Joint density of Order Statistics
Suppose X1, Xo,..., X, are iid with pdf f(x).
Let (U1,Uz,...,Us) = (X(1), X(2)s -+ s X(n))-
Then

fo,v,...v.(ui,u2,. .., up)
= n!'flur)f(uz) - flu)l(ur <upr < - < uy).
The order statistics are dependent (not independent).
The support of the joint density is the set
{(ur,u, ... up) tu1 <up < - < Un}-.
This is not a Cartesian product set.

We know that U; < U; for « < j. Thus, knowing U; tells us
something about U;. So (intuitively) they must be depen-
dent rv's.



Manipulating Joint Distributions

Obtaining Marginal Density from Joint Density (continuous
case)

fw (w) :/ / / fwxy,z(w,z,y,z) de dy dz
fW,Y(w,y):/ / fwxyz(w,z,y,z2)drdz

O
fxvz(x,y,2) =/ fwxyz(w,z,y,z)dw
— 00

Conditional Densities

fwxyz(w,z,y,z)
fxvz(x,y,z)

fwixyz(wlz,y,z) =

fVV,X,Y,Z(wa r,Y, Z)
fW,Y(wa y)

fX,Z|W,Y(CE>Z|w>y) —

fwxyz(w,z,y,z)

fw (w)

fX,Y,Z|W(fCay>Z\w) —

Joint density as Product

fwxy,z(w,x,y,z)
= fw(w)fxw(lw)fyiwxWlw,z) fzwxy(zlw,z,y)
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(u' Uy) = 5‘ u,j juq)a’c/c/a
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(Can change («,u) to (wyv).)



Conditional density of (U, Us) given (Ui, Us).

fo,,uv,0, (U2, uglul, us)

fUl,UQ,U3,U4(u17 ’U;2, u37 u4)
fu,u,(u1,u3)

4! f(u1) f(u2) f(uz) f(ua)l(u1 < uzx < uz < usg)
4! f(u1) f(usz)(F(uz) — F(u1))(1 — F(usz))(u1 < us)

_ f(uz) flua)I(ur < up < uz < ug) g < us

(F(u3) — F(u1))(1 — F(us))
flu)I(ur < up < uz) . flua)I(us < ug)
F(u3z) — F(u1) 1 — F(u3)
This last factorization says that U> and Us are conditionally
independent given U; and Us.




Example 4.6.13 on page 185 (with notational changes)
Suppose X1, X»o, X3, X4 are iid with pdf f(x) = e * for x > 0.

Define (Y1,Y2,Y3,Ya) = (X(1), X(2), X(3), X(4))
(the order statistics).

Find the joint density of (Z1, Z», Z3, Z4) defined by

Z1 = Y

Zo = Yo—Y
Zz = Yz3—Yo
Zys = Ya—Y3.

Solution: The inverse transformation is

Yi = 743

Yo = Z1+4+ 2>

Y3 = Z1+ 2>+ 243

Yo = Z1+ 2>+ Z3+ Z4

which has Jacobian equal to 1.

vy, v, (Y1, y2, Y3, ya)

= 4Ale Ve e B (0 < y1 < yo < y3 < Y4)

The transformation maps
A={(y1,y2,¥3,y4) : 0 < y1 < y2 < y3 < ya}
to B=(0,00)".



f7..2,,25.2,(21, 22, 23, 24)

ryvyy.(zr,21 + 22,21+ 220+ 23,214+ -+ 24) - 1

4| e—Zl—(21+22)—(21+Z2+Z3)—(21+“'+Z4)

= 4e % .3e73%2.2e7%% . 7% fOr z1,20,23,24 > 0
so that Z1, Z», Z3, Z4 are independent exponential rv's with means
1/4,1/3,1/2,1.

We obtained this earlier in the course by using the memoryless
property.



