Bivar| ate Transformations

(U,V) is a function of (X,Y).

(ULV) = g(XY) where g° R*— R,
Given the distn. of (K,Y) |

+ind the disth, of (UyV).

FirsT Fru’nc?gles
I q7'(8) v
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Define 8—7(8) = {(%g%' g%, 4)€ B
for any sev B< R®.

Then P((LWeB) = P((XY)e g7'(B)).



Formula for E{OMT dersity (ina special case)
Su PPOS€ .
@D (%Y) has a joinf pdf ey B -
@ 9 is 1=1 and “Smocth”
from @ = {(?Cfé(): ﬁv(%fét) > O}
g
To @ = imaam of A under “the map ﬁ
= (Wi (W) = g(xy) for
some (x,y) € @} ‘
Then 9 has an inverse h :3"' andl
h s also smooth .
NoteTion . Let 3 = (3!J 32) w it
w :‘-3,(%)3) and \/:32(%)2()
and h ’—‘—(h[)h?_) with
X = h‘((,LJ\/) and’ (aL: hZ(L(JV).
Resultl IF (D and @ are True | then
(U)\/) has aJoinT pohc 3?Veh ’oy

£ ) =£  (hwv),hmv)) [T
5V o for (w,v)€ )
where J s the Jacobian of the

‘nverse transformation h .




The Jacobian

J = Jv) = 1 o(x,4)

/ d (U,v)

determinant
\ matrix of
partial derivatives

(0% O

— o W 5_?: _ %—2& %?/é
ox oyl
[ JV é‘% %u, g%—

where 2= h (w,V) ,

4= hz_(%v) )



COMYY)€Y¢E .

@ _FU;V(%V) - ))C<Y (h'(u,v), hy! u)V)> ]T

)
for ( u)v)élg
's the “vector” version of

.}:Xy(h(u)v) h(u)\/)) s simply £ (6)

re._gxpressad? interms cf w and y.

Tust rgp/ace x and & b)/ expressions N
terms of w and v.



Heuristic derivation of the density of (U,V) = ¢(X,Y)

Let (u,v) be a particular point in the (U,V) plane.

Suppose the function g maps (z,y) to the point (u,v)
(so that (z,y) = h(u,v) where h = g~ 1)

Let A be a small (infinitesimal) region containing (z,v).
Suppose g maps A into the small region B containing (u,v).
Then P((X,Y) € A) = P((U,V) € B).
We also know:

P((X,Y)eA) = fxy(z,y)Area(4),

P((U,V) e B) = fuv(u,v)Area(B)

and the approximations can be made as accurate as we please
by making the areas sufficiently small.

Equating the two expressions leads to

fxy(z,y) Area(A) = fuv(u,v) Area(B)
so that
Area(A)
Area(B)
This ratio of areas is (in the limit of areas going to zero)
just the absolute value of the Jacobian |J(u,v)| of the inverse

transformation h, which tells us the amount of contraction or
expansion produced by the mapping h at the point (u,v).

fov(u,v) = fxy(z,y) -

Thus we have:

fU,V(u7 U) — fX,Y(]'L('U,,’U)) |J(’U,, ’U)l
as desired.



Ex;amglﬁ . (X)Y) with Joirﬁ' /Pohc
Fx)\( (x)g.) ot 6("‘%“3) ID(ng') .

4 I gﬁ Rea(on D

b ox

Define (U,\/):ﬁ(XJY) by
U-‘:—'Oj(f“)() =3,(X,Y))

\/ = ?:Y_;( :32_<X)Y) .

Find Joint pd¥ 1 (vsv).

2

(D What are the Suﬂoor')'s of (X,Y) and ( Uy V) ?

As X ranges from 0 o 1, U=—loj(f~><)
Pang,as from O to co,

For fixed X between O and 1, V = {_:\_/;<
ranges from 0 to L as ¥ rarges From
O To [-X.

Thus the suPPorTS are



A ={ yd: 2>0,4>0;, x4y~ 1} = ]
B = {(u,v); O< U<, O<V<<1}

= (0,00) x(0,1) which is the jnfinite
strip Fid‘ured below.

v
I
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W

@ Find The inverse ‘l‘ransform'f‘(oh.

D

Solve for X,Y in U:—-103((\X)) (1)
V= 1Y

———

(1) gives X = l—-e-U: h (U,V)
Then (2) 3'\V€S ¥
Y = V(=-X)=Ve =h,(U,v),

The solution is unigue - Thus g = (91592
‘s a |- and “smooth” fthFarmCdTor\ From

d onto @ .



@ Find the Jacobian of the inverse
transtormation = (hiyh,) -

o with |
oY | N

S,y | _ |4
I é(u;i/)/ :u 2"" x=|-2o
QX = ve W
IV 5\?1 ¢
et —ve ~
= —w / = (@ )E@™) - (0)(-ve“
O e
=Moo =e =T .

@ The joirﬂ' Pohf (S now 3iVeh by
(w,V) =
’Cu)v 5 7CX)Y( hn(“p\’); ho(wyv)) | J|
— 22U

= 6 (1lmelray g |73
dmve for (u,v e B
6(1=(1-e¥) —ve™) g7
6(e“-ve ") e 2«

6(1-v)e 3% for O<w<eo o<v<],

(%)

I

I

I



Cammenls ;

The marg}nq(s for U and V are :

Co
f m:j L wwdv
)
U e v U)V

|
= _g 6 (1-v) e 3%dy
0

w

N~

= 6@"3“'?0-#)0(" = 62 °
O

3

-3w
= 3e for O<w<co

which is an exponertial paf with B= TBL;
_ (T 4
‘FV(V) = foo—}:u)v w,v)du
= =V) 00_3‘&0{& = 6(I-y)- 41
= 6(l=V SOQ — -
= 2 (1=v) for o<v=</|

which is a Bete pdf with x=|,B=2.
Ngte thal —FUV(“)V) = ‘FU (‘»L)?CV (v) for all

J
U(_)\/ (*W I'S} 7c0/' —co U co Qy)q” _ob.<v<00):



-3
6(1-v)e T (u,v)
(0,00) X (0,1)

= (38 T (L )(2.(! V)I (v))
(0,%0)

Thus U and V are Tno(e\oencﬁgﬂ\l- rv’s.

We can see ‘s by ihSPQc“l'[on (LLS,',,j Yhe
?ollowirﬁ Ie,mmq) aVirec‘Hy from (>K)

Lzmmg_;‘ If -F (%)é() = CTO(X’)ZO&)

XY

‘H\er\ X and Y are 'mde,oehofgn‘}’ r\v S WH’h
margma \ densities found oy nO,W,Q,le

10(76) and 2(16[)

Gomj back To ©¥)!
-Fu (uv) = 6 (1= -e
Y = CP(M)Z(V) for all "

where =6, p(bc)"e"g“':[ CON

(0,29)
and 2(V)= (/ V)IO,) 7
Thus Uand V are m’gena[ar#

—3uw
for O<u<co)O<\/<l



Tf you dont like indicator functions,
medify Fhe [empa. as follows.

Lemna.: T the support of £\ xp
s a_ Carlesian \oroa@u,d‘ Sef,
ard on—this support

"Cx,\( Gyl =cp (x)9(Y)
then X and Y are independont.

A wore pnecise ard cla“l'aileaf worcomji

Lemma® If
— c p) 2(Y4) for
£ oay) = (%,4) € AXB
XY &
O otherwise

Yhen X and Y are {n&apendayﬁ‘

ard £ (%)= aplo) for XEA,
(O ©0-W.)

and F ($)=b P for 4B,

Where a )b are y;o,-mq\iz,{nj COHS+QH+S .



EXamplQ .

Suppose XJ\( 'id [\f(O)I),
Define (R,®) = [Oo(ar coordinates of (X,Y) .

Define S=RZ
Find the jo’m"l’«paf‘f: of (S)@),

\
XY iid N(O)l) ;MP/iGS
L xf W Q_X% 9-‘%’{1/2
2,4 =1 ()1 (Y) = .
gx,\r( F TN Va7 Vers

(by independence.)
— (%-1_‘,%2)/2

= e for — o< X <OO |

'-'Oo<é(_<0<) o



We. know that (%,4) may be obfaived Ffrom
the polar coordindies (r,©) by

X = r cosO
3: rsin© .

Thus we have
S = X1+Y2‘ = 3|(X_)Y)

) = tanﬁ‘({—) — 32(X)Y)
ard Yhe werse transformalion
X =S cos® = h,(S,©)
Y=NS'Sin® = h,(S,O0) .
The Tr‘ansjcormaﬂor\ 3= (34932_) s -1
ard smosth from A to B where

A = [R?—_{(x,'é).‘ x<0, %:O}Dano/
B={(s,9): S>0,-T<O<7} .

Note g s discontinuous on the ray
{(x)g_): x&OJ (é:O}- ConS[STI'V)j O)C \{-[,\Q POI'VT"S‘

where © = £, é_#_
x’




This does not cause any problems because
this ray lhas probability zero:

PL(XY)evay s =O.

The Jacobian of The inverse +m"‘54:0rmahoh
X oy | ,

T=155 5% with %=F cos6
L oY Yy=1Vs sin®
00 38 |

- |
— ¢os O sind
| 2% 2z | = £ (o5 +sin?6)

45 sin® N5 @wsS

I

—
— p—

2
The Joir\ pdf

‘FS)@(S,@) = E()Y(h‘(s)e))hz(s)@)) | T |
f
J_ e—— X2+377/2 . .L
2T 2
xX=N\s'cosO
LGL=’V§ Sin ©




~S/2.

=@ for s>o0,-TT<S <7
— —
(3)9)6(8
— | "5/2
(ZQ

I(o)oo)(S)) (ZLW I(..TT‘_)(Q) )
\\——\/—\_/ \/ﬁ/)_s_/

PO\F of pronen‘\’ia\ POU: af
with B=2. Oniforen (-, ) .

Thus S and @ are. ?nd’e[oerdeyﬁr With the
| disTr'\bu‘Hahs 3We,r\ alove .

e ——

Nate : We have discovered that

S = XM+ T v exponedtial (6=2) which is
Yhe same as %z

The ‘fecl’mizue we used is jenéml’y usetul 2
To find +he distn. of U =function of (X)Y))

‘ifroduce ansther convenient rardom varigble
/= fundion of (X,Y) , then Ffind +he joinT
pdf of Uy V) and in*l’ejm‘l’e over \/,



D;S‘Tr;bl)d'fons Q'F Sums th Qe{,‘fos
B L TT—

If X and Y have 40irt pof £
an ave 4 P ‘6(,\( 4),
then

() Z=X¥Y has 'fd'F
‘F (Z) = S\ (XJZ“X)O/X

@ Z2=Y/%X has ,pd)C
£ z)—-j m{f L (RoZX x|
Z _

When X,Y are inO@aPenJ@n'l'
’F Y(%)z_x):]E((X)Er(z_x)J

X)

gXJY (%,2%) =7€< (%)'FY (ZX)

Th this case (D) is known as a
“ convolulion 'ayﬁ'ejrod ” or as Hhe

“ ronvol W on of +wo donsties”’.



Caudion
when a\op\ymg
'F (2) = J ‘P (X %—k)dx

you musTthink Carz‘f:u” abort
The m‘feﬂrand iS Pos» :ve qan u"/‘{qhé;e‘f

IS ZEro.

EXam;o‘@ Supp0se X5 X MJQ{SQMQHT‘ er/)
-!3 (%) = xe~ 2% for x> o

F\((‘&) =ge P for Yy>o0
Then Z=X+Y has d’ehsrly

2€ro Zero When

for 250 (£@=0 for z<0.)



Example = T€ XY iid wi~g,

common a[ens)‘ly f(xX)= Exe
Y, / I'h..-

oo

t (Z):J F(x) F(%—x)dk
£ ..-OUW\/ " r~—

I

positve  positive_ 4,

for 0<X= O< -z < |
which means
X <= apd
x>z
m'm(\)Z)

Z

max(0,2-1) (
l
~Z2+x) dx



Proof
" First prs’v\o@/es” o “Formule”’ Qﬁpfm&/}
poessible.

] N
//Formwi'ét QWDWQCJ\/\ 7 X Y
(<0 (B
= Y } rony ofher choices
SRS
Oat ot &W‘{V pu)v

e oul . fo 8>Q7L ﬁ/ (V)

(V)

It 29

//Ff”fsf | /’Oﬁmc i/o/@r“
Frd F (2) whee Z =X+Y,
Z

£ _d F&. XHp=&
z@ dz Z

||

EE Ry

)

$Z<2} =5 xrys=y TR
- gg T N & Jm{g—

N
J;)( (%) WCY (4)




" Formula” approach for Y/ X

DeFine ‘H'\e Transformation

( I (X,Y)
V Y/X 39.(X Y)
w Hh inverse transformation

X=U ( = h,(U,V)
Y:::UV ._hz_(L)\/)

The mapPTY\g (X,Y) '—>(U)VJ s (=1

Prom @ =4 e,yd: x#05
onto B=(wVv): wFO}

The Jacobian of the inverse transformgtion
1S

X U | B VAN

{T gg:- - = w
90X O w

w $F

so Fhat

{: (U")'V) = ‘Fx Y (u'pu'v) | for us# O cmd

U)V )

= w =
-Fv(v) S‘— g(/) gV i Iulf@{(u)uv) u



Assume. |
&ﬂx)sb for X<

)



