Likelihood Ratio Test (LRT)
Suppose X ~ Py, 0 € ©, with joint pdf (or pmf) f(x|9).
For observed data x, the likelihood functionis L(0|x) = f(x|09).

The LRT statistic for testing
Hop : 0 € ©9 versus H; : 0¢€ O

IS given by
sup L(0|x ~
_ 6eo, (41 )_L(90|5B)
Az) = — ZolT)
sup L(0 | x) L(0|x)
AS)
where Oop = argmax L(0|xz) and 0 =argmaxL(f|zx).
cO, USS)

The LRT rejects for small values of A(x); the test has rejection
region (critical region) given by

R={x: AMz)<c}
where ¢ is chosen so that

sup Py(AM(X) <c¢) =a (or failing that, < «)
ISSN

for some pre-specified value « (say, .05 or .01).

Sometimes the exact distribution of A\(X) can be obtained and
then used to find ¢ giving an exact size o test.

But often this cannot be done, and we have to rely on the
following asymptotic approximation.



Asymptotic Distribution of LRT Statistic

Consider a sequence of successively larger data sets
X, = (X1, X5,...,X)
and let \,(X,,) be the LRT statistic based on X,,.

Theorem: If § € ©g, then (under regularity conditions)

—2109 M(Xn) -5 x2  as n — oo
where k = (dim®) — (dim ©y).

Thus, if ¢* satisfies P(x7 > ¢*) = «, then the rejection region
R ={x:—-2logA(x) > c*} gives an approximate size « test for
large sample sizes.

Comment: The test statistics A(x¢) and —2log(x) are equiva-
lent since

AMx) <c iff —2logA(x) >c" where ¢ = —-2logec.

It is often convenient to replace the LRT statistic A(x) by an
equivalent statistic obtained by applying a strictly monotone
transformation.

Comment on the regularity conditions: Conditions are required
on both the family of distributions f(x|6) and the set ©q.
The family f(x|0) must satisfy conditions like those required
for the consistency and asymptotic normality of the MLE (and
the validity of the Fisher information). The set ©¢ must be a
lower dimensional subspace (or manifold) of ©.



Lemma: Let T, n > 0. Define

H(c?) = (2102) 2 T/(27)  for 62> 0.

Then
argmax H(¢?) = T/n =62 and
02>0
sup H(c®) = H(5%) = (2n52) "?e /2.

02>0

Example: Observe Xi,...,X, iid N(0,0%). Find LRT of

Ho : 0> =05 versus Hj : 0% # o}

Here:
© = (0,00) and ©q = {o3}.
L(c?) = (2no?) /2 exp (—(202)71 3", 22) .

argmax L(o0®) =n71Y 22 = 5 (so that ) ,22=n5") .
©

_ L(o3) (2mo3) "2 exp (—(20%)_17132)
L2 (2752)—"/2 exp (—n/2)

~2 n/2 ~2
(7)) e-3(%)
g 2 \o§

~2
= 9 (0—2> where ¢ (u) = e/ 2 2= (/2.
90

Az)



Examp)e (conﬁnmed’)

With X, X500y X 11d N(©,072),
the LRT of
H 1 o2=07 vs. Hirox#ag?

rejeds n The reﬁ‘iom
R={xi M sy where

AN = W(Z) , O g2 %, and
YVi(w) = "% uh/ze%)/z)u,

The Fuwc"l‘ior\ \/j IS maxim’nzjeoﬂ al w=|
and looks like +his.

Find ajb
< with a<b onwf
W(a)=VY(b)=¢,

b &®
Thus LR =4 x: 25 sale) or g—'z > bm}
0 o @

We. re:géd' when 6\‘2/6;2 cpe,Pa'(:,'S tar enau\cjh
from |.



Obtaining an exact [evel ‘f'est

P (xe®R)=1-P (a©< & <bo)
% % :

N

2
= |- ak) < No
Po;2(h c 5 = b(c)) .

v o

A N 2 2.
hO’z‘___Z( 5 N%h under Ho.

a % =1

><:L_
T,

An QXCICT leve| X s Thus obtained b\/
c sothar
P(\’\a(c) <%h <n b(C)): [— X

Finding ¢ reguires computal ion.
AY\ QCZSTQT“ CLPP}’O&C\/\ 1S +O FQBQCj HO W)qgn

c\noosing

A 2 2 | N 2 2
ng o N o _
o= <N (%) or £ > X (1-%)

These ara ‘H\Q. values which cut
off probab'cl'rfy X2 inYhe (eft
and r‘lgh"’ tails of the %i

distn.” (Given in Tables.)



Example continued: A variation.
Find the LRT with size a of
Hy : 02 <05 versus H; : o°>op
Now we have:
@0 — (0708]

/\2 . A2 2
~ o if 0« <o
argmaxL(c®)=65=1¢ , .. .,_ 9
2
02€0y o5 if 02> 0§

since the likelihood function falls away monotonically on
each side of 2.

Nz = L(53) _ [1 if 2 < o}
L(52) L(03)/L(5%) if 62> 03
1 if 52 < o3
— G* 2 2
0 (-) if 62 > o
o5

Since ¢ (u) decreases for u > 1, we have A(z) < ¢ iff 52/03 > ¢*
iff S=>",X?/08 > where ¢ is chosen to give size a.

sup P(S>c) = Pe(S>d) =«
0'2660

if we choose ¢ such that P(x2 > ) = a.



Example continued: Another variation

Observe X1,..., Xy iid N(u,o?). Find LRT of
Hgp 02=08,ueﬂ% versus Hy : JZ#JS,MER

Now we have:

© = {(p,0°) : p €R, 6% > 0} and
©p = {(1,0°) 1 p € R, 02 = 0§}

L(p,02) = (2r0?) ™2 exp (~(202) 71 Ty(z; — 1)?) .

argmax L(u,c?) = (z,5°) where 52 = %Zi(xz’ — )2,
(n,02)€O

argmax L(u,o?) = (5,08)
(1,02)€Og

L(%,02) (2m03) /2 exp (—(zag>—1n52)
- L(z,52) (2752)~"/2 exp (—n/2) '

~2o\ n/2 ~D
() o2 ()
o 2 \o§

~2
= <J—> where ¥ (u) = e/ 2y 1/2e=(n/2)u

2
90

Just like before but with a different definition of 2.
Now determine critical values using né?/o3 ~ x2_1
under Hy.



Example:

Observe independent samples:
X1,..., Xm iid N(uz,02), Yi,...,Yn iid N(uy,02).
Find the LRT of

Ho @ pe = py Vversus Hip @ px F py.

Work:

L(:uan Hy, 02) —

—(m+n) =1 m o 2 n - 2
(271‘0‘2) (2+ )6202{ i=1(Xi—iz) +Z]=1(Yz fy) }

© : argmax L(pg, y,0?) = (Z,,5°)

(Mﬂcaﬂyagz)
where
2 _ 1 v =2 L NS v 2
o= (;m o+ 3 =D )

©¢ : argmax L(u,p,02) = (ﬁo, 58)
(1,02)
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