
Likelihood Ratio Test (LRT)

Suppose X ∼ Pθ, θ ∈ Θ, with joint pdf (or pmf) f(x | θ).

For observed data x, the likelihood function is L(θ |x) ≡ f(x | θ).

The LRT statistic for testing

H0 : θ ∈ Θ0 versus H1 : θ ∈ Θc
0

is given by

λ(x) =

sup
θ∈Θ0

L(θ |x)

sup
θ∈Θ

L(θ |x)
=

L(θ̂0 |x)

L(θ̂ |x)

where θ̂0 = argmax
θ∈Θ0

L(θ |x) and θ̂ = argmax
θ∈Θ

L(θ |x) .

The LRT rejects for small values of λ(x); the test has rejection
region (critical region) given by

R = {x : λ(x) ≤ c }
where c is chosen so that

sup
θ∈Θ0

Pθ(λ(X) ≤ c) = α (or failing that, ≤ α)

for some pre-specified value α (say, .05 or .01).

Sometimes the exact distribution of λ(X) can be obtained and
then used to find c giving an exact size α test.

But often this cannot be done, and we have to rely on the
following asymptotic approximation.



Asymptotic Distribution of LRT Statistic

Consider a sequence of successively larger data sets

Xn = (X1, X2, . . . , Xn)

and let λn(Xn) be the LRT statistic based on Xn.

Theorem: If θ ∈ Θ0, then (under regularity conditions)

−2 logλn(Xn)
d−→ χ2

k as n→∞
where k ≡ (dim Θ)− (dim Θ0).

Thus, if c∗ satisfies P (χ2
k ≥ c∗) = α, then the rejection region

R = {x : −2 logλ(x) ≥ c∗} gives an approximate size α test for
large sample sizes.

Comment: The test statistics λ(x) and −2 log(x) are equiva-
lent since

λ(x) ≤ c iff − 2 logλ(x) ≥ c∗ where c∗ ≡ −2 log c.

It is often convenient to replace the LRT statistic λ(x) by an
equivalent statistic obtained by applying a strictly monotone
transformation.

Comment on the regularity conditions: Conditions are required
on both the family of distributions f(x | θ) and the set Θ0.
The family f(x | θ) must satisfy conditions like those required
for the consistency and asymptotic normality of the MLE (and
the validity of the Fisher information). The set Θ0 must be a
lower dimensional subspace (or manifold) of Θ.



Lemma: Let T, n > 0. Define

H(σ2) = (2πσ2)−n/2e−T/(2σ2) for σ2 > 0 .

Then

argmax
σ2>0

H(σ2) = T/n ≡ σ̂2 and

sup
σ2>0

H(σ2) = H
(
σ̂2
)

=
(
2πσ̂2

)−n/2
e−n/2 .

Example: Observe X1, . . . , Xn iid N(0, σ2). Find LRT of

H0 : σ2 = σ2
0 versus H1 : σ2 6= σ2

0

Here:

Θ = (0,∞) and Θ0 = {σ2
0}.

L(σ2) = (2πσ2)−n/2 exp
(
−(2σ2)−1

∑
i x

2
i

)
.

argmax
Θ

L(σ2) = n−1
∑

i x
2
i ≡ σ̂2

(
so that

∑
i x

2
i = nσ̂2

)
.

λ(x) =
L(σ2

0)

L(σ̂2)
=

(2πσ2
0)−n/2 exp

(
−(2σ2

0)−1nσ̂2
)

(2πσ̂2)−n/2 exp (−n/2)
.

= en/2

(
σ̂2

σ2
0

)n/2

exp

[
−
n

2

(
σ̂2

σ2
0

)]

= ψ

(
σ̂2

σ2
0

)
where ψ(u) ≡ en/2un/2e−(n/2)u.







Example continued: A variation.

Find the LRT with size α of

H0 : σ2 ≤ σ2
0 versus H1 : σ2 > σ2

0

Now we have:

Θ0 = (0, σ2
0 ].

argmax
σ2∈Θ0

L(σ2) ≡ σ̂2
0 =

{
σ̂2 if σ̂2 ≤ σ2

0

σ2
0 if σ̂2 > σ2

0

since the likelihood function falls away monotonically on
each side of σ̂2.

λ(x) =
L(σ̂2

0)

L(σ̂2)
=

{
1 if σ̂2 ≤ σ2

0

L(σ2
0)/L(σ̂2) if σ̂2 > σ2

0

=

1 if σ̂2 ≤ σ2
0

ψ

(
σ̂2

σ2
0

)
if σ̂2 > σ2

0

Since ψ(u) decreases for u ≥ 1, we have λ(x) ≤ c iff σ̂2/σ2
0 ≥ c∗

iff S ≡
∑

iX
2
i /σ

2
0 ≥ c′ where c′ is chosen to give size α.

sup
σ2∈Θ0

Pσ2(S ≥ c′) = Pσ2
0
(S ≥ c′) = α

if we choose c′ such that P (χ2
n ≥ c′) = α.



Example continued: Another variation

Observe X1, . . . , Xn iid N(µ, σ2). Find LRT of

H0 : σ2 = σ2
0 , µ ∈ R versus H1 : σ2 6= σ2

0 , µ ∈ R

Now we have:

Θ = {(µ, σ2) : µ ∈ R, σ2 > 0} and

Θ0 = {(µ, σ2) : µ ∈ R, σ2 = σ2
0}.

L(µ, σ2) = (2πσ2)−n/2 exp
(
−(2σ2)−1∑

i(xi − µ)2
)

.

argmax
(µ,σ2)∈Θ

L(µ, σ2) = (x̄, σ̂2) where σ̂2 ≡ 1
n

∑
i(xi − x̄)2.

argmax
(µ,σ2)∈Θ0

L(µ, σ2) = (x̄, σ2
0)

λ(x) =
L(x̄, σ2

0)

L(x̄, σ̂2)
=

(2πσ2
0)−n/2 exp

(
−(2σ2

0)−1nσ̂2
)

(2πσ̂2)−n/2 exp (−n/2)
.

= en/2
(
σ̂2

σ2
0

)n/2

exp

[
−
n

2

(
σ̂2

σ2
0

)]

= ψ

(
σ̂2

σ2
0

)
where ψ(u) ≡ en/2un/2e−(n/2)u.

Just like before but with a different definition of σ̂2.

Now determine critical values using nσ̂2/σ2
0 ∼ χ2

n−1
under H0.



Example:

Observe independent samples:

X1, . . . , Xm iid N(µx, σ
2) , Y1, . . . , Yn iid N(µy, σ

2) .

Find the LRT of

H0 : µx = µy versus H1 : µx 6= µy .

Work:

L(µx, µy, σ
2) =

(2πσ2)
−(m+n)

2 e
−1
2σ2

{∑m
i=1(Xi−µx)2+

∑n
j=1(Yi−µy)2

}

Θ : argmax
(µx,µy,σ2)

L(µx, µy, σ
2) = (x̄, ȳ, σ̂2)

where

σ̂2 =
1

m+ n

 m∑
i=1

(Xi − x̄)2 +
n∑

j=1

(Yi − ȳ)2



Θ0 : argmax
(µ,σ2)

L(µ, µ, σ2) =
(
µ̂0 , σ̂

2
0

)



where

µ̂0 =
1

m+ n

∑
i

Xi +
∑
j

Yj


σ̂2 =

1

m+ n

 m∑
i=1

(Xi − µ̂0)2 +
n∑

j=1

(Yi − µ̂0)2




