P(ANB) = P(A) P(B)
p(ANC) = P(A) P(C)
P(BNC) = P(B) P(C)
P(ANBNC) = PLARBPLC)

To chell mul. indef f)WMMST \/e//& al/
( 7 ver iy ’ of- 7%@522 >

A st of evonls is s ind,

et D
o f +Hhe PrO]OS' of all possi bl wosections

are jNJew ’Oy muﬁﬁébly'/fﬁ “fha /v\ao/\/)aVqu
-QV\9V\+ ‘Q(‘Ob3¢




To eri‘Fy ML({'ULO(( inoQQPgr\oiehCQ 5 you MM3+
check  all (Poss'\b]@ yitersections, not Fu st

Pairs.

Example o To show Fhat pairwise in ence
does ngt imply mutual Inc(’épem[eﬂce-

SuppoSQ:
Coin with sides labeled +1,-1.

P(+oss is+1) = P(toss is-) = /2 .
Toss the coin Twice. (Tosses are Ihofepenc{eht)
[of X, = result of First fess |

X, = result of secord Toss.

For this @Per:’meﬁr
), =4 (%% : %i:il};

#((L)= %, Plw)= & fralw.
Define X, =X Xy  (sothat Xg=%1).
Define The evens Ai :{X{: 'H}.

Fact: ARL A5 are pairwise in/ep.)
but net wmudually i ndependent. |



Proof :
wJ P(w) X| Xz Xg

W, /¢ 41 +1 +|
Wo /4 o+ =1
Wz /g - ] =]
V4 S B

A = {UUJ pwz}’) AZ: {wl)wz}; A3: {wUWLF}.
Thus  P(A)= P(AL) =P(As)= 172,

A, and Ay are {nOQQPen@QQn+ because

A NAS =Jwt so P(ANAG)= /4
which aq rees with PANPA2)= —i‘ “élj

= (/1.
Similarly A, WA, ae inégépemfem“
ard  Ag An ae inde'oenderﬁ'.

Buct /\\OAZHAB—‘:{W‘} so thal
PCANA,NAS) = /4 which disagrees with
DA)PA) P(A)= £ 45 =5

The everifs Al Ay, Az ar nol mutually
‘ndlependent:



Fact: IF AUN.)A_;T;) B,),..)BK

are. mxﬂ'mﬂy TndeGDend’ ent eveyits R
Then any event o(effneaf in Tterms of
Aoy Aé IS IHJQPQHJQV)T of any event
defined in ferms of By Bk -

Example;’ If AR,C,D are mul. 'wd'e{oj

Yhen AUR is mde'o. o CUD.,
Also ACU RS is md’gfo. of CcnND, ete.

How WOde( you, iom\/g, “Fhese jC‘a C'/'S ’,>
Th “the first, we must show

P(AUB)NEUD)) = P(AUB) P(CUD) ,

This <can be done in man)/ ways.
Here s oné.

By refoecd’ed wse of the distributive

Proper‘l’y
(AURBYN(ECUD)= ACUBCUADU BD

where AcC = (AnC), ete.



Now use Inclusion— Exclusion:
P( AC UBC UADU BD)

= p(Ac)+ P(BC) + P(AD) + P(BD)

— P(ABC) — P(ACD) — P(ABCD)
— P(ABCD) — P(BcD) —P(ABD)

+ P(ABCD) + P(ABCD) + P(ABCD)
+ P(ABCD) — P(ABCD)

= P(AC)+ P(BC)+p(AD)+ P(BRD)
— P(ABRC) —P(AcD)—P(BcD) -P(ABRD)
+ P(ARcD)
Now note that P(AUB) P(cub)

= (P(A)+ P(B)= P(AB))( P©)+ P (D)~ P(CD))
Ex,ocmaf “the product and compare with
earlier expression. They are the Same
since independence implies
P(ABCD) = P(A)P(B) PC) P(D)
= P(AB) P(cD), efc.



Iy\él@oqm@vm@ ersus  Condlitione)
Tndependore .

E)/m/\/{ié: Hat with fwo comns,
Con# | has Plhads) = /4 =TI

Cown #2 I l = 3/4/_:—-)7-2‘

Piek o comn ot random.

Toss 1 m?ﬂa:hz&\/ ,
Lt As = { +tn Aoss s hmds}c

Are. Ay and A, '\Y\&QEQHQQ@V\‘}‘?

Answer ¢ Nol
Lot B :::{ pick Qo’mj}.

Discussion ,
B,,B, 15 aparfition of L.

Problem imi)\icﬁ\y assumeS

P(ANA,| B = P(AIIB)) PA2] Bj)
=TT =T
P(ANALOALLBS)
= P(A\IB;) P(A21By) P(Asl By)

_ 3
__,7% )



and ore 3Q,y\erql \y

P(A;’L‘ (\\Aizﬂ““ (VAL | B’d>

K
= . (B.) = K
E P( Aqﬂ( 867 T
We say that —the evedls A, Az R, ...
are. corditionally independlorit given Bﬁ .
Back o The orij‘:hal Zuesﬁ’onf,

oA) = P(BYP(A, [BY+ P(B,) P(AIB.)

_ L

e e L S Sy |
2 \_/‘ 2
- 34

5‘;m';\ar)>/ P(A) = ZL .

P(ANAL) = o(B,) P(ANALIB)
+ P(B,) PANALIB,)

_ 2 L.+ = 5
= z°7rt -+ > ‘7T2 c
Since =2 £ 2% L = P(A()P(Az)) We_



Note thatl

P(AZIA\) = P(A»QAQ) B 5/1€
PlAY) B 2

= 5 | _
’g" > Z - P(Az\o

Trifuitively P(ALIA) > P(AL) because
SQﬁLinj a hea& on The ‘Fz’rs"’ Toss maKes
+ more lTkely you have drawn coin ¥ 2

which 7s Liased Tfowards heads.



Random  Naciobles (v,

" Experimedt " is ({1, P\\

A b
Samplo. 0D,
S’P@@’/ E/Rmmbxow

RN. is a fundion .

X L —K
A

v W X(w)



EXQV\/\Q’Q ‘
E_xeer M@WT eSS 63@3(‘ mﬁ a@i’ccze
(Reccmyq resaHs. )

L) ={4) ¢ 1216, <46y

P(A) = #(A)
#W)
Some. V“V’j = ({95)
X = 4 on ‘Flf5+dl€ X(W).“i’/z

Y= # on secod! die \((w):é
7= fotel on botndie  Z(w)= i+

Ngtation Yor Q@g

{Z:’6}’ means {,WfZ(w)::g} -



E\/er rV 37\/@5 QL pqr\‘fﬁﬂ’am mC dL .
In our QXam‘olig

C,‘ﬂm 0 [\/)ix 6}

pqr‘h Fion induced b}/

IY=6%
pavr"'ﬂ"fon Tncpucd \Oy Y ,




Def Tn‘?JerY\i The indluced probability functioy
OQ nv. X 1s PX OQJPMQOQ 4D>/

P (AY = P(XeA) =P(wiXweA)

v‘\(‘\_/‘{—
\Vven
a SQ+ O‘E b
el mombore subset of f),
In PQVTICM‘O(\“

P (1) = POX=).

NotaTion *
X = ranfe- of X = setof all @SS}HQ

values of

® (’) (s a Probab(l]ﬁ/ function
X' defined for A%, (or ACR)

°) ] ~ob. tn. defined for
e ACd).



X v, T nve "/

X PX ({x) | E’E\j}g‘ﬁ) Z Py_((;?
| | | /e sl /3

\ !/g o @ > ok

° - g .
6 /6 % N /36

12 (/36

Definifion T8 pixep) =P(YEA) for
all AC (R) (Hhat is, PX = pY ;))

we Say X and N are identically,
clistrib.fed

(or "\0(\/6 Samée. J/’Sf’r/bu{?@s )

e

X ard X above have P>< :R{ )
PZ((BJOO)) = P(Z>3) = 33/3¢



EXC&‘Mp\Q 2.
=

Exgri%ﬁr o Yoss dart (UkY\iJ;O[’rY?‘y) T
random on circle o? radius K.

(=4 oy r Xyt R
P(A) = Area(A) (for A )

Acea. ()
some. RY'S
| w = (%)‘3)
— = dstance Z(w) = \s——“; p
Feamn confer w) X +§}l
Q= guadrant dart Quw) = 2 it x20)4z©
[l2S n - ‘o
iy f %20,4<O

Some. events

5z=1y =dwizw=1}
f1x7=2%=dw: 1sZws2y
[Q=2y=do: QI=2]




EXQMPQ 2 ( Dart)

&
@ P @) PG{ ( A) Comptﬁ@of?
[ & WC\‘OYY\ ’}/Qlo(@ ,
2 Y
3y
vy
Z
P ((a0)) = P(a<Z<b) = Ara(B)
Z R Aceal)))
<R Bc,
_ qib—ma”




The &isﬁri\o@h’aﬂ O)C any r. Ve moo/ be
oQQScrfM b)z giving its

induced prob. £n. PX(AB = P(X€A),
or 1S
d+ | - p(xst
’%;—;mu\ﬁiV€> E< (t) P(X )
(.: PXU"OO)tJ) 5

Aist fh.

)
T)/PQ,S O_€ re\/o 5

:_._> (\0“8»@/ mc X (CQ”QJ %)

‘s Fintte or courTable_,
- T

ﬂinﬁe 5 bul can be arrqng{ﬂ

n O Segu@nce,

%: {%33%7—)9(/53”‘*6} .

The distin. of a CQ)”SCFQJ\'@; rV. 1S (iSuaH)/
described by/ its p!‘ob&bﬂﬂy mass Tunction ¢

(pmf)
£ 00 =P(X=x) = PX({%}) ,

X s discrefe V.




The cdf of a discrete. rv is a
5\’% ‘Fur}c‘h'an which has S‘S\QPS (jumJaSB

ot “the values n O}f ond is Flat
batween these values.

[ j"__\\—_—\
X ;S L (abSO\JTQ,yB COV\T"HMO(AS PAVa YWQQWS

X has a proba\oi\‘i—br/ dons ﬁL}{ ﬁxm‘l‘?av‘\\
(pdf)
oe@/lﬁ\’ecq ¥><(%) Sa"’(S‘FyTnﬁ

| b

p(&<><<\o>: DX((a)bﬁ = j E((%)o?;( )
a

p(xeA) = B(A= | F oodx.

For o continuous V. 9 +he cdt s
o CORTINUOLS function (no g:umps ) ;

Rom%g % 'S g,___vg;coun’fqbl-@) and
P(K=x)=0 Sor all 2.



Other types of nu.’s

M ived Com‘hniwws/ Discrete. o the disth.
has both a discrete ard a. Canﬂnumg

C&M{D@Mn‘f”@

cxotic cases Such as ~v's which are

Conﬁnuoug 3 bu““ &)o‘l’ abi )u‘l’@'y CC’”“#('HMOL(SI‘
D(K=x)=0 X Joﬁp_ghqvaipja
for all 2C




Synasis

xgerivoil (52, P)
Ram \ariable )>< : (L —R
(reat nurmbm)
w —> X(w)

P (A) = P{XeAy
£ () = B ((-eot]) = P(xsth gj_ﬂ_ﬁ

—

EXQWWE(QS
— = 16l on 2 Aice

@vmc = ‘Z 3{4[5“{6/7/\8[9 1o [ 12
\ 2 54
3

L@ % ik 222 2 | & 5%
T
cdf e S |
s
T




X = distnce of W rom cen‘fér

1
dact
1
cdf
< . B
O R O

X ond Z are boumﬂzd? randbm variab/as,
rance of X s bauw lOR]
( rang of Z={3,3,...,12F

s bouno&zog,

Some LN bouncggep examp(e,s Qre_ !



warﬂ Normed. Randbin larighle

Y L k72
é@g&w fod=z=e (= P )

cdf FoO= (T sy (= P )

GQOE\QWLF ¢ Randbm \lacble

‘ x— 1
-70””0 10(’)():-‘{0‘40) P for x = Q/B/

(9, ol

For p= Vo, foo=(%)"

eﬁ_l

- g
c&ic . otfe.
& & —— =




More on cumulative distribution functions

(cdf’s)

_

Recall the definition :
For a. nv. X, +he cdf }’;(°) 'S

F (8 = P ((-eat]) = P(Xst),

Broper‘f' ies of cdf ’s

£ F is the cdf of some nv., ‘Hhen
(1) F(-) =0, F(+oo)=1.

(2) F is momd’ecreqsmj.
3) F is m‘thr confinnous .

Conver 5’6’)/; any function with f)roper’f’z‘es
‘s The Cd]c of some. random \variable .

,2,3

\e

Defails on l, 2,3
(1) says thdt

lim  Fo=0, lim Fx) =1,
K7 oo x —+ ¢o




(2) says “+hat
xSy implies F0)<F(y) .
= cavu_n_o;l' decrease. bul can hav€

Flat s'oofs,
(3) says that”
[t BE(x) = F(Céd for all (5( ,

%\ng
v—g X C(.IOPF OOCbQS %\ From alooye_
(from “the rigl/\ﬂ
\Tumfos must v
‘OOk “k@ ﬁIS /0//
o/
—

[

F(y-) < Fly)=F(y+) FOFQ}/‘O’L
ve v

Iim F(x) lim F(x)
%T@ %W&



The cdf l:x('J coritains all the info in F;((")
-

oletermines
) = P ((-eoyt]) =P(X<t)
Pt = P ((-o0,t)) =P (X<t)
F (b= (a) = B (@)
= P(a<X<b)
£ (b) —F(2)= P (8,b)) =P(2<X<b)

i;(a%F(a—) = @J{a}) =P(x=2a)

Thus ( - ) determines “the dDPoloab b/

assxjnea( fo any ilerval or dDO)Yﬁ'
Can build up trom Hhere.

=B =R ((6) = P(X>t)



P roPQrTT@S of DZY\STHQS .

If oo Ve X has a pdf Fx), then
0 f(x) >0  forall

@ jw foxydx=1 .

Conversely , any function f(x) Sa‘hmq/mj D

ad (2) can serve @S & polf (hat is,
s anv. X with Fx) as its Fd‘p).

‘tHhere <X

Relatfonship ,, betieen cdf 4 n?p P d f .

Lot F(x) bethe cdf of X.
£ X has o 100@10 7@(%)) then

(a) F(%) o S"?;-F(é)dg ‘FOT’ all %)

) Flx) =fx) ot all Po’mes x where
£() s continuous.

( The Taxt takes () asthe O?Q’FTYT){TWI
of the pdf. )



Example .

% ‘FOr O< X< VZ 3
The ’Pd‘c 0 = "'i for S<xs<1,

O otherwise
O——e

with j‘”aPh 4 ,
°© =

2s 0)’\645’ to “The C,OH:)
e > x for O<x< 2 5

! L
zx+L for Lsx<l,

\:’(X) _‘:-(:(Q() Q><C€F+ alr x = O) ’{;: b /
where F7(x) does pit axisT and ()

's nal continuous.



Commant + T§ a cdf Flx) has a
éump (of ary walue of 963) Then
There 'S 1o quce

Exqmi@ : X/2 for OSX< V2
The cdf F)= x2 +V2 for <x<]|
l for x> |

0 for x< 0

has Flooy= 5 for o=x<l
(

exce(o‘f at the Po'mJF x= = whee ‘fhej
der'\/ﬁi‘hv& JO@S ,_Yl_oj: Q)ﬂv‘{{—é ’ SR e

But  fix) = ,{%: for O<x <1

O dtherwise

s ol a pdf



