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A STQ‘T\ST»C is QV\Cnl/ary f ite
distn. does not o(epenc{ on 9.

More. Pre(use,ly 5

A statistic S(X) is av\cullary for @
f its disth, s e same. for all 8 & @.

That is, R (SIX)€A) (s constant for
ge © for any set A.
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We Know @;)ZSZN %n-—u
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Let Wix) be a fixed olensity.
{__e)ca'h'ar\ %M(’y (L.F_) O‘FOKQNSI“"I'QS
f(x]|0) = Vx-0) (-co<©<c0)
Scale Family (SF) of dersities
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If X = (Xiyur¥n) is Tid ~ Le.]e) and
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Examples of Location families:

e Uniform(6,6 + 1) distributions (# € © = R) with pdf
fxl) =10<x<O6+1).

e Cauchy location family with pdf

1
T = are—on

e N(u,o3) distributions (u € R unknown, o2 = o3 known)

Examples of Scale families:

e Uniform(0,#) distributions (6 > 0 unknown) with pdf
f(x]0) =0"11(0 <z <0)

e Cauchy scale family with pdf

1
A enEE

e N(0,0?) distributions with ¢2 > 0 unknown.

e Exponential(8) distributions (8 > 0 unknown) with pdf
f(z|B)=p"te™PI(z > 0).
Examples of Location-Scale families:

e Uniform(a, ), —c0 < a < 3 < oo (all uniform distns).

o N(u,02), p € R, o2 > 0 (all normal distns).



Facts .
D TF X= Ky Xn) is did froma LF
and S(x) is a locafion invacignf function,
L S(ﬂ?#’Cl):S(%) for al/ x eR"
Hhen S(X) is anc)//agy. CW/CG/’QJ

@ If %:(X,j...jxh) ‘s 1id from a SE

and S () Is « scale invariont funcﬁom ;

[: S(C%J:S(fé) for all %6/}?”
ana/ C >0 j

Then S(Zé) (s M.

3B If X=Xy %) is iid fram a LSF
and S(K) is [ocation—s cale ih\/ar/’avfr)

[ S(ax+bl)=S(x) for all
x €R’ a>0, beR. ]
Hhen S(X) is axillary .




Proofs o
oY )/\(d::(XUou)xn) be )'IO{ 1 )C(.Ie)

ard Z=(Z)yeer)Zn) be o~ W)

@ Since X ____“f %+9£ we have
p(s(X)eA) = P(S(z+e1)eA)
. 5;\——2 P(S(Z 6/A\)

/ Ocqﬁan /Y)VQ/'/QMCQ, 07(» S,
@ Since X = @Z_ we Nave
P(S(X)eA) = P(S(eg)éAB

=p(sS(Z)eA)
b\/ Scale nvariance mﬁ S.

@ Since X 4 o-ng/u;L we have
P(SR)EA) = P(S(o*%-k/u;g ) eA)
=P(S(Z)eh)

by locaTion -Scale invariance of S



Alterndfe Proof for /@:
P(SXI€A) = P(S(X24) €A )

since S(X) = S(),S" )

a
by locaTion-sagle invariance of S

= P(S(Z)eA)
since ?5'/“ fl_ —
7 - ~

BuT this does ndl depena’ on G = (ua).
Since A is arbifrary , this shows that

L(SCX)) dbes nat c(c,aena/ on 6.



l:ocaf/‘fc?h Invar /‘Qﬂ Stet istics

n
< —_— . i 2 -
> SX) = J—n_\ > (X3 -X)* Ts loﬁCO(ﬁon‘ ’
1=1 invariant,

siXte)= LS (%i+e-(X+))? = S(x)
=\

since e c's cancel,

Here we are using the fact Hhat
X(X+e) = % %'(X{+c)

:(;';ix_{)—f—c = X(X)+cC
N

N
—> S(X) = Z l)(i~/\4€cz”fan(X)[ 'S
K location invariant &

N
S(x+c)= > l)(,{ +C --Medfan(x—f-c)l
1= N

= Median(X)+¢<

= S(X) sine ‘ﬂ')e _c’s cancel,

—> S(X) = max Xri — min X?i = X(n)"’X(])
is locatiop Tnvarl'an‘(":

SX+¢) = max(X; +€) — min(X5 +c)
=(maxX; )+ C = ((Min X3 ) +C)



= S(X) Si'nca%“ne c?s cancel
—> The veclor S(X) =
(Xp= X\, Xg=Xy g eoe s Xn=Xi)

(s location invariowt b)/ a simlar
alﬁumeh'\‘.

Scale Invariant StatisTics

——

— + = X=0 5 scale invariant :

SAR
t(cx)= CcX _ +x) sine e
- cSAW Is cancel,

Here we haye used &




> S(X) = 's scale invaciant 2

X
X
c X

S(CX) -‘-i' = SX) for c>O

< Xn)
since the &s cancels

Nate: S(cX) # SX) for c< O,

—> S(X\ (gxq’“‘z' 3.”)§%>

s Scqle invaciant,
—> SX) = ><2
) s S 2°°U sn) |
s Scale TV)'\/QH'GVT"

n_ —
where 52 — A = (% - %)=,
1=

[ocation—Scale TIn variant S Tézﬁsﬁ"cs

—%Sample, skKewness s PFOPOFHOM' 1o
SX)= T (x:-%)°>
[=(x:-32]>7




__>5qu|6 kurtosis IS/ PFOPOI:'TOY\Q’ To
KOO = Z04-%)"
2t
[Z05-%)7]
T'hey are. beath IOCGﬁon-SCq(e Tn\/QF'iah‘h

Tt suffices to show :
) Sax) = S(X) for a >0, and
(2) SXtb)=3X) for all bb.

Part (2) follows from
(X2 +b) - (X+b) = X¢{ =X
Pact (1) follows from

S (caj-cx ) = ™ =0 -%)"

—> The sfamgara@ized res}cf’uqls
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