=|=.01 and P|Z> ——— | =.99
( n(.49)(.51)> ( v/n(.51)(.49)
We thus want 19 51
w =933 and w —_9233
n(.49)(.51) n(.51)(.49)
Solving these equations gives n = 13,567 and ¢ = 6,783.5.
From the Neyman-Pearson lemma the UMP test rejects Hy if
2 2\—n/2 —Eix?/(Qaf) n 1 1 1
Halo) _ (moy) e =(2) exp{ Y2 (- ) >k
f@loo)  (2mo2) "/ 2e~Tiwt/(200) o1 2 o2 o3

%

for some k > 0. After some algebra, this is equivalent to rejecting if

2log (k " 1 1
fo > o8 (k(91/00) ) =c <because — = 5 > O> .
: (; _ ;) op 01
(3 0.2 0.2
0 1
This is the UMP test of size «, where a = P, (Y, X? > ¢). To determine ¢ to obtain a specified
a, use the fact that >, X2/02 ~ x2. Thus

a= Py, (ZXE/O'(Q) > c/a%) = P(Xi > 0/0(2)),

so we must have ¢/03 = x2 , which means ¢ = o3 x2 .

a.
Size = P(reject Hy | Hpis true) = 1 = TypeIerror = 1.
Power = P(reject Hy | Hy is true) = 1 = Type II error = 0.
b.
Size = P(reject Hy | Hyis true) = 0 = Type I error = 0.
Power = P(reject Hy | Hy istrue) = 0 = Type Il error = 1.

a. The likelihood function is

pn—1
L(p, 0]x,y) = p" (HI) 0" | [T
i J
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Maximizing, by differentiating the log-likelihood, yields the MLEs

1 i and 0 m
l=——=——— an ==
> logz; > logy;
Under Hy, the likelihood is
0—1

L(0|Xay) = 9n+m HIzHy] )
i J

and maximizing as above yields the restricted MLE,

é n+m
0=— :
>oilogw; + 37, logy;

The LRT statistic is
fo—0
gt

Bo—p1
i (Hx> LI
i J

)‘(X7 Y) =

. N Fo» Go—0
Substituting in the formulas for 6, /i and 6y yields ([, xi)ao_“ (HJ yj> R and

gy g oy " g
Ax,y) = 20— = 00 = (m+n) (m+n> (1—1)"1™

This is a unimodal function of T'. So rejecting if A(x,y) < ¢ is equivalent to rejecting if
T < ¢y or T > ¢y, where ¢; and ¢y are appropriately chosen constants.

Simple transformations yield —log X; ~ exponential(1/p) and —logY; ~ exponential(1/6).
Therefore, T = W/(W + V) where W and V are independent, W ~ gamma(n,1/u) and
V ~ gamma(m,1/0). Under Hj, the scale parameters of W and V are equal. Then, a
simple generalization of Exercise 4.19b yields T' ~ beta(n, m). The constants ¢; and ¢y are
determined by the two equations

PT<c))+PT >cy)=a and (1—c1)"c} =(1—ca)"ch.

|

= 1—P0(—\C/%§X—90§
= 1—P9(_CU/;//77\/‘%90—9 a)j\—/%<co/\(/jﬁ/\-/+-ﬁ90—9>
R SO R Gl

where Z ~1n(0,1) and ® is the standard normal cdf.

BE

IA
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b. The size is .05 = ((6p) = 1 + ®(—c¢) — ®(c¢) which implies ¢ = 1.96. The power (1 —
type II error) is

T5< B0y +0)=1+®(—c—+/n) —P(c—/n) =1+ ®(—1.96—/n) —P(1.96 — \/n).
~0

®(—.675) ~ .25 implies 1.96 — \/n = —.675 implies n = 6.943 ~ 7.
8.19 The pdf of ¥ is
1
fylo) = gy(l/G)flefyl/e’ L0

By the Neyman-Pearson Lemma, the UMP test will reject if

2 fyl1)

To see the form of this rejection region, we compute

d 1 71/2 y7y1/2 - 1 73/2 y7y1/2 y1/2 1
dy (2y ‘ —a9¥ YT T

1y—1/26y—y1/2 _ f(wl2)

which is negative for y < 1 and positive for y > 1. Thus f(y|2)/f(y|1) is decreasing for y <1
and increasing for y > 1. Hence, rejecting for f(y|2)/f(y|l) > k is equivalent to rejecting for
y < ¢g or y > c1. To obtain a size « test, the constants ¢y and ¢; must satisfy

2 2
a=PY <cgl0=1)+PY >2clf=1)=1-e"“+e“ and I (<l ):f(cl|)

fleoll)  flegl1)

Solving these two equations numerically, for o = .10, yields ¢y = .076546 and ¢; = 3.637798.
The Type II error probability is

1/2|€1
= .609824.

co

Cll 71/271/2 _
Plep<Y <|0=2)= Y eV T dy= —eY

co

8.20 By the Neyman-Pearson Lemma, the UMP test rejects for large values of f(x|Hy)/f(x|Hy).
Computing this ratio we obtain

The ratio is decreasing in z. So rejecting for large values of f(z|Hy)/f(z|Hp) corresponds to
rejecting for small values of x. To get a size « test, we need to choose ¢ so that P(X <
c|Hp) = . The value ¢ = 4 gives the UMP size o« = .04 test. The Type II error probability is
P(X =5,6,7|H;) = .82.

8.21 The proof is the same with integrals replaced by sums.

8.22 a. From Corollary 8.3.13 we can base the test on ), X;, the sufficient statistic. Let ¥ =
>; Xi ~ binomial(10,p) and let f(y|p) denote the pmf of Y. By Corollary 8.3.13, a test
that rejects if f(y|1/4)/f(y|1/2) > k is UMP of its size. By Exercise 8.25¢, the ratio
f(yl1/2)/f(y|1/4) is increasing in y. So the ratio f(y|1/4)/f(y|1/2) is decreasing in y, and
rejecting for large value of the ratio is equivalent to rejecting for small values of y. To get
a = .0547, we must find ¢ such that P(Y < ¢|p = 1/2) = .0547. Trying values ¢ = 0,1, ..,
we find that for ¢ = 2, P(Y < 2|p =1/2) = .0547. So the test that rejects if ¥ < 2 is the
UMP size o = .0547 test. The power of the test is P (Y < 2|p = 1/4) ~ .526.
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. . k 10—k
The size of the test is P (Y >6lp=1/2) = 3,2, (*)) ()" (3) ~ .377. The power
function is 3(9) = ,10 6 (lko)ﬁk(l — )10k
There is a nonrandomized UMP test for all « levels corresponding to the probabilities

P(Y < z\p— 1/2), where ¢ is an integer. For n = 10, « can have any of the values 0,
56 176 386 638 848 968 1013 1023 .41
TO517 T02T 1081 0347 1020 10947 1030 1091 0347 103 .

The test is Reject Hy if X > 1/2. So the power function is
1 1
LO+1) 44 1-1 L o 1
ﬁ(@)ng(X>1/2):/ — 1" (l—z) de=0-x =1-—.
172 D(O)T(1) 0 112 20

The size is supye gy, 3(0) = supg<; (1 —1/2%) =1-1/2=1/2.
By the Neyman-Pearson Lemma, the most powerful test of Hy: 6§ =1 vs. Hy: 6 = 2 is given
by Reject Hy if f(x | 2)/f(x | 1) > k for some k > 0. Substituting the beta pdf gives

@) _pene 00" 1E)
fall) = S ipeii—a TErmT T

Thus, the MP test is Reject Hy if X > k/2. We now use the « level to determine k. We have
1 1 1 k

a = sup B(0) = (1) = fX(x|1)das:/ — sl e =1 2.
0€0, k/2 ky2 B(1,1) 2

Thus 1 — k/2 = «, so the most powerful « level test is reject Hy if X > 1 — a.

. For 0y > 01, f(x|02)/f(x|601) = (62/61)2%27 % an increasing function of 2 because 6y > ;.

So this family has MLR. By the Karlin-Rubin Theorem, the test that rejects Hy if X >t is
the UMP test of its size. By the argument in part (b), use t = 1 — « to get size a.

8.24 For Hy: 0 = 0y vs. Hy: 0 = 01, the LRT statistic is

Ax) = L(0o[x) _ {1 if L(0o|x) > L(01]x)
max{L(6o|x), L(01[x)} | L(Bo|x)/L(61]x) if L(fo|x) < L(61]x).

The LRT rejects Hy if A(x) < ¢. The Neyman-Pearson test rejects Hy if f(x|01)/f(x]00) =
L(61]x)/L(0g|x) > k. If k = 1/c > 1, this is equivalent to L(0y|x)/L(01]|x) < ¢, the LRT. But
if ¢ > 1or k <1, the tests will not be the same. Because ¢ is usually chosen to be small (k
large) to get a small size «, in practice the two tests are often the same.

8.25 a.

For 65 > 01,
—(r— 2 0'2
g(z | 02) _¢ (' 92)2/2 — (@(02—01)/0° (07-03) /207
gz | 61) e~ (@—61)"/202

Because 3 — 61 > 0, the ratio is increasing in x. So the families of n(6, o%) have MLR.

For 65 > 017
g(z|0) e "05/x! 0 xeel—eg
glx]6) e o¥/xt \ 6, ’

which is increasing in x because 62/6; > 1. Thus the Poisson(#) family has an MLR.

For 65 > 0.,

glz]8:) _ (5)050- (92(1—91)>1 (1—92>"

gl 601) — (Mer(1- 91 e T\ 0, (1-6,) ) \1—6,
Both 65/6; > 1 and (1 —61)/(1 — 63) > 1. Thus the ratio is increasing in z, and the family
has MLR.
(Note: You can also use the fact that an exponential family h(x)c(6) exp(w(€)z) has MLR if
w(f) is increasing in 6 (Exercise 8.27). For example, the Poisson(#) pmfis e ¢ exp(x log 0) /!,
and the family has MLR because log 6 is increasing in 6.)




8-12 Solutions Manual for Statistical Inference

8.26 a. We will prove the result for continuous distributions. But it is also true for discrete MLR
families. For 6; > 03, we must show F(z|01) < F(z|02). Now

d f(l61)

— [F(z]61) — F(x|02)] = 0,) — 0s) = 0 -1]).

1 P (al6n) = F(alon)] = F(el6n) ~ Falon) = f(ale) (HE01

Because f has MLR, the ratio on the right-hand side is increasing, so the derivative can only
change sign from negative to positive showing that any interior extremum is a minimum.
Thus the function in square brackets is maximized by its value at co or —oo, which is zero.

b. From Exercise 3.42, location families are stochastically increasing in their location param-
eter, so the location Cauchy family with pdf f(z|) = (x[1+(z—0)])~! is stochastically
increasing. The family does not have MLR.

8.27 For 05 > 91,
9(t02) _ (02) w(os)—w(one
g(t]61)  c(61)
which is increasing in ¢ because w(62) — w(61) > 0. Examples include n(8,1), beta(6,1), and
Bernoulli(6).

8.28 a. For 65 > 61, the likelihood ratio is

f(@lf2) _ oi-0, [H_ez—(hr
[ (z[61) Ier=0z ]

The derivative of the quantity in brackets is

d 1_’_6w701 693791 _ ea:792

%1_‘_6%—02 - (1+6m*92)2 .

Because 63 > 61, e*~% > 7% and, hence, the ratio is increasing. This family has MLR.

b. The best test is to reject Hp if f(x|1)/f(z|0) > k. From part (a), this ratio is increasing
in z. Thus this inequality is equivalent to rejecting if x > k’. The cdf of this logistic is
F(z|0) = e””_‘g/(l +e*7%). Thus

’
ek: -1

a=1-F(#|0)= TP -1

W and /BZF(kJH):

For a specified a, k' = log(1 — a)/a. So for o = .2, k' ~ 1.386 and § ~ .595.
¢. The Karlin-Rubin Theorem is satisfied, so the test is UMP of its size.
8.29 a. Let 05 > 6. Then

F(xlfe) _ 14 —6)* 1+ (1461)°/a” — 261/
F@l00) 14w —602)> 1+ (1+62)% /2 — 20, /2

The limit of this ratio as © — oo or as © — —oo is 1. So the ratio cannot be monotone
increasing (or decreasing) between —oco and oo. Thus, the family does not have MLR.

b. By the Neyman-Pearson Lemma, a test will be UMP if it rejects when f(z|1)/f(z|0) > k,
for some constant k. Examination of the derivative shows that f(z|1)/f(x|0) is decreasing
for z < (1 —+/5)/2 = —.618, is increasing for (1 —/5)/2 < 2 < (1 ++/5)/2 = 1.618, and is
decreasing for (1++/5)/2 < x. Furthermore, f(1|1)/f(1|0) = £(3|1)/f(3]|0) = 2. So rejecting
if f(x|1)/f(x]|0) > 2 is equivalent to rejecting if 1 < & < 3. Thus, the given test is UMP of
its size. The size of the test is

1 1 s

3
1
Pl<X<30=0)= / ——— dxr = —arctanz| =~ .1476.
1 wl4z T 1
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The Type II error probability is

3 3
1 1 1
1—P(1 <X<3|9:1):1—/ —————dr=1— —arctan(z — 1)| ~ .6476.
1 Tl+(z—1) @ 1

. We will not have f(1|6)/f(1]0) = f(3]0)/f(3]|0) for any other value of § # 1. Try 6 = 2, for

example. So the rejection region 1 < z < 3 will not be most powerful at any other value of
0. The test is not UMP for testing Hy: 6 < 0 versus Hy: 6 > 0.

For 05 > 0, > 0, the likelihood ratio and its derivative are
Pl G 03ta® o d [l 6 367
f(z]61) 601 03+a2 dr f(x|01) 01 (02422)

The sign of the derivative is the same as the sign of z (recall, 3 — 67 > 0), which changes
sign. Hence the ratio is not monotone.

Because f(z]0) = (0/m)(6% + |z|?)~1, Y = | X| is sufficient. Its pdf is

20 1
0) = ————, > 0.
F0I0) =T s
Differentiating as above, the sign of the derivative is the same as the sign of y, which is
positive. Hence the family has MLR.
By the Karlin-Rubin Theorem, the UMP test is to reject Ho if >, X; > k, because ), X;

is sufficient and ), X; ~ Poisson(n\) which has MLR. Choose the constant k to satisfy
P, Xi> kA= X)) =
- 1>

=

Q

P(Z>(k—n)/vn) = 05,

P(ZXi>k‘

Thus, solve for k and n in

Q

P(2>(k—2n)/V2n) £ 0.

k—n k —2n
=1.645 and — —1.98,
vn vV2n

yielding n = 12 and k£ = 17.70.
This is Example 8.3.15.

. This is Example 8.3.19.

From Theorems 5.4.4 and 5.4.6, the marginal pdf of Y and the joint pdf of (¥7,Y},) are
fal0) = n(1—(p—0)"", o<y <O+1,
Fynl0) = nn—1D)(yn—y)" % 0<ys <yn <O+1.

Under Hy, P(Y,, > 1) =0. So
1
o= P(Y; > k|0) = / R — 1)L dy = (1 — k)",
k

Thus, use k = 1 — a'/™ to have a size « test.
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For0 <k—1,06(0)=0.Fork—1<6<0,

0+1
B(6) = / n(1— (1 — 0)"dys = (1— k+ 0)".

For 0 < 0 <k,

0+1 k 0+1
860) = / n(1— (- 0))" L dyy + /9 / 1 — 1) (g — 92)" dyn dys
= a+l1-(1-06)".

And for k < 6, 8(0) = 1.

(Y1,Y,,) are sufficient statistics. So we can attempt to find a UMP test using Corollary 8.3.13
and the joint pdf f(y1,y,|0) in part (a). For 0 < 6 < 1, the ratio of pdfs is

0 f0<y1 <60, y1 <y, <1
n9 b n
Sy ynlf) 0){1 0 <y <y <1

Fnuml0) oo 1<y, <0+1.0<ys <y

For 1 < @, the ratio of pdfs is

f(ylvynm)

For 0 < 6 < k, use k' = 1. The given test always rejects if f(y1,ynl0)/f(y1,¥|0) > 1 and
always accepts if f(y1,yn|0)/f(y1,yn]0) < 1. For § > k, use k' = 0. The given test always

vejects if £(y1, yal8)/ (51, yn[0) > 0 and always accepts if f(y1,9al9)/f (1, y]0) < 0. Thus
the given test is UMP by Corollary 8.3.13.

f(ylvyn‘g) o 0 ify1 <yp <1
oo <y <y, <O+1.

. According to the power function in part (b), 8(f) = 1 for all @ > k = 1 — a'/™. So these

conditions are satisfied for any n.
This is Exercise 3.42a.

. This is Exercise 8.26a.

We will use the equality in Exercise 3.17 which remains true so long as v > —a. Recall that
Y ~ x% = gamma(v/2,2). Thus, using the independence of X and Y we have

X _ I'((v—1)/2)
ET' =E = EX)\WEY V2 = pfr—"— 2
N Wy TN
if v > 1. To calculate the variance, compute
X2 _ N(v=2)/2) (42 + 1w
ne _ _ 2 1_(,2 _
E(T") _Ey/y (EX*)WEY (= + v T(/2)2 —

if v > 2. Thus, if v > 2,

W r (T -1)/2)\?
V= (M D(v/2)v2 )

. If 6 = 0, all the terms in the sum for k = 1,2,... are zero because of the §* term. The

expression with just the £ = 0 term and § = 0 simplifies to the central ¢ pdf.

. The argument that the noncentral ¢ has an MLR is fairly involved. It may be found in

Lehmann (1986, p. 295).
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P(X > 0y + za0//nlbo) = P ((X—6p)/(0//n) > 24l60) = P(Z > z4) = a, where Z ~
n(0,1). Because  is the unrestricted MLE, and the restricted MLE is 6y if Z > 6y, the LRT
statistic is, for = > 6

(27T02)7n/2e_2'i(mi_90)2/202 e—[n(i—90)2+(n—1)32]]/202 ) ] ]
)\(X) = 5 — — s — e—n(z—Oo) /20 )
(Qﬁaz)*n/ e—Zi(z,—7)? /202 e—(n—1)s%/20

and the LRT statistic is 1 for T < 6y. Thus, rejecting if A < ¢ is equivalent to rejecting if
(T —00)/(c/y/n) > (as long as ¢ < 1 — see Exercise 8.24).

. The test is UMP by the Karlin-Rubin Theorem.
L P(X > 0+ tho1.05/vnl0 = 0g) = P(Th-1 > ty_1.4) = a, when T,,_; is a Student’s

t random variable with n — 1 degrees of freedom. If we define 62 = 13" (2; — z)? and
62 = L 37 (z; —09)?, then for > 6 the LRT statistic is A = (6%/62)"/?, and for z < 0 the
LRT statistic is A = 1. Writing 6% = 2=1s? and 63 = ( — 6)* + 2-1s?, it is clear that the

LRT is equivalent to the t-test because A < ¢ when
nts? (n=1)/n

= <c and z>6,,
(@—00)*+2=Ls2  (2—00)* /s> +(n—1)/n =7

which is the same as rejecting when (Z — 6p)/(s/+/n) is large.
The proof that the one-sided ¢ test is UMP unbiased is rather involved, using the bounded

completeness of the normal distribution and other facts. See Chapter 5 of Lehmann (1986)
for a complete treatment.

Size = Py, {| X0 |> tn,l,a/m/sz/n}
1— Py, {_tn—l,a/Q\/ S52/n <X —6p < tn1,a/2V Sz/n}

X -0 X -0
1— Py, {tn—l,(x/Q < 0 < tn_La/g} ( 0~ t,,—1 under H0>

\/S?%/n /52 /n

= 1-(1-a) = «

The unrestricted MLEs are §# = X and 62 = >, (X; — X)?/n. The restricted MLEs are
o = 6o and 63 = >, (X; — 69)?/n. So the LRT statistic is

(2160) " Pexp{—nd2/(262)}
(276) " 2exp{-n?/(26%)}

> (xi_:f)2 ]n/Q _ l > (mi_j)z
? il

Ax) =

n/2

2 (x;=60)

For a constant ¢, the LRT is

: ; i (Ii_f)Q . 1 2/m
reject Hy if _ 2/n
e [Zz (w,—2)" + n(f—ao)zl 1+n(z2—600)°/ Y, (z,—1)° <

After some algebra we can write the test as

i

82 1/2
reject Hy if |Z — 0y |> RCQ/” - 1) (n— 1)} .
n
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We now choose the constant ¢ to achieve size «, and we

reject if [Z — 0o [> t,_1,0/2/5%/n.

. Again, see Chapter 5 of Lehmann (1986).

From Exercise 4.45¢, W; = X; — Y, ~ n(uw,a‘%v), where px — py = pw and 0% + o2 —
poOXOy = J%,V. The W;s are independent because the pairs (X;,Y;) are.

The hypotheses are equivalent to Hy: puyw = 0 vs Hy: puw # 0, and, from Exercise 8.38, if
we reject Hog when | W |> tn—1,a/21/Shy /n, this is the LRT (based on Wy, ..., W,,) of size
a. (Note that if p > 0, Var W; can be small and the test will have good power.)

A(X y) _ SupHOL(MX7MYaU2 ‘ XaY) _ L(ﬂaa—g ‘ X7y)
’ supL(px, py, 0% [ x,y)  Llfix, fiy, 67 | x,y)

Under Hy, the X;s and Y;s are one sample of size m + n from a n(u,o?) population, where
W= px = Wy. So the restricted MLEs are

f= Ez’Xi"‘ZiYi _ nT+ny and &2 = Ez (Xi_ﬂ)2+2i (Yi_ﬂ)Q
n+m n+m 0 n+m ’

To obtain the unrestricted MLEs, fi,, fi,, 62, use

Lpx, py,o%|z,y) = (2ﬂ02)7("+m)/267[2i(IF”X)QJFZi(yF“Y)QVQ"Q.

Firstly, note that ix =  and fiy = ¥, because maximizing over px does not involve py
and vice versa. Then

Olog L n+m 1 1 L2 2| 1 set
o2 2 o2 * 2 [XZ: (w: = fix) +zi:(yl ) (02)?

implies
1
n+m’

52 = [Z (z; — 77)24'2 (y; — 37)2

=1 =1

To check that this is a maximum,

0%log L B nerLi T — )2 a2 i
8(02)2 . = 9 (02)2 [;( i ,UX) Jr;(yi ,UY) ] (0_2)3 .
= 71—1;7n((}é)2_(n+m)(&é)2 = _n—;m(&éy < 0.

Thus, it is a maximum. We then have

_ntm

@red) e { gk (XL @ - N -0} gy
o= Fexp {3k [zz‘_lm—x>2+zz’il<yi—y>2}}( >

_nim )
(2762)” 72 exp o1

and the LRT is rejects Hy if 62/6% > k. In the numerator, first substitute i = (nZ +

my)/(n+m) and write

I ] (O e ) e

2
i=1 = (n+m)

(2
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because the cross term is zero. Performing a similar operation on the Y sum yields

_\2 _\2 _\2

65 2 (@—o) + 2 (v, —9) +345 (@-9) nm (z-7)°
= - =n+m—+ ———— .
o2 62 n+m 062

g

nt+m—2
n+m

2

Because 6% = 32 large values of 62 / 6° are equivalent to large values of (Z

and large values of |T'|. Hence, the LRT is the two-sample ¢-test.

(X — Y/\/U2 (1/n+ 1/m)
,/52 1/n+1/m \/n+m 2)82/02)/(n+m —2)

8-17

/s

Under Hy, (X—Y) ~n(0,02(1/n+1/m)). Under the model, (n—1)S% /o? and (m—1)5% /o>
are independent y? random variables with (n — 1) and (m — 1) degrees of freedom. Thus,

(n+m—2)S2/o* = (n—1)S%/0? + (m — 1)S% /0® ~ Xp,,,_o- Furthermore, X —
independent of S% and S%, and, hence, 5’2 SoT ~ tpim—2.

Y is

The two-sample ¢ test is UMP unbiased, but the proof is rather involved. See Chapter 5 of

Lehmann (1986).

For these data we have n = 14, X = 1249.86, S% = 591.36, m = 9,Y = 1261.33, S2 = 176.00
and Sg = 433.13. Therefore, T = —1.29 and comparing this to a t9; distribution gives a
p-value of .21. So there is no evidence that the mean age differs between the core and

periphery.
The Satterthwaite approximation states that if Y; ~ X%i, where the Y;’s are independent,
then )
2
approx X[, A (Z a’l}/;)
;aiYi R - where 7= I ci?Yf/ri'
We have Y1 = (n — 1)5% Jo% ~x2_; and Y2 = (m — 1)S% /o ~ x2,_,. Now define
2 2
9x Oy
a; = and a9 = .
n(n —1)[(0%/n) + (o3 /m)] m(m —1)[(0%/n) + (o5 /m)]
Then,
Sy = ok (n—1)S%
o n(n—1)[(c%/n) + (0% /m)] 0%
of (m—1)Sy
m(m — 1) [(0% /n) + (02 /m)] 0%
_ S% /n+ S3 /m N X3
0% /n+oi /m 17
where
5% /n+5% /m 2 S2 52 2
b= () ( %/n+ 8y /m)
= ST 1 53 sp_ s
(n—1) nz(ai/n-&-crf,/m)Q (m—1) 7n2(a§(/n+a§//m)2 ”2(7' ) mz(m 1)

Because X — Y ~ n(ux — py,0%/n+o3 /m) and o2 /n+o’2 Jm

ix — py =0 we have
_ (X -Y) /\/UX/TL—HTY/TTL opron

S2 /n+ 5% /m (8% /n+8% /m)
%/ v/ Tt )

X%/, under Hj :
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c. Using the values in Exercise 8.41d, we obtain 7/ = —1.46 and © = 20.64. So the p-value is
.16. There is no evidence that the mean age differs between the core and periphery.

d. F = 5%/5% = 3.36. Comparing this with an Fi3 g distribution yields a p-value of 2P(F >
3.36) = .09. So there is some slight evidence that the variance differs between the core and
periphery.

There were typos in early printings. The t statistic should be

( )*( — p2)

(n1—1)s% +(n2—1)s %,/pQ’
ni nz n1+n2 2

and the F statistic should be s% /(p?s% ). Multiply and divide the denominator of the ¢ statistic
by o to express it as

(X - Y) - (M1 - M2)
o2 p202
ni + no

divided by

(n1 —1)s% /0® + (na — 1)s3/(p*0?)

ny+no—2 '
The numerator has a n(0,1) distribution. In the denominator, (ny — 1)s% /o ~ x2 _; and
(ng—1)s3-/(p*0?) ~ x2,_, and they are independent, so their sum has a x2 . _, distribution.
Thus, the statistic has the form of n(0,1)/+/x2/v where v = ny + na — 2, and the numerator

and denominator are independent because of the independence of sample means and variances
in normal sampling. Thus the statistic has a t,,4n,—2 distribution. The F' statistic can be

written as ) ) - ) )
sy _ sy/(pPo”) _ [(n2 = 1)sy /(p°0”)]/(ng — 1)
p*s% sk /o? [(n1 = 1)s%/(0?)]/(n1 — 1)
which has the form [Xizil/(nz — 1)]/[X%171/(n1 — 1)] which has an F),,_1,,—1 distribution.

(Note, early printings had a typo with the numerator and denominator degrees of freedom
switched.)

Test 3 rejects Hy: @ = 6y in favor of Hy: 0 # 6y if X > 6, + Za/20/+/n or X < 0o — 2a/20//n.
Let ® and ¢ denote the standard normal cdf and pdf, respectively. Because X ~ n(f,02/n),
the power function of Test 3 is

BO) = Py(X <0y —zq/20/v/n)+ Py(X > 00 + 20/20//n)

B I e ]

and its derivative is

=L (i—o/\_f /> 3 7 <00/f a”) |

Because ¢ is symmetric and unimodal about zero, this derivative will be zero only if

b —6 -z 90 — + Z
U/f a/2 0_/\/> a/2s
that is, only if § = 6y. So, § = 6 is the only possible local maximum or minimum of the power

function. 8(6y) = « and limg_, 1+ B(0) = 1. Thus, 6 = 6y is the global minimum of 3(#), and,
for any 6" # 60y, 8(0’) > B(6y). That is, Test 3 is unbiased.
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8.45 The verification of size « is the same computation as in Exercise 8.37a. Example 8.3.3 shows
that the power function G,,(#) for each of these tests is an increasing function. So for 6 > 6y,
Bm(0) > Bm(00) = a. Hence, the tests are all unbiased.

8.47 a.
b.

8.49 a.

This is very similar to the argument for Exercise 8.41.
By an argument similar to part (a), this LRT rejects Hy" if

T+ = — =< _tn+m72,a-

Because Hy is the union of Hy and Hj ', by the IUT method of Theorem 8.3.23 the test
that rejects Hy if the tests in parts (a) and (b) both reject is a level « test of Hy. That is,
the test rejects Ho if TT < —tpym-20 and T~ > tyim—2.4.

Use Theorem 8.3.24. Consider parameter points with ux — uy = 6 and ¢ — 0. For any
o, P(TT < —tytm-2,0) = a. The power of the T~ test is computed from the noncentral ¢
distribution with noncentrality parameter |, — py — (=90)|/[o(1/n+1/m)] = 26/[c(1/n +
1/m)] which converges to oo as ¢ — 0. Thus, P(T~ > tp4m—2.) — 1 as ¢ — 0. By Theorem
8.3.24, this IUT is a size « test of Hy.

The p-value is
P 7 or more successes 9_1
out of 10 Bernoulli trials )

- (NG 6 (6 E-CE 666 G

= .171875.

Povalue = P{X>3|A=1}=1-P(X <3|A=1)
e 112 11l 110
= 1- |: 20 + 1 + 0l :| ~ .0803.

Pvalue = P{} X;>9[3\=3} = 1-P(Y <9|3x=3)

38 37 36 35 3l 30
_= —_ _3 —_— —_— —_— —_— ... —_— —_— ~
= 1—e [8!+7!+6!+5!+ +1!+OJ ~ .0038,

where Y = Zle X, ~ Poisson(3\).

8.50 From Exercise 7.26,

m(0]x) = /#e—nw—éi(x)ﬁ/(zaz)’

2

where 04 (x) = Z + & and we use the “+” if § > 0 and the “—” if § < 0.

a.

na

For K > 0,

P(G > [(‘x7 a) = 4/ 2:02 /I; e—n(9—5+(x))2/(202) dg = P (Z > \é'ﬁ[K—(5+(X)]) ,

where Z ~n(0,1).




8-20 Solutions Manual for Statistical Inference

b. As a — o0, 6+(x)—>:ﬁsoP(9>K)—>P(Z> f(K a?))
c. For K =0, the answer in part (b) is 1 — (p-value) for Hy: 6 < 0.

8.51 If a < p(x),

sup P(W(X) > co) = a < p(x) = sup P(W(X) > W(x)).

0€60¢ [dSISH)
Thus W(x) < ¢, and we could not reject Hp at level o having observed x. On the other hand,
if a > p(x),

sup P(W(X) > ¢,) = a > p(x) = sup P(W(X) > W(x)).

0€60¢ [4dSSH)
Either W (x) > ¢, in which case we could reject Hy at level a having observed x or W(x) < ¢q.
But, in the latter case we could use ¢, = W(x) and have {x': W(x') > ¢/} define a size «
rejection region. Then we could reject Hy at level a having observed x.

8.53 a.
1 1 2 /09,2 1 1
P(—00 <0 =+ e d) = -+ - = 1.
(roo<o<o =gty [ o 33
b. First calculate the posterior density. Because
f(i‘|0) _ \/ﬁ e—n(i—@)z/(Qaz),
2o
we can calculate the marginal density as
me(@) = 3@ / F(@10) e/ g
27T7'
T L I o7 /2% /m) 7))
2\ 2no 22m/( 2/n )72

(see Exercise 7.22). Then P(6 = 0|z)

I
N[
By
~—
a8
2
B
3
—~
8

P(|X|>zl6=0) = 1-P(|X|
= 1-P(-=z

where @ is the standard normal cdf.
d. For 0> =72 =1 and n = 9 we have a p-value of 2 (1 — ®(37)) and

-1
_ 81z /20
- (1)

The p-value of Z is usually smaller than the Bayes posterior probability except when Z is
very close to the 8 value specified by Hy. The following table illustrates this.

Some p-values and posterior probabilities (n = 9)

T
0 +.1 +.15 +.2 +.5 +£.6533 L7 +1 +2
p-value of 1 7642 6528 .5486 .1336 .05 0358 .0026 =~0

posterior
P =0|z) | .7597 .7523 .7427 .7290 .5347  .3595 .3030 .0522 =0
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8.54 a. From Exercise 7.22, the posterior distribution of f|x is normal with mean [r2/(7% 4 02 /n)|z
and variance 72/(1 4+ n7%/0?). So

PO<0x) = P (Z <0 [72/(72+J2/n)]x>
- N 72/(1+n712/0?)

= pPlz<- . z| = pPlz> . z|.
V(@2/n) (2402 /n) V(@2/n)(T2+02/n)
b. Using the fact that if § = 0, X ~ n(0,0%/n), the p-value is

e o5 38) (2 )

c. Foro?=712=1,

1 . o 1
P(9§0|m):P<Z2 (1/n)(1+1/n)x> and P(sz)—P<sz>.

Because
1 1

<
(1/n)(1+1/n) 1/n

the Bayes probability is larger than the p-value if £ > 0. (Note: The inequality is in the
opposite direction for T < 0, but the primary interest would be in large values of .)

b

d. As 72 — o0, the constant in the Bayes probability,
T 1 1

V@)oot (n) | o/

the constant in the p-value. So the indicated equality is true.

8.55 The formulas for the risk functions are obtained from (8.3.14) using the power function 5(6) =
O(—z4 + 09 — 0), where @ is the standard normal cdf.

8.57 For 0-1 loss by (8.3.12) the risk function for any test is the power function G(u) for 4 < 0 and
1—B(p) for p > 0. Let @« = P(1 < Z < 2), the size of test §. By the Karlin-Rubin Theorem,
the test 0, that rejects if X > z, is also size a and is uniformly more powerful than J, that
is, Bs. (1) > Bs(p) for all > 0. Hence,

R(p,0.,) =1 - 5., (1) <1—Bs(u) = R(u,0), forall up>0.

Now reverse the roles of Hy and H; and consider testing H: ;o > 0 versus Hi : o < 0. Consider
the test 6* that rejects Hy if X <1 or X > 2, and the test 5;5& that rejects Hy if X < z,. It is
easily verified that for 0-1 loss 4 and §* have the same risk functions, and 0} and 6., have the
same risk functions. Furthermore, using the Karlin-Rubin Theorem as before, we can conclude
that 47 is uniformly more powerful than §*. Thus we have

R(p,0) = R(p,6") > R(p, 6% ) = R(p, 6-,), forall p<0,

with strict inequality if g < 0. Thus, J,_ is better than 4.



