Chapter 5

Properties of a Random Sample

5.1 Let X = # color blind people in a sample of size n. Then X ~ binomial(n, p), where p
The probability that a sample contains a color blind person is P(X > 0) = 1 — P(X = 0),
where P(X = 0) = (5)(.01)°(.99)™ = .99". Thus,

P(X >0)=1-.99" > .95 < n > log(.05)/log(.99) = 299.

5.3 Note that Y; ~ Bernoulli with p; = P(X; > p) = 1 — F(u) for each 4. Since the Y;’s are iid
Bernoulli, Y"1 | ¥; ~ binomial(n,p = 1 — F(u)).
55 Let Y = X1 +---+ X,,. Then X = (1/n)Y, a scale transformation. Therefore the pdf of X is

Ix(@) = gty (5) = ndv (na).

5.6 a. ForZ:X—Y,setW:X,ThenY:W—Z,X:W,and|J|:’ 0

1
-1 1
fzw(z,w) = fx(w)fy(w—z) -1, thus fz(z) = ffcoo fx(w) fy (w — z)dw.

0 1

1w —z/w’
fzw(z,w) = fx(w)fy(z/w) - |=1/wl|, thus fz(z) = [ [=1/w| fx(w) fy (z/w)dw.
0 1
w/2® 1)z
fzw(zw) = fx(w)fy(w/z) - |w/2%|, thus fz(z) = [Z_|w/2?|fx (w) fy (w/z)dw.

5.7 It is, perhaps, easiest to recover the constants by doing the integrations. We have

/ Lde = onB, / dew = 71D
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The integral is finite and equal to zero if A = M %, cC=M T% for some constant M. Hence
27er] 1 1
m(0+7) 14 (2/(0+7))*’

‘ = 1. Then

b. For Z = XY, set W = X. Then Y = Z/W and |J| = ‘ = —1/w. Then

c. For Z = X/Y, set W = X. Then Y=W/Z and |J| = ‘ B

= w/z2. Then

and
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1 /2 /oo /21— ()22, < integrand is kernel of )
V21 T(v/2)2"/% Jo gamma((v+1)/2,2/(v+t%)

1 /2 2 (v+1)/2
- EWP((V +1)/2) <W)
1 T((v+1)/2) 1

Vo TWf2) (148 )

the pdf of a ¢, distribution.
b. Differentiate both sides with respect to ¢ to obtain

vfr(vt) = /0 " uh () £ )y,

where fr is the F' pdf. Now write out the two chi-squared pdfs and collect terms to get

t_1/2 oo
- (=1)/2,—(1+8)y/2
vfr() I(1/2)0(v/2)20 /2 /0 Y ‘ dy
-1/ T (2EL)20+1)/2

I(1/2)0(v/2)2 /2 (14 1) D/2 0

Now define y = vt to get

G (y/v)"?
Tr) = SRR 02 (11 )@

the pdf of an F1 .

c. Again differentiate both sides with respect to ¢, write out the chi-squared pdfs, and collect
terms to obtain

tm/?
(m/2)(v/2)

Now, as before, integrate the gamma kernel, collect terms, and define y = (v/m)t to get

3
(y/m)fF((]//m)t) = r 2(V+m)/2 /0 y(7n+V72)/2€*(1+t)y/2dy'

(52) gy g
e ()

frly) = I( v m/V)y)(qum)/Q’

m/2)I'(v/2)

the pdf of an Fi,, .

5.21 Let m denote the median. Then, for general n we have

P(max(X,,...,X,)>m) = 1-P(X;<mfori=1,2,...,n)
1 n
= 1-[P(Xi<m)]" = 17(5) .

5.22 Calculating the cdf of Z2, we obtain

Fy2(z) = P((min(X,Y))? <2)=P(—z <min(X,Y) < /?2)
= Pmin(X,Y) <v2) — Pmin(X,Y) < —/2)
= [1-Pmin(X,Y) > vz)] — [l — P(min(X,Y) > —/2)]
= Pmin(X,Y) > —v/z) — P(min(X,Y) > /z)
= P(X > VAP > —v3) - P(X > V2P(Y > V),
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where we use the independence of X and Y. Since X and Y are identically distributed, P(X >
a)=P(Y >a)=1- Fx(a), so

Fpa(2) = (1= Fx(=v?2))* = (1 = Fx(V2))* =1 - 2Fx(~/2),
since 1 — Fx(v/2) = Fx(—+/2). Differentiating and substituting gives

_ Lefzmzfl/?,

fz2(2) = d%FZZ(Z) = fx(=v=) Nors

-

the pdf of a x? random variable. Alternatively,

P(Z*<z) = P ([min(X, V)P < z)

P(—v/z <min(X,Y) < /2)
= P(-Vz2< X<V, X<Y)+P(—Vz2<Y <z Y <X)
= P(-/z2<X<V2ZIX<Y)P(X<Y)
PVESY VY S XPY < X)

P(—\/5§X§\/5)+§P( Vz <Y <V3),

=+

using the facts that X and Y are independent, and P(Y < X) = P(X <Y) = 5 . Moreover,
since X and Y are identically distributed

P(Z* <2)=P(—/2< X < V2)

and
fr() = Lpyr<X<vE) = —(e#2luzy el iy
d dz =0 = N 2 2
L 12 —zp2
= —z /% ,
V2T
the pdf of a x3.
5.23
P(Z>z) = Y P(Z>za)P(X=z) = » P(U1>z,...,Us>zax)P(X =x)
=1
xOO x
= Z H PU; > 2)P(X =x) (by independence of the U;’s)
o=1i=1
oo o0 1
> 1-z
(1-2)* e -1
= 1.
e—1 ; p— 0<z<

5.24 Use fx(x) =1/6, Fx(z) = /6,0 < x < §. Let Y = X(,,y, Z = X(1). Then, from Theorem
5.4.6,

[ R - S 7#2(1*9)0—7"("_1)( —)" 0< <y <0
2V = 0l —2)1010 6 \ g 9 AR
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Nowlet W=2/Y, Q=Y. Then Y =Q, Z =WQ, and |J| = q. Therefore

n(n—1 _ nin—1 n—2 m—
fW,Q(WQ):%(Q*WJ)n 2q:%(lﬂv) " 0<w<1,0<g<0.

The joint pdf factors into functions of w and ¢, and, hence, W and @ are independent.
The joint pdf of X(1)7 AN ,X(n) is

nla™ .4 a1
f(u17-~-7un):9anul U , O<ur <---<wuy, <0.

n

Make the one-to-one transformation to Y1 = X(1)/X(2),...,Yn—1 = X(n—1)/Xn): Y = X(n)-
The Jacobian is J = yoy2 - -- 4" L. So the joint pdf of V1,...,Y,, is

nla™ _ _ _ _
Fvomm) = o) e w)™ e ()" (o wn )
! n
= T;fnyil_lyga_l~--ny’“717 O<y; <lyi=1,...,n—1, 0<y,<§0.

We see that f(y1,...,yn) factors so Yi,...,Y, are mutually independent. To get the pdf of
Y7, integrate out the other variables and obtain that fy,(y1) = cly‘f_l7 0 < y; < 1, for some
constant ¢;. To have this pdf integrate to 1, it must be that ¢; = a. Thus fy, (y1) = ayfﬁl,
0 <y < 1. Similarly, for i = 2,...,n — 1, we obtain fy,(y;) = iay!® *,0 < y; < 1. From
Theorem 5.4.4, the pdf of Yy, is fy, (yn) = ge2yn® ', 0 < yn < 0. It can be checked that the
product of these marginal pdfs is the joint pdf given above.

5.27 a. fx1x,, (wlv) = fx.x, (u,0)/fx, (v). Consider two cases, depending on which of i or

j is greater. Using the formulas from Theorems 5.4.4 and 5.4.6, and after cancellation, we
obtain the following.

(i) If i < 4,

P ) = G2 X0 P () = Pl R
(j—1)! fx(u) [ Fx(u) i1 _Fx(u) j—i—1 Y
eyl e B | MR

Note this interpretation. This is the pdf of the ith order statistic from a sample of size j—1,
from a population with pdf given by the truncated distribution, f(u) = fx(u)/Fx (v),
u <.

(i) If j < i and u > v,

Fx1x g, (ulv)

- - 1(5691! — /X L=Fx (@] [Fx () = Fx (@] 7 1=Fx @)™
I UE) 1 () {Fx(w - Fxm} {1_Fx(u> —Fy@)]"
(=3 =Dl =) 1-Fx@) | 1-Fx(v) 1=Fx(v) '

This is the pdf of the (i —j)th order statistic from a sample of size n— j, from a population
with pdf given by the truncated distribution, f(u) = fx(u)/(1 — Fx(v)), u > v.

b. From Example 5.4.7,

B n(n — 1)7"”72/&” 1
fvir(vlr) = - a e a—r r/2<v<a-—r/2




