Solution to Exercise C—1

At the time of the k-th draw (if the game continues this long), there are k + 1 dollars
in the pot, one of them marked, the other ¥ unmarked. Thus

P(Y = k)

= P(first k — 1 draws are unmarked, and the kth draw is marked)

_ ! X 2 X e X k-1 X 1
273 k k+1
_ 1
T ok(k+1)
for k=1,2,3,.... This pmf was discussed in lecture. Recall that (since Y is nonnegative)

E(Y)=BY =3 k- !

e k(k+1):,§(k+1) -

Thus EY is undefined (or we could safely regard it as +oc in this case). The draws proceed
A, B, A, B, ... so that A makes all the odd draws, and B makes all the even draws. If
Y =k and k is odd, then A wins (k+1)/2 dollars. (There are k41 dollars in the hat when
A wins, but he put half of them in himself.) If Y = k and k is even, then A loses (k +2)/2
dollars. Thus A’s winnings can be expressed as a function of the length of the game

_ _ (Y +1)/2 ifY is odd
Z“g(y)*{ —(Y +2)/2 ifY is even

so that
BUZ) = E()) =3 lo(6)lfr (b

. k+1 1 LY k+2 1

1 odd 2 k(k+1) I oven 2 k(k+1)

(Now replace k + 2 by the smaller value k + 1 in the

second sum and cancel factors of k + 1.)

=1
— 2k

> =00.

Thus EZ is undefined. (In this case one cannot safely regard EZ as being either +oo or
—00; it is simply undefined.)

Discussion: Since EZ is undefined, if this game is played repeatedly, the Law of Large
Numbers fails, and there is no such thing as a “stable long run average” for A’s winnings.
Suppose A and B play this game a million times (assume A and B are immortal, infinitely
wealthy, and have nothing better to do) and let Z; be “A’s average winnings per game”
over this series of a million games. Now suppose A and B play another million games,
and let Z, be A’s average winnings for this second series. The two values Z; and Z, will
not (except by coincidence) be close to each other. If we replace “million” by “billion” or
“trillion”, the two values will still not be close (except by coincidence).
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Solution to Exercise C7

Let X ~ Geometric(p). Recall that

1 2 —
EX=- and EX?="_1F,
P P

EX? = B(X*|X=1DP(X=1)+E(X*X>1)P(X >1)
= 1 p+E{1+(X-1)°|X>1}-(1-p)
= 1. p+E{1+X)*} - (1-p)
= 1. p+E(1+3X+3X*+X%) - (1-p)
= p+ (1+3EX +3EX*+ EX®) (1—p)

3 32—
= p—i—(l—i-]—)—l-%—FEX?’)(l—p)
>—6p+6
= (- pEx?
so that
2 2
3  p —06p+6 3 p°—6p+6

Note: The pmf of the Geometric distribution is a geometric series, and
if you remove the first few terms from a geometric series, what remains is
another geometric series. This observation is essentially equivalent to the
Discrete Memoryless Property. The above calculation can be rewritten as

EX® = Y 2%(1—p)'p=p+ > 2*1-p)"'p
=1 =2
= p+(1=p)> (z-1+1)°1—p="p
r=2

so that making the change of variable z = z — 1 leads to

= p+(1-p)D +1)’A-p 'p=p+(1-pE[(X+1)°]

z=1

= p+(1—p) (1 +3EX +3EX? + EX3) same as before.



