


























Solution to Exercise C7

Let X ∼ Geometric(p). Recall that

EX =
1

p
and EX2 =

2− p

p2
.

EX3 = E(X3 |X = 1)P (X = 1) + E(X3 |X > 1)P (X > 1)

= 1 · p + E
{

(1 + (X − 1))3 |X > 1
}
· (1− p)

= 1 · p + E
{

(1 + X)3
}
· (1− p)

= 1 · p + E
(
1 + 3X + 3X2 + X3

)
· (1− p)

= p +
(
1 + 3EX + 3EX2 + EX3

)
(1− p)

= p +

(
1 +

3

p
+

3(2− p)

p2
+ EX3

)
(1− p)

=
p2 − 6p + 6

p2
+ (1− p)EX3

so that

pEX3 =
p2 − 6p + 6

p2
and EX3 =

p2 − 6p + 6

p3
.

Note: The pmf of the Geometric distribution is a geometric series, and
if you remove the first few terms from a geometric series, what remains is
another geometric series. This observation is essentially equivalent to the
Discrete Memoryless Property. The above calculation can be rewritten as

EX3 =
∞∑

x=1

x3(1− p)x−1p = p +
∞∑

x=2

x3(1− p)x−1p

= p + (1− p)
∞∑

x=2

((x− 1) + 1)3 (1− p)(x−1)−1p

so that making the change of variable z = x− 1 leads to

= p + (1− p)
∞∑

z=1

(z + 1)3 (1− p)z−1p = p + (1− p)E
[
(X + 1)3

]
= p + (1− p)

(
1 + 3EX + 3EX2 + EX3

)
same as before.


