_’\_/_\9_9_’_6_! A ‘)Camzl of oisTributions
{P i o€ @}

R(B) is prob. of evert B when The
qume:fer takes the value ©,

's described by g1 ving a
(&om*) pdf or om ‘F(?c(@)

Experimeril © Observe X ~ P . 6 unknown,
' (date) ©°

Goal: Make i nference about O.

Joint distn. ?ndo.pena&n‘i’ rv's ¢
I‘F K= <X‘) Xny

QY\O\ X\ ) )Xn are \VldQPQV\dQV\T
with % Npaufg (%;10),

—Then aOm’\' /fDOQP 1S
f(x|o) = TTg (%;16)
J L=

(oc.)...)xn)



Fof‘ ITJ ?”\/)5 3\:’.’:3)'\—53'
L
- lypes of Models (inthis course.)

X = (X\)...)Xn)

(D Random Sample '
X))..,))(ﬂ are ilJ

@ Regression model '
3 .),,,)x,\ are mOee\oeMoQV\"'
( but not nec.essarily i deyti call)/
| distributed)
/ ( The dist. of X; may Jepeﬂ(!
on covariales Z5.)

Models with Correlates{ Data

(hotl CoVer‘ed’)

Tl.n’)é, Seffes (_Q.\?' ARMA)
SFQTI‘CL/ omo( S)Oqce,~7’,'m e 0/ CﬁLCL

Repeated measures

efc.




chdom Sample Models

Example «
X 9 ijo onn l IO( PO)SSO/\()) A L(Y\kY\OWh

Here we have :
X= (X\,Xz).-.)xn)
&=A
O ={x:Ax>07
P rs described byﬂ\a gomfpch

-F(.’X\M\ Fayeesyxn|A)

n

:T[ 3(%&]7\) w\r\ere,ﬁ s the

1= Poisson (\) pmwc
gx|n) = Ve ?
xn

‘FOY' %.:" O) ‘JQS 00‘0

%e ’ ‘For %é {O;j 32) Goe}
e (= O otfherwise) |



4E><a_m_;pl -
X19X25 405 X iid N(uyo2) with
- M@ % unknownh,
Herz we ha\/@ ‘
X= (Kiyeeey Xn)
0= (0%
© =5 (oD —ou<®, o*>0}
Pe 'S o(esc;ibecf by the éoivﬁ' ,pd"F

fexlpod = 1T g(xilp o)
1:

IQ — (%()ooOJ%n)



Sufficient Stdtistics
X~ Pe S 6 unknown .

(ot Func“l'\'ov\) of the data X
‘al For inference about © 7

What parT

'S essent

E xample
Suppose X.)...)Xn iid Bernou(ﬁ(?b),

9 ndﬁpenoﬁon‘)’ tosses & a coin )

Tntuitively
T= = X
1= |
nwfo. aboit p in data.

contains all the i

we need to formalize This.

Definition : (X~ Fg,©
The statistic T=T(X) s @
suffic ,‘eﬂ‘f statistic for €
f The cond itional distn. of th/en T
Aves __QQZL C/QPQ“J enhe unkhown Pammefer 8.
Abbrevs T is SS if L(XIT) is same

$or all ©.

khoWh)




Motivation for 1he Definition of a
SufficienT Statistic

Suppase X~ P €@, O unknown.
Let T=T(X) be any statisTic.

Wwe can :’maﬁ'me “Hat the ddafa. X is
3enar‘q7"ed hierarchicall y o

(D First 3enem"'€ TA~X(T).
@ Then Senem‘]‘e XL (X[T).

TF T is a suff. stat. for 6,

then & (X IT) does y_)__o__‘f’o(ep@ncf on O
and step @) can be carried out
w Hhout Knowing 6.

Since 3WehT) the data. X can be |

generated wih ouT Knowir;j 0, the data.

x supplies no further in ormation
aboul © beyond what is oz)read’y covitained
| inT.




N@‘b‘ﬁéh 'i X’V P@ 5 @ S @5 © unknewn .
e T= T(X) s suff, st for &, en
T conlzins ol e info. atodt 6 in X

n this sense .

o5 % s discarded , bt we keep T= T
we can ke the date. (withadt kY\OWM:’ o )

by %Wﬁﬂj Y* from FX(T).

X* has the same disth. as X ( X’KNP@>

and the same value of the sufficiont statisTic

O CTOH =TOO)
and can be used For any PL/:’,OOSQ we. WOL{IJ
use the real data. for,
Example - 0 U(X) 15 an estimator o 6,
“Fhen U(X*) s another estimafor of ©

which PQHCOrmS TjiuST as well since
U £ fer A ©.

CauTionacy RemarK : /7 XNP@

T¢ the model is correct and TX) TS
Su{:ﬁC)QH‘T {DOF Qj ‘f’he\n can I noeré o[d+QX

and éuer use TX) for mjrjerence aboit 6,




%_U__I £ we are net sure the roled 7S correcT
)

X ma\/ COIY\‘,/O‘IV\ \/O‘(Aab(@ | I\Fo rmq‘}‘ "OV\ C{bOL(T
modd/ correctress nol confaineed in 11 ).

Exa Mp\e .

K})XQ)M.)XY\ Tid JBQFY)O\LM («P)
T= S X; IS suff staf. for f

Possible modd! violations <

Triods mljl’ﬁ’ bo corre [Q+Q0p
p ( Prokb- Success ) miﬁ\\T hot be const.

ofe.
These moddd violotions cannol be ;ansﬁjca‘@o/
ne e suff’ 1ot \rouneed e data.



Example = K= (X,%2) iid. Poison(A) .
’T: X \+X, is a sufficient
| statistic for A,

cedurdant ) |

/(%t X+,

P (T:t)
= P?\CX‘:%.)XL:%Q Sh ‘t:%w%z
P(T=1)
A
O 'rp t?ﬁ %\+X2,

RemarK % In agnem\ (discrete) case
%(Xf—x(T(X):JC)

Pe(X:%) $ T =t
Po( TX)=F)

O

—

otherwise




(Assume €= 7C,+?CQ_-_)

:>\e >\e,
ETEN

2\

et

> <S ince T Poisson (27\)>

€ _
(2N) e
tl
- xte’m/%.‘xy_‘ _ (Jc) 4
~ \y, | 2t
2N 2L

which does not ;n\/ol\/e .
Thus, T is suff staf, For A

Nofe that . .
Pix=x(T=t) = (3 )(2) (2)
for X, = O,y

l

Thus (X, [T t) is Binomial (€ g 2).

Given T=T, we may Sev»ercd'g fake data
(X‘D 2) (W\‘WWOMJV KY\OW‘V‘S ?\) which has



the same disth. as the real data
O Gengra‘fe X?éfv Binomial (t) 7).

Toss o {fair con t Times. >
Count the number of heads.

@ set xF=+-X

The real and fake data have the Same value of
the SLLW\C»@Y\T statistic
X, + X, =€ = 7< ><

Extenson @ TF K= (X, %550, %n) are
i.d. POISSOh(?\)) Then T= X+ X+t X

s a sulf. stat. for A.

Moreover

ot
P( Xm0y ee Y= | T=t) = (_L)
21 oo x, !

:(x,) "X >’>

o that (X T= t) is Multinomial with T
trials and n CC(\'QSOFIZS with €8ual probabnlﬁy

(See Section 4.6.)




Example 2 X = (X,%,) iid. Expon (B).
T=X+X, is suff. stat. for /3

We need X°( X.)XQ(T:-'{Z).

Suffices o 3@( ;f(X,\T:JC).

How to do ‘Hn’\g?

(D Find J'o'mT JQHSH\/ %(UT (‘%f)t) -

@—Then SQT C:OnCQi'HO}’\C{l O(QV)S'+)/

‘PX‘(T<7C\“:) = ‘Fx')_r(xtf) |
t (€)
Step D ! LUz the Traynsﬁarm gtion
U = X| = X, = U
T =X,+X5 | X, = T=U

with Tacdbion JT=|
Fo(wt) = wfx o (utmw) 1T

J PR

1
< 2
= "{'5}72_@—#/8 'FOF OSLLs‘t—<OO ‘

A (‘l?bt)/lge /



/\hLernq‘hV@ \ntograte over X, in the
\’,o'\vﬁ Jens'rl‘)/ 7C (x,)‘&) To 321’18 (JC),
T T

X))
Now
f t) = ‘LQ“%I sz st
X,[T(%" ) = 8= (Osx st)
te VP
/82
— %’—I(Osx,sf)

, which does pot invlve 8.
Thus T= X,+%, is suff. stal. for B.

Moreover, X2(X|T=t) is Uhitorm(ot).

— (X ¥Xz,

_ L YE
\‘Fxl)xl\%uxl) — /516 Fois -COHSJ[&Y’T

[‘W\{s can e 'Seey\ Ih"('uiﬂ\/ely by hoﬁhj That )



(OV\ the |ine Séﬁ'meyﬂ'

{ (%.)79_) . X, =0, %&ZO) 7<,+9%:t}0/

TV\LLS) 31\/€h T—‘:t) We mqy 3Qh€r‘6(,—€
fake dala (ij X;) (W(ﬂ’\ou‘l“ kmw'lﬁ /8)
which has the. same disth. as the real data

(D Generdle X\*N Unitorm (O, t) .
(2) Set tht—XT :

The real and fake da‘fa. have the same value
of The suff stat @ Xi+xg =t =X

Extension < If Xz (X),...,%) iid Bxoon(6),
then T= Xt ++=4X,, is suffstat. for 3

and (X|T=1) is a uniform distn. on

he S’\mplex
{(%‘D"’)%"‘): %‘+°°°+9Ch:t cMO/ ?C,z>/0 \V’;L}c



Example © X =(x,,X,) iid Uniform(0,9).
T= X\"*‘Xz 1S Y_\_Q_f suff, stal. for O

Proof ! We must show that LXK, X, [ T)
ﬂ[ePend’S on O,

The supporT of (Xi,%X5) is [0,9]2. |
Given T=T, we Know (X, X,) lies onthe
line = { (x,2,): x+%,=t},
Thus , the supporT T L (X, X, | T=t)
is LN [0)9]2 which s drawn below

for two d Hferenl values ot 6

[

N
| x4 =t N
\(\ N

Case: ©>1t Case : 6<t

The SuFPorT 07C Lf(XUXZlT:"t) VQF;ZS
with 6. This shaws That Sf(XUXilT:JC)
depends an ©.




Examplei
I]C Xc).’..))(n- ;ld B@FVWO(I”?(«P))

then T= nz X; is suff stal. for £.
<=\

First: What is éoirﬁ me of
X= (KipeeesXn) 7

P( X, = l)er—‘O) X3= |) X‘f_: I) )(S- :O,)

,F.z.,P.P.Z — /PSZZ
-~ where. Z: (—-p-

In %Qv\era\)
P(X:%) = "P(xl':'%\')o.o)xn:%y\)

_nox -x; _
(I

T(x) n-Tx)



what s Z(XIT)?
Na‘faﬁon TOX) *ZX@ - T

T(x) = :
£ %
Recall that Pe(x=%‘7(x)=‘t) =

ROCY) i =t

2 (Tx)=1t)

F T ZE

My et (D)

since T Bmomwd(r\)p),



This does not involve p which proves that T is a sufficient
statistic for p.

Note: The conditional probability is the same for any sequence
z = (z1,...,x,) With t 1's and n —¢ 0's. There are (') such
sequences.

Summary: Given T'= X1+ ---+ X,, = t, all possible sequences
of t 1's and n —t O's are equally likely.

Algorithm for generating from L£(X1,..., X, |T =1t):
Putt l'sand n—t 0O's in an urn.

Draw them out one by one (without replacement) until
the urn is empty.

This makes all possible sequences equally likely. (Think about
it!)

The resulting sequence (X7,...,X}) (the fake data) has the
same value of the sufficient statistic as (X1,...,X,):

Y Xi=t=> X.
1 )



Suppose X ~P 0@,

“Theogrem 6,%_12
T(X) is asuff. staf. for ©

Hf  For all «, ,GX(%;e)

e s—————————

£ (Teo|6)
as a function of O,

15 COY\S‘t—ahT

NotaTion * 7C (x|©) s /{OOI\C (or Prmc) of X,
; (tl@) s pdf (orpmf) of T =T(X).

FacTorlzaJﬁov\ Criterion (FC)
There exist functions h(x) and 3(‘6,6 ) such that

f(xle) = g(T@)[©) h(x)
Cor all x and ©.

ThQ,OY‘e_Y\Q_: T(X) s a suff. stat. for o |J;]C

Jrhe Factorization CWL@J“IOV\ 1S
Sa‘f'|87cfec{,




Example: Application of Factorization Criterion to random
sample from Poisson distribution.

X = (X1,...,X,), iid Poisson(\).

Joint pmf is

f@|A) = f(z1,..., 20| A)
n )\xie—)\_)\ziwie—nk

=1

= (3T (Hilxi!)

= g(T(x)|A)h(x) where

1
Hiwi!.

Thus (by FC) T(X) = ). X; is a sufficient statistic for A.

T(x) =), xi, g(t|X) = Ne ™™ h(z) =

This is much easier than proving sufficiency directly from the
definition.



