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Cauchy example continued
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The Law dWC‘H’\@ Unconscious StatisTician

Suppose Y = 3()0
X and Y have pdf’s, and
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Probabilities as Bpected Values
Notalion:

Tndicotor functions are functions which
take on only +he. values 0 or 1 .

For A<(R define the fupction
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IA(X) | o for x£A.
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Tnd rcator random variables
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and Simﬂarl\/)

F ‘(': = .1
ac IA B L1 - (%’;@Tﬁf
Tangne™ Ly g L
e tc.
Proot. T =
roo? IA ‘LB -1
L= ad I =

FF A occurs and B occurs
ff ANB oxurs
# Tye=1

Prcper‘f’\'es of IndTcalor R\/){

P(B)=E IB

Tee =17 1g

T =1 -1 (aﬂ@f STm?larly Lor more.
ANB A B everts)



Applicafion : Show hat
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Fxistence of Momeifs

General definition sa)/s:
E X5 exisfs (is well a’echnacﬂ)

iF EIx|N < oo,
—/\_/37'_'?: £ X isa bound’ea{ rv.,
+hen all moments exist.
Proof. Uses 32nem) fact +hat
£ PlasgCa=b) =1,
‘hen E@CX) exists and
as E@(x) <b.

If X is bounolodl D “+hen X 3 IS bacmg/ga/
for all K =123,

so that ExK oxists.
In /oarﬁ'icu/qr) if X is bounded
botween —d andl a, “then xK is

Comment: If X is _g_gboana(ed’)%en
ExK moy of may pot exist. Work

/'S I"qu fFQO/.




Uses of Moments

o Descr pﬁ ye Stgtistics
mean i, Variance o=

(standardized ) skewness = /"3
( Sfan/an:f/zedo kurtosis = /_'(_"t _ 3

The SkKewness and Kuriesi's he/P
Aescribe the Shape of a_ distribution.

° Prgbabilﬁy Imegua)n‘tes ( Bounds)

Markovs meguqlﬂr/
T$ P(><>o)*‘l +hen

P(X2y) < Eéé. for y>0.

Chetgyshevs M%uczlnﬁ/
P I /Al>t0') - for t2l.

° Charac:‘ker)za‘ﬁor\ d?o cﬂls"f/'/bm‘/ans

Example. : P IF ~7‘/7¢ moments of X ﬁrze with
—the mOmen > a Nery /?74/ /St
must pave a notmal ofistn




Example (Momaﬁ\'s of a discrete distn.)

The Binomial DistribuTion

S uPPOSQ
Coin with prob. 7 of heads.
Toss it n times ( tosses ’mc/ependgnﬂ.

Define X = # of heads.
Then X ro Binomial (n,7T) with /prmc
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Compu‘faﬁion of E X%

The Text 37\/@3 a direct calculation.
Her s an alterndative approac\n.

NoTe “’haT
{ @ 'FOF X = OJ |

%(%——1)(;‘6) _

n(n- 1) 'FO)"
xX— 2 _
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= n(n-1)T* = E X(X~-1) .
Since X> = X(X-1)+X we have

EX%Z= E X(x=1) + EX

= n(n=-NM>=+nT

Sim'\larl)/) usinj
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For %230y
=0 for x=9,,2
we. can Show
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Since
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Momesits Sor ConTinuous Distns.

The Gamma Disth,

Y A Gamma,(o()ﬁ) (w(ﬂ'\ O(>O),6>o)

=1 _~ %/
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ST,
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g is a_”scale” foaramdef’.

( Varyin q B changes the scale ofthe distn.
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O<x < | i £ () = 22 .
For P Lo X
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2 %\LOF /8

For o >1, [im 7‘3 ()= 0O
x\bo

The Gamma Funch loh

For ot>0 define T/(0) j ol
(@)

T hen

M) =@-01 for «=1,2,3 ..
(e + 1) = r'(d) for all .
M(Y2) = |

M(3/2) = ( ) =T

(£)= =
N(S/2) = T2 +1) = %P(%):%.
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Movne,yﬁs of the Gamma o(fs‘]’g.

If X~ Ganma (&, 8), then
F X = joo %Kf (xydx
X

= joo x" . IR Y
0 B3 ()

= g" [k T T
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For the Binomial ard Gamma cﬂiS‘/'nSj,
all moments existT.

(EXK jcim“(‘e 'ﬁr K =/)2j3)‘~)
For the Cauchy dlistn, EX dbes nat exist
and neitner does EXN for kK22
( Mo moments exisT. )

Example o Special (ase of Parefo distn.
pdf Fox) = f@ for x> (£>0).

-
\_ Plot of £x)

ot
]

1
Suppose X has 109@')0 Fx).
(’Then X s always ‘ooS'FH\/Q S

a‘HﬂaT
I%|=X.)

ex® exists ' E lX[K < OO
X" = f 1ol K Foodx

cO



Thus EX© exists for {<<)g
nd does not exist for K= 2.

=5
ExX exists o_»_v_/yﬁr k=13,3 4.

For example, o

In General o (K, K are positive infegers)

1f E x*o does pol exist, then E xK
for K 2k, does ndl exisl.

does exist.
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