USQ ful facts
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g\/(’% xOY

(y.1%) (1)
X, X

f
E[E(YDOJ = EY (switch order) (2)

VarY = E(Var(Y1X)] + Var[E(YIX)] (3)

IrﬁerpreTa‘h'ovw‘aF (2) and (3):

E(Y|X=%) is a function of «. (%)

E Y X) 'S a PanJom variable which is a
function of the rv. X

( It is the function &) evaluated at
the random value X, )

Var(Y([X=%) is a function of . (% %)

Var(Y[X) is a random variable which is a
function of the nv. X.
(It is The function (k %) evgluated
at e random value X.)




Proof of EY = E[E(YIX)]

( cartinuous case)

"5 WC (%) (f q le(%l%)d&)o/x

E(Y[X=%)
= E[ E()X)]




Proof of (2):

Var(YIX) = E (Y3IX) = [ ECYIX)]”
This is jusT the usual formula for
+he variance VarY = EY%*—-(EY)*
a\oplieoq ‘o the conditiona) distn.
of Y |X.

Take Exped'aﬂ' ons .
E Var(YIX) = E E(Yf‘IX) E[E(YIX)]®

__EYZ by (1) apphec{ o Y2
Now note that

Var[E6IX] = E (ECrx)] > [E EGIX)]®

=EY by ().
by applying the usual formula. for
variance ”fjo the rv. E(YI[X),

Adding fhese ‘l‘oﬁe her gives
E [Var Y10]+ Var[ E( le)]

= EYZ-(EY)T = Var Y.
QED
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Alternatively V>
Var £(YIX) = E[(E(Y’X»LJ /E[E(YXJ)Z

= 2.1 +(_‘_—L) cl +(’:T)
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By direct calculafion
(which is much easier iy . )

Marﬁina\ for Y :

y 4y

Ny 0/20 = &
2 6/20=3
3 3/20

L [/20

= 7/4
2, 32
\/QT'Y +21 /% + é—*
2. ’—-—'
L TS



JoinT pdlc _FX)Y(,X)E}) = 6 ((“X‘ZL) ID(’)C)(«;()

here D;{(X)ZL). x>0, 3>OJ%+S(<'},

We obtained
“Cx () = 3(1=x)% for O<x<I|

E(YIX )= 2%, Var(Y[Xsx) = =",

3 |8
Thus me): L-:§>__<, , Var(Y|X) = (l—‘—g)z'
EY = E EYIX) = E(.L-__->_<_)
_ _
7 -TEX =g

I
where EX -'—“-5 % 3U-x)dx = L
o va

Var (EYIX)) = Var(%_?(-> = 3’)~\/ar(l~><)

= 5 Var (=x)
:—5'-;\/ar(><)



Bample : floy) = (=g L g
Var Y = E Var(YP) +Var (ETDO)

Var (Y[ X=%) = L—jif

| &
c(YIX=%x) = __;_._

= p (=x) 4 Var (L=X
- YT/ = -+ ar(B B

= et (1=
“TC'?E(‘X)* 5 el

\Vag(~ X
| _ O=x< \/OIPX

= L(1 - 2ot ) + L[EXT —EX7
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B(z3) Suzz /O
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E—_xample ( a_ hierarchical model )

Sample a Iiﬁhﬂou\b al” random.
Let X = lifetime of bulb (in years))
qQ = Zua\hLy of bulb (nof o('tred’ly

observable )

Suppose tha
Sl ~ exporertal (@

Q s UY\]’FOFW\ (0)2-)

Ligrtbulbs of guality Q have awmean
((:gd"\me of gLars:

———

The hierarchical statement aboye s
egud\/cdéynL to saying that

?X‘Q(xlz) = é—é:%/z for x>0 and
.FQ(i) = —52— For 0<i<2
which '.m\O“QS
= 4+ (9)
{X}ch)i) 1('@\7, “FXlQ(%(Z)

_ L X
= ZZQ Z for x>0, 0<9<2.



What are e mean and variance of X?

Preliminaries :

From the appendix we find

Ex,f;(/g) has wmean = ﬁ) variance = /82'
Uniform(a,b) has mean = %_b-. 5

variance = (h-a)%.
(2
Since X|Q ~ Exp(Q),

EX[Q) = Q and Var (X[Q) = Q%

Sipce Qv Uniform (O, Z)) we Know

= 1. Var :Zzzi—-.
EQ=L,var Q= 2 = 4

Thus
£x=EEKIQI=EQ =1, and

Var X = £[Var(x1Q)] + Var(E (x]Q))
= E Q% + Var Q

= Var Q +HEQ)?) + 3
= L 412++L =5
3



Exam9|6 (a hierarchical model)

Sample a leaf 4t random.

Let X = Area of leaf,
Y = ¥ of louﬁs on leaf .

S uppose Hhat
X v Gamma (q)ﬁ)

Y[X ~ Poisson (6X) (%)

where o ﬁ)@ are. Known values,

Commgyf\'f (%) says The averaas?, number O7Q
(buﬁs on a_ leaf is Propor'f'l'ona( ‘o the areca.

of the leaf.

———

@ What is the (mqrj'mal) distn. O)C Y?
7C><3\./ (%,4) = 7C>< (x)aCYIX(g\%)

o=l =2 d -ex

= (?f ‘QOLZ'BI_ (x))((9%> e ¢ ()
M) B (0,%0) o ! o3
N—e—— g )%

,Pd{: of Gamma (djﬁ) S— —

mf of Poisson
with A=6x



(NO‘l‘é, that X is continuous and Y s discrete. )
T, (4) = j f Y(%,;O dx

%)

—_ 09

63‘ gw%oﬁy\—lg— (é+-}8—)%d

= x
V(f’()ﬂdé([ 0
— \/—'\———/
= P(OH-%L-'— Q_H.her.

by recgﬁnizirﬁ s as ‘\'hye
kerne| of a garmma densrb/
or by making +he substitulion
w= (86 +7(6-) x and using

+ne definition of The gamma
J}unc‘ﬁol’\ .

= ‘ M(aty) , 0o e
TR gl Ry 8O

This 15 called a. Gammec mixture of Poisson
distributions.




@ What are the mean and variance of Y ?

From the Q\openaffx :
Gamma (%, B) has mean =« B
Variance = o(lgl

Po?ssor\(7\) has mean =Vvariance = ..

—~—

Since Y IX ~ Poisson(6X), we Know
Eq X)) = Var(Y[X) = ©X.

Since. K~ Game(o(),B)) we. Know
EX=xp, Var (X) = 2B =,

e eed

Thus
Ey = E[E(YIX)]= E®X) = 6(EX)

= Bxg |
var Y = £ (Var(Y1X) ) + Var(E{(r (%))

= E (ex) + Var (6X)
= g(E X) + 6*(varX)
= 60(}9 + onq@z .

These can be computed from “the P””?C 7CY (gt) ,



Example ( a hierarchical model )

A Type of Flower comes in tuo varieties,
red cmo? b\ué .

A \oaCij— of seeds contains R seeds for
the ted voriety, and B for the blue.

K seeds are selected at random and Plarﬂ'ecﬂ,

Eaa\n seeaf has Prob&b{m}/ 13 ijrowinj
and (everfual \)/) Procfucf nq {lowers.

| ot X be the number of quyﬂLS “‘Hhat
Froduc@ red flowers.

Find +he mean and Variance of X.

L_Z‘\— Y = # of “red” 5’66595 drawn
from the packe‘\'.

\ v Hyperﬂeama‘l‘ric(N: R+B,
M=R,K=K)

X|Y ~ Binomial (Y, )



From the appg,nohx we. obtain
H\/peraeoméﬂ'r?c (N, M) K) has
mean= KM/N ,

varionce. = KM _(N=MN=K)
N N (N=1t1)

Binomial (n,p) has
mean =np variance =n .P(I-,p)

so that |
EY = KR \/arY = KRB(R“'B"K)

R+B (R+B)*(R+B-1)
and ECXIY) = Yp Var(le) wo(l-qb),

———

Thus

EX = E[E(XW)] = E(YP)—': p(E Y)
- Plrys R+B

Var X = € (Var (XIY, )+Var(E(§<)Y)>

= E(Yp(1=p)+Var (Yp)

= p(u—p)EY + p*VarY

- 2 KRB (R+B-K)
=P P) R+B f (R+B)*(R+B-1)




