Ch.Z
Transformalfons

025[ IS “the rorge of Y
| V
— 5(5( 5(33(%) F@r some. %6%]0



FTV\OQ?M Aist. of \1/:"390

\Narious appr O%hes' o@pemcgm on
prcperﬁes mc 3’ 7y X .

GCenerad Rull (Ca\cu\aﬁom from
FirsT ,orincqo/@ )
£f =g, “then )?((A) :E((g”‘(%\))
where for any set A we dzhine
g (A) =g %t gveAT .
TION
At - S e




Pf‘obﬁm;j Su,oIOOSQ U has a
Uniform (O51) distribuffon  with

f)O(‘F _p(u)___{' for O<u< |

O otherwise 5

w o<u< |
c df EJM;{O for osu

( ‘IDOF w =

Define fhe rv. Y !9)/

30 for U< V3
Y =1 6U fr s5=U<2/3

& for U=2z/3,
Find The cddf 07(\ Y.

( Solution on FOHOW]Mj 'OQ?@SsJ



Solution s

N as a wCunCJﬁon o%j U

i
!

N

vy 23 1
As U ranges oJer [o) 1]) +the {JOSSTH&
values of Y are

5%:: (O)i) U[ZJLF) U{é} C):Ojéja

Thus F\((@:O for 4y <O

and F\{(‘;}): 1 for y26.
Also P{I<Y <2t =0 and
P{y=<Y<6l =0 50 Fhat E{(ﬁéf} s §lat
‘o the intecvals (152) and (H4,6).
Also note that Pﬂ(\(i‘—’é} :P{%$U<)\j
— _BL so thal F\{'(g) jumfs b\/ /3 at
the value y=6.



T
! % o )
0 46 1

For 2<Yy< ‘—ffj

{yey} ={U=ysey
so Thal FY@Q) :F’Zj(‘al/@ = 4/6 .
Sfmﬂavly) for O<§L<1)
fy=yy={v=ys;}
SO “H”)Cd' FY(g):FU((é/g): 5(/3 )
Pf‘ec'n’?j TThis all +03e‘f}1er 3'\\/@3 us ;




More ﬂcormaHy

O for é<0
FY%) — g 5/3 {or o:’:g<l

/3 Jor Isy<2
Lé/é tor 2<y<h
| 2/32 dor hsy<6
\ 1 for 1E¥>'/6




Exampl I Suppose X has pdf

1‘3 () = 2 for OSXS3
gtherwise.

DZ{:TY\Q the ‘Pund'toh 3‘38(%) b)/

l—x for O<x<|

(x=2)" for 2$x <3
arbitra ry otherwise

Define the nv. Y="3(X):
Problem % Calculdte P( < <Y<3)

:D\/((TFDIF )
et A=(%>2). R(A=P ().



From “the ijaﬁram and! O(’Q_’Fi'ﬂﬁ[on O‘F 3)
fs_I(A3 = (§o2)V (1,2) v(z5, 2+v§?> ‘
This éws‘t’ Mean s
Ye(gs2) HF Xe(rr V(b2 U @s, 2+ﬁj),
Thus
P (R =P (g ()

=P ((Lf)q)) + P ((1,2)) +P (2.5, Z+Vﬁ))

= $[@-Gr] + sl
+ L[ (2 U3V (2.5
since PX((a)b)) = fachx(%) d% :jb%% 0{){

9
a

b .
— %Z) = -l/(b/\"' a2>
ER 4 9

so longas (ab)yc K
tHat 15, O0< a<b = 3.



‘Re\l jew

set of PBSSTUQ, Volues
={x: ’FX(%)>OB° if X has

apdf £ .
X ’—iﬁQX),
Y has Paﬂg)ﬁ/ g:{j: %?8(%) tor some %é%}"o

| @ ¥ G IS Sfm’cﬂ\/ Tncreaﬁtnj and continuors
| (on Some infecval covﬂ‘din?nj 0,{/)) +then

F':( (%) — ]\:; (S"(g)) for gé%ﬁ -
@) I¥, in addition, X has -pdlc and

8“' has a. continuous derfvative (on some
interval comba/’nf@ %{ ) g “hen
_ 0o d -
=19 (g));@: 37ty for y€Y.
(: O OU*S{M%)

) = b ——
D7 75y



¢ g IS STFTCH)/‘ a(ecrzza?i’ng
i ( on O%)J‘H(\@w

@maQ confinuous
g =1-K(g')
— for céé SL

@ TF, in addition, X has a p@Q]C

and 3-’ has a COhTInuouS der‘;vc{f Ve
(on qé )) +hen
= - —=Ir -
fep=f 5 (- 45w)
'FOF %6%

(=O oufsid’é,)



Piot of
4 =glx),

covitinuous
and strict l}/‘

InCreasing

fvsyoy iff Ixs9 (4o}
o o F (4= (57yo).

Plot ot
16{\ 3(?6)

(;ord’\ NUOUS

and strs chly

S\Y< Y. ia 4L><>3"(‘4o)} so that

R (y) =P(X>g %W‘ |- P(X<3(yo))
= 1= F (g ya) .



In Fhe earlier natation :
L_Qj- A: ("‘oo) go] .
R (4e) = P (A) = Px(g (AY)

I-F 3 's confinuous and s+r[c+ly

increasinj (wﬁ’h lig\ 3(%) = ~oo))
x -y — 0o

hen g (A) = (=2, g (o)
and P)((@“'(Aﬂ =F (3“’(3(0)) _

‘s conlinuous ancﬂ strict \)/

f g )
ofecreasmg (.wﬁ'h 9[5!\;\+°°3(9¢) — — 6O J

then g'(A) = [ 4740, 0°)
and Px(j"‘(A)) = P(x=9(4)
= |- P(x<g'(40)



Formu\a : HQUT‘]S-I-[C aﬁumeﬁ-‘_

P{o+ O'?ﬁ
B
/Q Su]opoSQ
S A &:3(%) and
é{g\{_?—w" e smt T ; A
L 8 ma‘DS
| fo 8.
| 1)
e
- —— T
A~ A

P(XeA) = &cx)d’x
[_3 swall interval of /eg‘i% dx around x

P(YeB) ~ ¥Y(5L>dfg(
/———> small iyﬁen/a\ O‘F l@ﬂj‘ﬁ’\ Cf)gt arauncﬂ 5{
-FY(yj d’;t = 7&(%)0?9(

Imp\tés




Note —thal
g ‘mcreaginj = 3_“incr¢asin3

= g%‘ gy >0,

9 decreasihj — 3“! dechQSinj
= % 3“(3)<O ,
Thus CombinifB and gives

T+ 3 'S s‘rr‘id‘(y manoJ(on‘uc with a
T cortinuous O[QFTVQJFWQ and X has a,pdTD b

then . L
‘FY(‘E}) = 'px(ﬁ (g))lagﬁ (‘6()] ‘Far ge?

= O )Cor lagfcg

@ IF 3 = ILOI mono‘fomc) break OQOWY) iTs
domain into alfsja’crﬂf subsels where it is
mono"\’an'fc,, Then “PF')’ prevfous casesSe

( Theorem 2.8 ( pPe 53) J}Torwmﬂizes Tthis
a‘o)oroacha)

Oi-_R;. work From First principles v
( P@rhaps COMPL(+Q "(he, CLQWC dﬂo{ d]‘%mﬁ"?ﬂ’@‘)



Formulec 1n T |
nm. 2.l 1
2guivalent” 1o 3

obvious assu M/Oﬁbns s
X has 0('@/577[/9
has derivalive -

2 has 1o flat S/mfs.




Example ¢ Suppose X has a pdf
£ Y=aX+b , a>0,
“+hen FY(g)-“—' —‘2;1{-;((@%_) .
From “Formula a!o'proaclﬂ :
Y-—:ﬁ(X) with 3(%):ax+b.
Solve %:8(%) to 89:‘— %:8—‘(%) .
(3':: a?C“\’b @ X = '%:é:—!l .
—1 -b —1 o
Thus 9 (%L)Z —(ct:l—‘) %8 (gt)—- _§>O
* — -b
\Qadmj Yo F:Y (‘5[) — E((.fd;___-a )
| -b
and ‘?Y(‘g)—— —é\'gx((_é{:a.——-)

“n. .- ) -
From F»rsTprmano’I%f_,

fr=yy ={axrbsyf ={X= 3521

_ B -b by TaKin
Thus ’r‘\((‘g) — FX<%/) (onb:bH'?eS abave)'

Now differentiate To ad‘ the density.



Specia\ case O‘F log—normql disT,

EXamPIQ :
Suﬂoose X~ N(O)D.
C the cdf ond pdf oF Y=
FirsT nate
@é = (-9 co)
= (0,°°) _x3¥2

e ____—

pdf of X 13 PE) = Az
cdf of X is @(@:fxp(f)“’f .

Solution by “Cormula?”’ ara'oroadn:
Y :j<><) with  g®x) = e™ .
S—I(BO — |Oj L} for géy

d a_’(zg') = —-‘gl: for géqa{ .




Suppose H is a cartinuous cdf.
(D IFf the nv. X has cdf H,
+hen H(X) r~ Uni form (0,1) .

( This is called the meab\'l'[b/ infegml
trans formadtion. )

@ If U~ Uniform (O, 1)
then the rv H'(U) has cdf H.

(This is useful for 3enerchiV\ 9 V'S
foc simulations.)

E_E_OO__Jcﬁ . For simp\icﬁy assume also that H
is Sfric‘ﬂy increaSinj.. Then H™' exists.

(D Recall: If Yzﬁ(X) and g is strictly increasin
and coan’muouS) then \:Y(g).: F;_( (g”(%)) For geﬂ};

Tn our situdlion
CoH0 (s0g=H)
0%: (O)\)
F=H.
X

Thus i:\((‘é) = H(H—'(%_)):: g FOI’ LJ_G(O)I)

and Y =H(X) has the cdf of a Umiﬁorm(()jl)
disT.



Proof of @ :
Now leT Y=H" (V).

use R ()= = (3 (‘3))7(:0" %CQEZ

Cwith X=U (so § u)
3 H (so 3"": )
q# — <—OOJOO)

Thus

=y (43) = H(ld)) = H(‘aﬁ)

since FU(LL):LL For ue (o)

and HOE") € (O)’)'



'\]OTQ—\‘IQOY\ : X g{: Y means

P(XeA) = P(YeA) for all A
or Q@u’\vdanﬂy
PX(AB :D\((A\ for all A

or Q%u”:vc\,l«@v‘?ﬂy
F)=FE®) forall €
X Y

o valetly (1 both X and Y have
r Q%uva@ / qu—P ko Pmﬂ)
£ (—t)-:-f\rec) for all £ .

VThe Symbo\ = is read as

’/‘@gual in ol'(sﬁ‘ibﬁ‘i%’j

Y

Abbreviated Version ;
SMPPOSQ Fisa Coh’ﬁhuoug CO(‘F.
If X~F and Ur Um%rm(o_;'))

then FOX) 2 U ad FTI(U)Z X,




Example 3 The Cauchy disteibition has
el
cdf Flo= L +Lttan'x
il

T 1+2x2

DR

st

E—

Notes Youw should ver‘ncy that F(X) s
a. confinuous cdt and “+Hhat

%F(fx}:{:('x\ for all %

T
2
-\
UYY\ '_"OY\ w = +’j§:9

S rictly increasin
d T '\u 1S @ cmﬁ"’:m,{ousJ SWLrnc; >/ inc j
B ’ function U

—
e

SO\‘\/"\Y\ﬁ for 2 n w‘éz‘%:"' Jﬁtam"% 3’1V€S
X = F-l(%) = tan[.’—(((&—%)]e



Th@r@%r@,)
-1,
T4 K~ Caudﬂy}“(’hen Y = f‘i + %:‘tav\ X
~ Uniform (@)I) .
™+ U Un'»?orm(Oj\)) +hen

Y= J'Ca.ﬂ[ﬂ(k)“@‘:)] ~ Cauchy



E%amE(Q > Suppose 2™
X has ,Foﬂ FX(%): 3 for O<x<T,
and Y =sin X,
Find the f;ohc and cdf of Y.

e——

Soiud"\on Lrom //Fifs+ Pr'\nc’n‘olesn,
we will obtainthe cdf ard differentiate this

Yo 66-\' —‘he Pdwc

1T———--‘—'** =77~ Plot of’ g“s‘”’%
d

TT

O a b

Firsl note that %¢=(0,m, U= (0,11,
and FX (%)‘:—,2% Lor O<X<TT

vii
xX
— 2 2
since P—X(x)::y F(oc)d'w: 3w du
o) X 0 7T3
x
713 |0 >




P(Y=y) = | -P(Y>y)
= | - P(&<X<b) (From ‘oidure)

= |- ( F ()~ F ()
_ 3 43
7T
Now \ole in a=sin ;( b="T-— sin ;L .
_ | = (;r=sin ‘;Q (Sin ‘j_)g
FY(%) l 773 T3

for 0 <y<1,
= O for ta_SO 5
= | for y=\.
Now differentiate o jéJL the PO(’C us'\nj
'

d rsin'y) = | = :

| dgt'(s (d‘) cos <S‘.Y\—\t&’) m‘i
This 3\V€S _ I
jC\{(%) — [(7(~S\h taL) +(Sm @J@

for O <y< l
(—- o“W\erwlSQ>



Covﬁmwd':om of E><amPlQ
Now find pahc ‘F (y) using Lormula <

If Y= 3(><) Jr)ner\ (For #6@)

+ (y) = Z £
Y %69-‘({‘é}) X

3’(7@‘

e—

T this e_><am1ola
8(%) sin 76 5 3'(7@ = CoS X,

() = {a,by =157 ¢ T sy,
CoS a = (_gz)cosb——wa

) wC () = 57}% Por O<X<LT,

Thus
R (9= Fx(a){g,( |+ )/3'(5)1
B 374?: ol 57‘{% oot |
— %[(Sm";t) + (W-S?ﬂ”g)zjq’,{ia
for O<Y<

(same as before ) .



Variation of Theorem 2.0.8
5L,cpp0$6

X has 100{10 7CX(?C),

Q = x: 7€<(7c)>0})

Y:ﬁ (X)

QY =C UA VAU UAK

where C,A(, -5 Ay are o(';sJ’oinTJ

P(XxeC)=0,

3’1(%) = g(x) +or %GA,L (’LSIJ.-.JK)

g, is “smooth " and strictly
monotonic ohn /A\,L ;

B,i: {‘5(: 8 :3’2:(%) for Som@%éAﬁ:}
= V‘ang,z mc j’L .
Then ‘
— — d -
Fy (8 ‘g Fx (9 (5‘)”5?33& (4| IB,EBO
where IB.(?}): g | for y<B;

3 O otherwise




EXC!W\P\Q: Suppose
: QX(%): %7772 for O<X <6

N :::3(70 where

L% for O<x<Z

3-x for 2<x<3
2x-6 for 3<x <5
- Liu=2x for 5«x<6
Find the pdf ok Y.

A plot of g%

3(%):




A = (92) B =(9)

=9 =
= ’X zgt j/ (3)

5 = (2)3) B = (O 13

4= 912) = 5%
—> =3Y=9. 4

(35’) B, "(ol/)
(51 j(%)wa«é
7 (G+6)= 95

———

A, =
(56), B, =(2,4)

q= ng(%) |4 —2%
— X = =
;(lq—é() _‘:jg/ (8‘)



()" |
7—%_— 2] Ty (9D (1)

—+ @:é;)zl"’p:(@l)(?) (2)
72
+ (Llyre))”
C?\_%E__) | = I(Oj%)(?) (3)
T &;\Zfﬂ-}\“?‘f\lga_gq)(g) (L”
(1) +(2)4(3) for 0<Yy<|
(3)+ () for 2.<5L<H‘
e otherwise

“CY(%J): Z%‘atl‘%*‘% for d<y<|
s @i@l for | “Yy<2

NL@“ 576
DO \\ %Zl%k—n-zz for 2<5L<L|ﬁ

258 36 7z



